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PREFACE 


This volume is one of a scries designed to provide the engineer and 
the student with a reference work covering thoroughly the design and 
construction of the principal kinds and types of modern civil engineering 
structures. An effort has been made to give such a complete treatment 
of the elementary theory that the books may also be used for home 
study. 

The titles of the six volumes comprising this series are as follows: 
Foundations, Abutments and Footings 
Structural Members and Connections 
Strc.ssos in Framed Structures 
Steel and Timber Structures 
Riunforced Concr(!te and Masonry Structures 
Movable and Long-span St(!cl Bridges 
Each volume is a unit in itself, as rcfercnce,s are not made from one 
volume to another by section and article numbers. This arrangement 
allows the use of any one of the volumes as a text in schools and colleges 
without the u.so of any of the other volumes. 

Data and details have been collected from many sources and credit 
is given in the body of the books for all material so obtained. A few 
chapters, however, throughout the six volumes have been taken without 
six-cial mention, and with but few changes, from Hool and Johnson’s 
Handljook of Building Construction. 

The Editors-in-Chief wish to express their appreciation of the spirit 
of cooperation shown by the Associate Editors and the Publishers. This 
spirit of cooperation has made the task of the Editors-in-Chief one of 
pleasure and satisfaction. 

G. A. H. 

W. S. K. 


Madison, Wis. 
September^ 11)23. 
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SECTION 1 

GENERAL THEORY 

DEFINITIONS 

1. Structure ,—xtrueturc is a part, or an assemblage of parts, constructed to 
Hupi)ort certain definite loads. Structures are acted U])on by external forces 
iind these external forces are hold in equilibrium by internal forces, called strenses. 

2. Member.- -A me.rnhcr or piece of .structure is single unit of the struc¬ 
ture, as a beam, a column, or a web member of a truss. 

3. Beam.—A benm i.s a structural member which is ordinarily subject to 
bending and i.s usually a horizontal member carrying vertical loads. In a 
framed floor, beams are members ui)on which rest directly the floor plank, slab, 
or arch. 

A .simple beam is one which ro.st,s on supports at the ends. A cantilever beam 
is a beam having one end rigidly fixed and the other end free. Extending a 
■simple beam beyond either suiiport gives a combination of a .simple beam and a 
cantilever beam. A beam with both ends free and balanced over a su)>port Ls 
also called a cantilever beam. A restraineil beam is one which is more or leas 
fixed at one or both points of support. A built-in or fixed beam is a beam rigidly 
fixed at both cuds. A c<mtinuous beam is one having more than two points of 
support. 

4. Girder.—^A girder is a beam which receives its load in concentrations. 
In a framed floor it supports one or more cross beams which in turn carry the 
flooring. The term “girder” is also applied to any large heavy beam, especially 
a built-up steel beam or plate girder. In Bethlehem steel sections the terms 
“beam" and “girder” arc used to denote rolled sections of different proportions. 

6. Column .—A column, strut or post is a structural member which is com¬ 
pressed endwise. A strut is usually considered of smaller dimensions than either 
a column or post. 

6. Tie. —A tie is a structural member which tends to lengthen under stress. 

1 
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7. Truss.— A truss is a framed or jointed structure. It is composed of 
straight members which are connected only at their interKO(!tions, so that if the 
loads are applied at these intersections the stres.s in each member is in the direc¬ 
tion of its length. Each member of a truss is either a tie or a strut. 

8. Force.— Force is that which tends to change the state of motion of a body, 
or it is that which causes a body to change its shape if it is held in place by other 
forces. 

9. Outer Forces. —The external or oiUer forces acting upon a structure consist 
of the applied loads and the supporting forces, called reactions. 

10. Inner Forces. —The internal or inner forces in a structure are the stresses 
in the different members which are brought into action by the outer forces and 
hold the outer forces in equilibrium. 

11. Dead Load.— Dead load is the weight of a structure itself plus any per¬ 
manent loads. In design, the weight of the structure must be assumed; and the 
design corrected later if the a.ssumod weight is very much in error. 

12. Live Load.— Live load is any moving or variable load which may come 
upon the structure—as, for example, the weight of people or merchandise on a 
floor, or the weight of snow and the pressure of wind on a roof. The total load 
or dead load plus live load must be used in design. In addition the dynamic 
effect or impact of the live load must often be considered. 

13. Statical Moment of an Area.* —The statical moment of an area about a 
given axis is the moment of each element of this area about the given axis. 

14. Center of Gravity of an Area.* —The center of gravity of an area i.s the 
point at xvhich the entire area must be concentrated, in order that tlie product 
of the area times the distance from this point to a given axis may be etiual to the 
Statical moment of the area about the given axis. (Tiie statical moment of an 
area is zero for an axis through its center.) 

16. Moment of Inertia.’ —The moment of inertia of an area with respect to 
any axis is the sum of the products formed by multiplying each clement of the 
area by the square of its distance from the given axis. 

16. Moments of Inertia for Parallel Axes.* —The moment of inertia of an 
area with resiiect to any axi.s equals the moment of inertia with respect to parallel 
axes through the center of gravity plus the product of ilic area and the sipiare of 
the distance between the axes. 

17. Principal Axes and Principal Moments of Inertia.’ —Through the center 
of gravity of a cross section there is always a pair of axes about one of which the 
moment of inertia is a maximum and about the other a minimum. These 
moments of inertia arc called principal moments of inertia, and the ax&s about 
which they are taken are called principal axes. The maximum and minimum 
values of moments of inertia occur for axes which arc ttO deg. apart. 

18. Radius of Gyration.’ —The radius of gyration of an area is the distance 

from a given axis to a jioint at which the entire area of the section must be applied, 
in order that the product of the area times the square of this distance to the 
given axis may be equal to the moment of inertia of the section about the given 
axis., ' 


1 See also Appendix B. 
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STRESS AND DEFORMATION 
By C. a. Willson 

, 18 . Stress.—If we consider a body subjected to the action of external forces 
to be cut by a plane section, an internal force will be transmitted across this 
section which will tend to hold the body in equilibrium. This force is called 
stress, and the material of which the body is composed is said to be stressed. 
The stress may be uniformly distributed over the area of the section or the stress 
per unit of area may vary in several different ways, depending upon the arrange¬ 
ment of the external forces acting upon the body. The stress per unit of area 
is called the urdt stress or the intensity of stress. 

Let P repre.sent the value of a force acting upon a rod of cross-section A , 
and let p represent the value of the unit stress. Then the total stress on a section 
will be equal to the value of the force or P. If the stress is uniformly distributed, 
the unit stress may be found readily by dividing the total stress by the area of 
cross-section, or 

P 

A 

With P exjiressed in pounds and A expressed in square inches, the resulting 
value of p will be expressed in pound.s per square inch. 

20. Deformation or Strain.—When a body is stres.sed under the action of 
external forces, an ac(!ompanying change of shape occurs. This change of shape 
is called difornudioH or .strain, and the body is said to be deformed or strained. 

If a bodj' originally of length I is elongated to a length I hi when acted 
upon by an external force, its total deformation is hi and its deformation per 
unit of length, or its unit ilcformalion, is 


With hi expressed in inches or a fractional part thereof and I expressed in inches, 
the resulting value of 5 will be expressed as a fractional part of an inch per inch. 

21. Elastic Limit.—The ela.slic limit is the unit stre.ss at the limit of pro¬ 
portionality of stress and deformation. From zero load up to the elastic Urait 
of the material, eiiual increments of stress produce equal increments of deforma¬ 
tion. This relation is known tis Hooke’s Imm. Above the clastic limit the ratio 
of deformation to stress is greater tlian that belo w the elastic limit and is increasing 
in value instead of remaining constant. For any stress below the elastic limit 
the material will return to its original form and dimensions upon removal of the 
load. When stre.ssed above the elastic limit, the material will not fully recover 
its shajie upon removal of the load but a permanent change or set will be produced. 

22. Modulus of Elasticity.—-The modulus of elasticity is found by dividing 
any unit stress below the elastic limit by the deformation corresponding to that 
point. Let E equal the modulus of ela.sticity, / the unit stress, and 6 the unit 
deformation. Then 



The modulus of elasticity is often called Young’s modulus. The moduli of 
elasticity in tension and compression are practically the same for all elastic 
materials. 
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S3. Kinds of Stress.—Any one of several differerit kinds of stress, or a com¬ 
bination of two or more kinds of stress, may be produced in a body, depending 
upon the arrangement of the external forces. These stresses are as follows: 
Tension, compression, flexure, shear, and torsion. Tension and compression are 
called direct stresses because they act perpendicularly to the section under 
consideration. Our knowledge of the mechanical properties of the materials of 
construction is derived principally from tension tests. Compression as it is 
considered in this chapter is limited to its application to short prisms. 

24. Direct Stress.—When a body is subjected to the action of a tensile force, 
it is elongated in the direction of the force and its cross-scction in a plane per¬ 
pendicular thereto is reduced. Conversely, when a body is subjected to the 
action of a compressive force, it is shortened in the direction of the force and its 
cross-section increased. The ratio of the change in length of each lateral dimen¬ 
sion to that of the longitudinal dimension is called Poismn’s ratio and may be 
denoted by the Greek letter X. The value of Poisson’s ratio for concrete varie.s 
from Hz to ?i 2 : for steel, glass and stone it is about H 2 ; for copper and brass 
it is about H 2 ; and for lead it is about 2 . 

26. Stress—^Deformation Diagrams.—As the load is being applied in a 
tensile or compre-ssion test, simultaneous readings of load and deformation arc 



P'lO. 1.—Stress-deformation diagram for sloel. 


made and recorded. The loads are reduced to unit stres.ses by dividing by the 
area of cross-section of the specimen, and the total deformations are reduced 
to unit deformations by dividing by the length over which the deformations are 
being measured. If the unit stresses arc represented by vertical ordinates and 
the unit deformations are represented by horizontal abscissae, and if points are 
plotted which correspond to the readings taken, a curve drawn through these 
points will be a graphical representation of the action of the specimen under 
test. Such a diagram is called a stress-diformatim diagram in which the ordinates 
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represent unit stresses and the abscissae represent the corresponding unit deforma¬ 
tions. Typical stress-deformation diagrams for steel, cast iron, wood and 
concrete are shown in Pigs. 1,2,3, and 4. 
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Fia. 2. —Stross-dcformation Fio. 3.—Stresa-dcformation Fia. 4.—Stress-deformation 
diagram for cast iron. diagram for timber. diagram for concrete. 

26. Information Obtained from Tension Tests.—^The facts usually obtained 
from a tension le.st are as follows; Elastic limit, modulus of elasticity, ultimate 
strength, percentage of elongation, and percentage of reduction of area. 

26o. Elastic Limit.—The elastic limit as defined in Art. 21 is the 
unit stress at the limit of proportionality of stress and deformation, or, it is the 
unit stress on a stress-deformation diagram where the curve departs from a 
straight lino, as illustrated in Pig. 1. Often it is difficult to determine exactly 
the location of the point where the curve first begins to depart from a straight 
line. Por this reason, in the commercial testing of wrought iron and structural 
steel it is customary to locate the point where the deformation increases rapidly. 
This point is called the ijield point or the apparent elastic limit. In many cases 
it is so close to the true elastic limit that it may be used as such, but in other 
cases it is considerably beyond that limit and should be used then only with a 
full appreciation of the distinction between the two points. 

266. Modulus of Elasticity.—The stress-deformation diagram for 
a material like steel is straight up to the yield point. Therefore the modulus of 
elasticity is constant up to this point from the point of zero load (see Mg. 1). 

The stress-deformation diagrams for materials like cast iron, timber, and 
concrete, arc curved almost from the origin. Therefore, the modulus of elastic¬ 
ity is variable and must be determined for the assumed working stress by divid¬ 
ing this stress by the corresponding deformation (see Mgs. 2, .3 and 4). 

26c. Ultimate Strength.—The ultimate .strength of a material is 
found by dividing the maximum load by the original area of cross-section. Just 
pi-oceding the failure of a ductile material there is a localized elongation and 
reduction of area, or “necking-down” as it is sometimes called. Therefore, at 
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failure, the area of cross-section may be much less than the original area of cross- 
section. Nevertheless, in finding the ultimate strength the maximum load and 
the original area of cross-section are used. 

aed. Percentage of Elongation.—In order to reduce the results‘of 
different tensile tests to a comparative basis, the American Society for Testing 
Materials has adopted 8 in. as the standard gage length. After failure has 
occurred the two parts of the sjjecimen are fitted together and the final length 
between two points originally 8 in. apart is measured. The percentage of elonga¬ 
tion is found by dividing the increase in length by the original length. 

26c. Percentage of Reduction of Area.—The percentage of reduction 
of area is found by dividing the difference between the area of the original cross- 
section and the area of the cross-section at the break after failure has occurred 
by the area of the original cros-s-section. 

27. Information Obtained from Compression Tests.—Plastic materials like 
wrought iron, soft and medium steel, lead, copper and zinc simply flow when 
acted upon by a compressive force without giving any preliminary indication of 
approaching failure. Brittle materials like ca.st iron, hard or tempered steel, 
brick, stone and concrete fail by crushing to a powder, by crumbling to iiieces, 
or by shearing along planes which make certain definite angles with the direc¬ 
tion of the compressive force. 

In most cases compression tests of a materia! arc made to determine its resis¬ 
tance to compression and its elastic properties under compression, while the 
general mechanical properties of the material arc usually determined by moans 
of tensile tests since they can be made more easily than satisfactory compres.sion 
tests. When testing highly elastic materials in compression, it is customary to 
get the elastic limit, yield-point, modulus of elasticity and, if possible, the ulti¬ 
mate strength. When testing brittle materials it is customary to get the unit 
stress at the first crack or other sign of approaching failure, the elastic limit, if 
there is one, and the ultimate strength. 

28. Shear and Torsion.—Shearing stress exists at a section when the two 
parts of a body in contact at the section tend to move tangential to the plane of 
the section but in opposite directions. The external forces must be an infinitely 
small distance apart in order to develop pure shearing stress unaccompanied 
by the tension and compression caused by flexure. Since, in testing or in actual 
practice there must be, necessarily, some distance between the lines of action 
of the forces producing the shearing stresses, the element of flexure is never 
entirely eliminated. How'ever, in the following discussion we shall a.ssum(i that 
we may subject a body to pure shearing stress unaccompanied by tension or 
compression except that which is produced in a parthde due to the shear itself. 

Torsion is twisting stress. It is seldom of importance in structural design, 
although it may occur in such members as spandrel beams with rigidly connected 
slabs. 

29. Shear Tests.—Since the transverse shearing strength of materials 
becomes of major importance only in the design of splices, connections, and very 
short beams, especially wooilen beams, we are concerned with the transverse 
shearing strength of only a few metals and the various kinds of structural timber. 
The external forces must be only an infinitesimal distance apart in order to 
produce pure shearing stress on a given plane. This condition is never realized 
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in practice nor can it be attained fully in testing. However, the crosa-bending 
effect may be reduced and the ideal conditions may be approached in testing 
by reducing the cross-section of the specimen in the plane of the shear by grooves 
and by reinforcing the specimen on each side of this section. 

80. Axial and Combined Stresses.—Wlicn a force acts parallel to the axis 
of a member and at the center of gravity of its cross-section, it produces what is 
called axial stress. Such stress is uniformly distributed over the cross-section. 
A force parallel to the axis of a member but not acting along this axis is called an 
eccerUric force. It is equivalent to an axial force of like amount and a couple 
whose moment is equal to the product of the force by the normal distance from 
the force to the axis of the member. Thus an eccentric force as described above 
produces combined stre.sses. The axial stresses may be considered separately from 
those due to moment, and the resulting stresses added to obtain the total stress 
at any point. For cases of combined stresses which arc not parallel, as horizontal 
and vertical shear, or shear and direct si ress, the combined stress must be figured 
by methods given in the chapter on “Simple and Cantilever Beams.” 

SI. Bending Stress and Modulus of Rupture.— Bending stresses are stresses 
induced by loads perpendicular to the member. Modulus of rupture is the 
maximum bending stress computed on the assumption that elastic conditions 
exi.st until failure. Bending stress is discussed in the chapter on “Simple and 
Cantilever Beams.” 

32. Stifiness.— Stiffness is a term used with reference to the rigidity of struc¬ 
tural merolMins. In columns or struts it refers to their lateral stability; i.e., by 
a stiff column is meant one with a small ratio of length to least radius of gyration, 
as compared to a slender column. In the case of beams, stiffness refers to lack 
of deflection rather than to strength. 

33. Bond Stress.—The combined action of .steel and concrete is dependent 
upon the grip of concrete upon steel, called bond. Denoting the allowable bond 
stress per square inch by u, the load which a rod can take from the concrete 
per lineal inch is urrd for a round rod, and 4m/ for a square rod. The allowable 

.stress in the rod is /, ^ for round rods andfor s(piaro rods. The length of 
embedment of a straight rod necessary to develop its allowable strength is there¬ 
fore'^'^- (in inches) for both round and squarcf rods, h'or given stresses the neces¬ 
sary length of embedment is easily computed. For examido, let/, = 10,000 lb. 
per sq. in. and m = 80, then I — = 31 + diametere. 

34. Shrinkage and Temperature Stresses.—.Shrinkage is a function of 
materials which are poured in a semi-liquid state and then harden by cooling or 
by chemical action. Such materials are cast iron and concrete. A cast-iron 
member should be designed so that in cooling it will not shrink unequally and 
cause stresses which may crack it. For this reason adjacent parts should be 
made of nearly equal thickness, and filets should be used at all angles and corners. 

Concrete shrinks when setting in air and expands when setting under water. 
If the ends of a concrete structure be rigidly fixed, stress will be developed equal 
to that required to change the length by the amount of the deformation which 
would occur if the ends were free, or / = sE. 
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All bodies change in length with changes in temperature, expanding with heat 
and contracting with cold. The cocjfficicni of exparudon is the change in length, 
{)er unit of length, j)er degree change in tenij)eralure. The total change in 
length of a body for a given change of temperature may bo found by multiplying 
this coefficient by the length and the change of temperature in desgrees. The 
fact that the coefficient of expansion is practically alike for both steel and concrete 
is an important factor in their combined use. An in the case of shrinkage streKse.s, 
a tendency to change of length in a member fixed at the ends induces stress equal 
to that which would cause the computed change in length; that is / = SE. This 
may be an important factor to consider in almost any form of steel or concrete 
construction. In wood construction there is usually sufficient play at columns 
to take up any expansion. 

36. Impact.—^Experience has shown that the stress produced in a member 
by a load which is applied in the nature of a blow is greater than that produced 
by the same load applied gradually. This excess of stress caused by the sudden¬ 
ness of the application is called impact. In many types of buildings and roof 
trusses the moving or variable load is relatively small compared to the dead 
load and hence this dynamic effect becomes uniinjwrtant. However, in the 
case of highway bridges which must carry fast moving motor cars and trucks 
or the slow but heavy road rollers and tractors and also in the case of railroad 
bridges which must carry rapidly moving trains, this dynamic effect becomes of 
a great deal of importance. 

Provision for impact may be made by arbitrarily increasing the live load 
stress in accordance with some empirical formula which supposedly represents 
the effect of impact or by decreasing the live load working stress. The former 
method is the one usually followed in the design of railroad bridges and seems to 
be the more rational of the two methods. 

The results of a very extensive series of experiments on impact are those 
conducted by the American llailway Engineering Association and described in 
its Bull. 126,1910. The formula suggested there is 

1 = 

1 + 

^ 20,000 

in which S is the live-load stress and L is the length of the span in feet which is 
loaded to produce the maximum live-load stress. 

In Part III of “Modern Framed Structures,” the authors recommend that 
the formula given above bo modified to read 

1 + 

^ 30,000 

in order to be in closer agreement with the experimental results. 

In the series of experiments mentioned above it was found that with track 
and rolling stock in good condition, the chief cause of impact is the unbalanced 
condition of the drivers of the ordinary locomotive. 

86. Repeated Stresses.—It has been found from numerous experiments that 
metals may be made to fail at stresses less than the ultimate strength, or at 
stresses, even less than the elastic limit, when loads are repeated many thousands 
or many millions of times. 
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The word fatigue is sometimes used to denote failures due to these causes but 
the term repeated sirens failure or aUeniating stress failure describes more clearly 
what actually occurs. The term alternating stress or reverse stress is used to 
depote the case in which the character of the stress changes from tension to 
compression. Repeated stress is a broader term including the preceding case as 
well as that in which the stress remains compressive or tensile throughout the 
test. 

For stresses well within the elastic limit and for the relatively small number 
of repetitions of stress received by a bridge or other structure which the structural 
engineer is called upon to design, the element of repetition has little or no effect. 
It is common practice to make a liberal allowance for impact and to neglect the 
effect of repeated stress entirely. 

37. Work and Resilience.—When a body is acted upon by a force and is 
deformed by it, the force is said to do work. This work is generally expressed 
in inch pounds. Upon removal of the force from an elastic body, this stored 
up energy may bo recovered as mechanical work, provided that the material 
has not been stressed beyond its elastic limit. This ability of a body to give 
back the energy expended in deforming it is called resilience. The work expended 
in deforming a unit volume of any material to the elastic limit is called its modulus 
of resilience. It is the limiting value of the energy which can be recovered as 
mechanical work without loss. Beyond the elastic limit, part of the energy is 
used in permanently deforming the material and is lost in the form of heat. The 
work e.xi)end(!d in deforming a unit volume of material when the unit stress is/, 

is irhe proiJuct of the unit deformation and the average unit force 
work is 

2E 

and is expressed in inch pounds per cubic inch when / and E are expressed in 
pounds per s(i. in. 

38. Working Stress and Factor of Safety.—The unit stre.ss to which a material 
is to be sul)je(d.ed in practice, and for which the members of a structure are 
designe<l, is called the allowable unit stress or the working stress. The working 
stress is arbitrarily chosen and recommended by engineers, or others in authority, 
.as the maximum value to which, in their judgment, a given material should be 
stressed in inac-tice. The ratio of the ultimate strength of a material to the 
working stress is called the factor of safety. 

39. Influences Governing Choice of Working Stress.—^Several different 
influences must be given consideration in determining tlie value of the working 
stress which should be used under a given set of eonditions. Among these influ¬ 
ences are the following: Reliability of the material, kind of loading, position 
of member, maintenance, tyjK; of failure, and consequence of failure. 

39(1. Reliability of the Material.—Steel is perhaps the most reliable 
structural material duo to its production on a large scale and almost entirely by 
manufacturing organizations of experience. A person who is familiar with this 
material can obtain by inspection and a few simple tests, a good notion of the 
quality of a given product. Concrete is not so reliable because of the variations in 
the composition of the aggregate, and the lack of standardization of the methods 
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of production. Also more elaborate equipment and more time are required for 
the testing of concrete than for the testing of steel. 

395. Kind of Loading .—A lower stress should be qsed if the load is 
to be applied in the nature of a blow than if the load is to be applied gradua^y, 
in order properly to care for the stress due to impact (see Art. 36). If the stress 
is ai)t to bo repeated, or alternated several millions of times during the life of the 
member, a lower working stress should be used than would otherwise be the case. 

89c. Position of Member.—The other actions to which a material 
is exposed in addition to the load which it is to carry, will have its influence upon 
the working stress which should be used. Certain kinds of brick and stone are 
not very resistant to the action of weathering forces. Unprotected wood will 
decay when exposed to moisture, air and moderate warmth, and due allowance for 
this action must l)e made unless some means of preservation is provided. Wood 
may be subjected to the attacks of insects, marine borers and fire. The corrosion 
of steel due to water and to the action of injurious gases given off by passing 
locomotives must be considered in the design of steel atructuro.s. 

39rf. Maintenance.—In the case of a bridge or other structure 
whic.h is to be inspected frequently and repaired whenever necessary, a higher 
working stress may be allowed than in a case where this service is not to be 
provided. 

39c. Type of Failure.—If there is apt to bo some warning or sign 
of approaching failure, a higher working stress can be used than would otherwise 
be justified. 

39/. Consequences of Failure.—Obviously, if failure of a structure 
is to be accompanied by loss of life, every precaution consistent with good 
engineering practice should be observed in order that failure may be avoided. 


SIMPLE AND CANTILEVER BEAMS 
By Geoiiou A. ItooL am> L. D. Nouswohthv 

40. Loading.—The load carried by a benm consists of its own weight, known 
as the dead had, and certain temporary loads know'r, as the life had. Dead load 
is present at all times, while live load may Ik; removed from the beam at will. 
In some cases, these loadings are referred to a»fixe,d and nuivalih loads, respectively. 

Loads may be concentrated (that is, applied at a single point or over a very 
short distance), or they may be ■unifonn—that is, the loads cover all or a part of 
the beam, and, throughout the imrtion covered, the amount of load per unit of 
length is the same. 

41. Effect of a Load on a Beam.—Whenever a beam carries a load of 
any kind, whether it is due solely to its own weight or due to external loads 
placed upon it, two things tend to happen, as follows: (1) The beam bends as 
shown in an exaggerated manner in Fig. 5o; (2) the beam tends to break off or 
shear at various sections, as shown in Fig. 56. 

The effect of the bending of the beam is to lengthen the lower fibers and 
shorten the upper fibers, or, in other words, to put the lower fibers in tension and 
the upper fibers in compression. It is evident that as we proceed from the top 
of the beam to the bottom we will reach a point where the fibers will be neither 
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in tension nor compression. All these fibers that remain unstressed will form a 
surface such as MNOP, Fig. 6, called the neutral surface. The intersection of 
the neutral surface "with the plane of bonding, the line AB of Fig. 6, is called the 
neutral line or elastic curve. Any section of the beam, such as CD, intersects the 
neutral surface in a line J?F; this line is called the neutral axis of the section. 

A beam not only tends to fail by shear on any transverse plane, but it also 
tends to split along its neutral surface. 



Fio. 5. Fro. C. 


42. Reactions.—The reactions are the forces acting at the sujrports which 
balance the loads and so hold the beam in equilibrium. 

43. Principles of Statics Used in Finding Reactions. 

43d. Definitions.—is the science which treats, of forces in 

cipiilibrium. 

Forces are said to be cam-urrent when their lines of action meet in a prrint; 
non-cmeurrent when their lines of action do not meet in this manner. 

When a number of forces act upon a beam and the beam does not move, then 
the forces considered are said to be in equilibrium. Any one of the forces balances 
all the other forces and it is called the equilihrant of those other forces. 

A single force which would produce the same effect as a number of force.s is 
called the resultant of those forces. The process of finding the single fierce is 
called compositim. 

It is evident from the above that the equilihrant and resultant of a number 
of forces are equal in magnitude, act along the same line, but are opposite in 
direction. 

Any number of forces whose combined effect is the same as that of a single 
force are called components of that force. The process of finding the com])onents 
is called rc-snlutim. 

The moment of a force with respect to a point is the measure of the tendency 
of the force to produce rotation about that point. It is equal to the magnitude 
of the force multiplied by the j)erpcndicular distance of its line of action from 
the given point. The point about which the moment is taken is called the origin 
(or center) of moments, and the perjtendicular distance from the origin to the line 
of action is called the lever arm (or arm) of the force. When a force tends tf) 
cause rotation in the direction nf the hands of a clock, the moment is usually 
considered positive, and in the opposite direction, negative. 

A couple consists of two equal and parallel forces, opposite in direction, and 
having different lines of action. The perpendicular distance between the lines 
of action of the two forces is called the arm of the couple. The moment of a couple 
about any {mint in the plane of the couple is equal to the algebraic sum of the 
moments of the two forces, composing the couple, about that point. (Algebraic 
sum of the moments means the sum of the moments of the forces, considering 
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jxwitive moments plus and negative moments minus.) It can bo shown that 
the moment of a couple is equal to one of the forces multiplied by the arm. 

436. Composition of Two Concurrent Forces.—In Kg. 7 let forces 
Ft and Fi which are concurrent forces acting at the point 0, be represented in 
magnitude and direction by OA and OB respectively. From B draw BC parallel 
to OA, and from A draw AC parallel to OB. Join the point of intersection C 
with 0. The line OC represents the magnitude of a single force R which would 
produce the same effect as the forces Fi and Ft. Thus R is the re.«ultant of Ft 




and Ft. A force equal and opposite in direction to R and with the same lino of 
action would be the equilibrant of Fi and Fi, since it would hold them in equi¬ 
librium. Fi and Fi are components of R. 

It is not necessary to construct the entire parallelogram since either triangle 
OAO or OBC will suffice. Either of these triangles is called a force tri.anglc ^lIl(l 
either one, if constructed, is sufficient to give the value of the resultant and the 
equilibrant of forces Ft and Fi. 

It is convenient to solve the force triangle algebraically where the angle 
between the lines of action of two forces is 90 deg. In Kg. H the angle between 
the lines of action of Ft and Fi is 90 deg. It is required to find the value of the 
resultant R. Since ABC is a right triangle 
or A^> = AC‘+7iJT‘ 

R = VFi^ - 1 - 


The direction of the resultant R is decided by the angle K. K may be deter¬ 
mined as follows; 

, „ BC _ Fi 

AC Ft 

43e. Resolution of a Force into Components.—If the resultant R is 
given at the point O, Fig. 8A, and it is desired to obtain two components of R 

I)arallel to the lines o’ a' and o' b', 
then OC is first drawn equal in mag¬ 
nitude and parallel to R, OB is drawn 
from O parallel to o'b', and CB is 
drawn from C parallel to o'a' and 
the lengths of the lines OB and BC, 
when scaled from the drawing, give 
the magnitudes of the two com¬ 
ponents desired. 

When components are required making 90 deg. with each other, the magnitude 
of these forces may easily be determined algebraically. Thus, if R in Kg. Sis 
known and thp components Ft and Ft arc required, 

' Ft — R cos K 

Fi = R sin K 


.O' 


/ 






—- ,i 


Tia. a A. 
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iZd. Composition and Equilibrium of Non-concurrent Forces.— 
The resultant of any number of non-concurrent forces may be found in the follow¬ 
ing manner; Ilesolve each force algebraically into components F, and F„ 
parallel respectively to .V and Y axes. Then the magnitude of 5 is given by the 
equation 

li = V (i’F*)* + 

and the angle it makes with tlie X axis is given by 

Its line of action is found by placing its moment about any point equal to the 
algebraic sum of the moments of the forces with respect to the same point. If the 
moment arm of the resultant is denoted by a, and the moment arms of the several 
forces by ai, 02 , etc., then 

Ra = FiUi -h Fiffi -f etc. 

If a force is applied equal and opposite to R and in the same line of action, 
the system of forces will be in equilibrium. Let SAf represent the algebraic sum 
of the moments about any point. For equilibrium, then 
XF, = 0 =i 0 XM = 0 

In practice it is common to use horizontal and vertical axes, for which case the 
above eijuations may be WTitten: 

XII ^0 SF = 0 XM = 0 

Problems in the equilibrium of non-concurrent forces may be solved if the 
number of unknown.s is not greater than three. Three independent equations 
may lx; written, employing the three algebraic conditions above stated, and solving 
these etiuatioas simultaneously in any given case gives the three unknowns. It 
is often convenient to use two moment equations and either S// = 0 or XV = 0. 
A new moment center must be taken each time XM = 0 is used. 

The throe unknowns usually desired may be classed under three general cases; 
namely, where the following unknowns are roquirod: (1) point of application, 
ilirection and magnitude of one force (that is, the force is w'holly unknown); 
(2) magnitudes of two forces and the direction of one of these forces; and (3) 
magnitude of the three forces. The first case is nothing more than the finding of 
the resultant of a system of non-concurrent forces. 

A siMicial cii.se in the solution of non-concurrent forces occurs when all the 
forces considered are parallel. Then the number of independent equations 


300IA 


fittrA* 


reduces to two and it is possible, therefore, to 
determine but two unknowns, namely: (n) point 
of application and magnitude of one force; and (ft) 
magnitude of two forces. 

Illustrative Problem. I'ind the rosultaiit of the throe 
vertical forces shown in Fig. 9. 8inc<! the htreos arc all ^Olb, 
vertical, Xli 0, and the resultant inuet also act in a 
vertical direction. Consider downward forces positive 
and upward forces negative. The magnitude of the resultant may bo found as follows: 

« = 300 -(- 100 - 200 

= 200 lb., acting down (since the result is positive). 

It will be noticed that a force equal and opposite to R would make the forces In equilibrium. 


Fm. 9. 
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It is now nooessaiy to find the point of application of the resultant R. By the point of 
application in this case is meant a point on the line of action of the resultant. 

The algebraic sum of the moment about the point o is equal to (300) (2) + (100) (8) 
+ (200) (2) » 1,800 ft.-lb. The resulting forew is 200 lb. and the problem resolves itself into 
finding how far from the point o the 200 lb. should be placed to have the same effect as the 
three loads shown, or, in other words, how far away from o a load equal and opposite to 
the 200-lb. resultant should be placed in order to cause equilibrium. Thus, XM -= 0 
may be used to find this distance. 

1.800 ft.-lh. , 

200 lb ~ ® ”■ right of o. 


It should be noted that the computations would have been more simple if the point x 
had been selected instead of the point o, that is, the work would have been simplified by 
talcing the origin on the line of action of one of the forces. The computations for that 
case would be arranged as follows: 


(.300) (4) + (100) (10) 
200 


11 ft. to the right of i. 



Kio. 10. 
Origin at A: 


Illustrative Problem.—The beam AB (Fig. 
10) is 14 ft. long and loaded as shown. It is 
simply supported at A and C. (o) Determine 
the supporting forces due to the three given 
loads, (t) Determine the supporting forces, 
including the weight of the beam which is 50 
lb. per lin. ft. 

(a) R ■= 200 -I- 300 H- 400 = 900 lb., acting 
down. 

F +F, = R = 900 lb. 


(220)(4) + (300)(8) -|-(400)(14) = 12F. 

Fi = 733 lb. 
F = 900 - 733 = 167 lb. 
(t) Wt. of Ijeam = (60)(14) = 700 lb. 

R = 900 + 700 = 1.600 lb. 
(200)(4) -l-(300)(8) -|-(400)(14) +(700)(7) = 12F, 

Fi = 1.142 lb. 

F = 1.600 - 1.142 = 458 lb. 


Antiwers 


(F =167 lb. 
[F, =733 lb. 


Answers 


F = 458 lb. 

F, = 1,142 lb 


44. Shear.—Consider the forces acting on a beam to be resolved into hori¬ 
zontal and vertical components. Then the shear at any section is the algebraic 
sum of the vertical forces acting on either side of the section, and is the force 
which tends to cause the part of the beam on one side of the section to slide 
by the part on the other side. This tendency is opijosed by the resistance 
of the transverse shearing. 

When the resultant force acts upward on the left of the section, the shear is 
called positive, and when it acts downward on the same side of the section, it is 
called negative. Since 2F = 0 when we consider the forces on both sides of the 
section, then the resultant of the forces on the right of the section must be equal 
and opposite in direction to the resultant of the forces on the left of the section. 
Thus, it makes no difference which side of the section we consider, the shear is 
positive when the resultant on the left is upward and when the resultant on the 
right is downward. Also the shear is negative when the resultant on the left is 
downward and when the resultant on the right is upward. 

Jet the section ab, Pig. 11, the shear, since there are no loads between the 
■ec^i^^d the left support, equals the left reaction and is positive. This is 
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true of any section between the left suppott and the section cd. The shear to 
the right of cd is negative and is equal to the right hand reaction. 

46. Bending Moment—^I'he bending moment (or moment) at any section 
of a beam is the algebraic sum of the moments of the forces acting on either 
side of the section about an axis through the center of gravity of the section, and 
is the moment which measures the tendency of the outer forces to cause the 
portion of the beam lying on one side of the section to rotate about the section. 
This tendency to bend the beam is opposed by internal fiber stresses of tension and 
compression. 

When the resultant moment on the left of the section is clockwise, the moment 
is called podtivc, and when it is counter-clockwise on the same side of the section, 
it is called negaiwe. Since XM ~ 0 when we consider the forces on both sides 
of the .section, then the resultant moment of the forces on the left of the section 
is equal and opposite to the resultant moment of the forces on the right of the 
section. Thus, it makes no difference which side of the section we consider, the 
moment is poHitive when the resultant moment of the forces on the left is clockwise 
and when the resultant moment of the forces on the right is counter-clockwise. 
Also, the moment is negative when the resultant moment of the forces on the 
left is counter-(!lockwise and' when the resultant moment of the forces on the 
right is chjokwise. 

P 

At the section ah, Fig. 11, the moment is ^ ix). It increases uniformly from 


the left supiiort where it is zero to the section cd where it is 



Positive bending moment causes compression in the upjier fibers of a beam, 
and tension in the lower fibers. The reverse is true for negative bending moment. 
46. Shear and Moment Diagrams.—The variation in the shear or bending 


H- X Aa 


\P 


L 

T' 


.f >.f 

*. L- 

'C'PtoHvclpoints 



Momeni- Diognnm 

Fio. 11. 



Fio 12. 


moment from section to section for fixed loads may be well represented by means 
of diagrams, called shear and moment diagrams. The diagrams are constructed 
by laying off a base-line equal to the length of the beam and marking off on this 
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line the positions of the loads and the reactions. Positive shear and moment at 
given points should be represented above the base-line and negative shear or 
moment below this line. Points are plotted vertically above or below given 
points on the base-line, and the distance these plotted points are from the base¬ 
line should represent to some scale the magnitude of the shear or moment at these 




Uniform 

L__ 

T“ 

.^.1 


Shear Diagram j 
Eaua/ spaces 1 

% 

_±_ 



Fm. 14. 


given points on the beam. The line joining the points plotted in (his way is 
called the shear or moment line, depending uj)on whether a shear or moment 
diagram is being drawn. 

To illustrate, in Fig. 15, the ordinate af> represents the value of the shear at 
the point b of the beam and the ordinate cd repre.sents the value of the moment 
at the point d. 



In shear diagrams for uniform loading, ordinates need only be erected at the 
ends of the beam and at the points of support. If concentrated loads are also 
applied to the beam, ordinates must also be plotted at their points of application. 

In-moment diagrams for uniform loading, ordinates should be erected and 

points plotted at the reactions and every foot or two along the beam. If con- 
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centratod loads are also applied to the beam, ordinates must also be plotted at 
their points of application. 

If the shear or moment linos ai-e not completely determined by the above 
rulps, additional points should be taken. 

A cantilever beam is a beam having one end fixed and the other end free (see 
Art. S, p. 1). The reaction at the fixed end is indeterminate, but the shear or 
bending moment at a given section may be easily found by considering the loads 
between the section and the free end. 

Shear and moment diagrams for both simple and cantilever beams with 
various loadings are shown in Figs. 11 to 16 inclusive. In all cases the weight of 
the beam is neglected. 

47. Maximum Shear.—-It is always desirable in proportioning beams to know 
the greatest or maximum value of the shear in a given case. The following rules 
apply: 

1. In cantilevers fixed in a wall, the maximum shear occurs at the wall. 

2. In sim]>lc beams, the maximum shear occurs at the section next to one of 
the supports. 

These rules can be verified by examining the shear diagrams in Figs. 11 to 16 
inclusive. 

48. Maximum Moment.—-By comparing the corresponding shear and moment 
diagrams in Figs. 11 to 16 inclusive, it will be found that the maximum moment 
o<!curs where the shear changes sign; that is, where the shear line crosses the base¬ 
line. This could also be .shown algebraically.* 


’ Considor t}io hoam carrying the general loading shown in Fig. A (o). Kemove the portion of the 
boani contuinod between two vertical planes ab and cd at a distance dx apart and indicate the forces 
acting on this portion of the boain. These forces are shown in Fig. A(b), where dAf and dV represent 
rcMpeclivc-ly the change in bonding inoninnt and shear ocross the section. Taking niouncnts about a 
IH)iut in the plane ab, wo have * 

-rM - (.V + dM) H- Vdi {■ w - 0 


Since dx is a small distance, dx^ is tlicrefore infinitely small com- 
}>arcd to the other terms and may be neglccfod. The above 
expn-SHion nmy (hoii be written, ^ 

= V 
dx 


(1) 


That is, tlic rate of change of mnincnt at any point is eciual to the 
. external shear at that point. 

In work.s on the calculus it is shown that a maximum or a 
minimum value of a function occurs when its rate of change is 
equal to scro. I3y tlicse methods it can l>e shown that the bend¬ 
ing moment in a beam, such as Fig. A (a), is a maximum when its 
rate of change » aero. But ©q. (I) shows that the rate of change 
in moment is equal to the shear at that point. Therefore, the 
bending moment in a beam is a maximum when the shear is 
equal to sero. 


R % 


f*’ /ft per ft 


(c^) 


M . 




alx 




') 


(b) 


Fig. a. 


The laws governing the change in the shear along a beam may be determined by taking a summation 
of vortical forces shown on Fig. A(6). Thus 


from which 


V-\-dV-V-wdz~0 


dV 

dx 


w 


(21 


That is, for uniform loads, the rate of change of shear is equal to the load per unit of length along the 
beam. A study of the shear diagrams given in the preceding articles will verify this statement. 

2 



18 


STRUCTURAL MEMBERS AND CONNECTIONS (Sec. 1-48 


For concontrolotl Inwlu, n suiiiinaUon of vertical foroee taken at a point between loada give* - 0, 

that is, the shear is constant between loads. When a concentrated load is included between the iilaiios 

ab and cd of Fig. d(a), we hnd - P, whore P is the load at the section. That is, at a point where a 
ax 

load ia ooncentrated. the shear changes by the amount of the load. 

By the help of this principle it is necessary to construct only the shear line 
and observe from it where the shear changes sign; then compute the bending 
moment for that section. 

Illustrative Problem.—Construct shear and moment diagrams for a 20-ft. beam sup¬ 
ported at the ends and loaded as shown in Fig. 17. Also, find the maximum shear and 
maximum moment, aud the sections whore they occur. 

4COO/k 4000Jh 5000m. 



EoactionA = 5,000)(5)^(4.000) (10 + Ifi) + «.000 
= 14,2S0 lb. 

Reaction U = 13,000 + 16,000 - 14,2.50 
= 14,730 lb. 

Shear at A = 0 

Shear at section just to right of A = 14,250 

. left = 14,250 - (800) (5) = 10,250 
. right = 10,250 - 4,000 =■ 6,2.50 
/ to left = 6,250 - (800) (5) = 2,250 
to right = 2,250 - 4,000 = -1,750 
/to loft =■ -1,750 - (800)(5) = -5,750 
\ to right = -5,750 - 6,000 = -10,750. 

Shear at section just to left of R — —14,750 —10,750 — (800)(5) 
—14,750 (check) 

Shear at B » 0. 


Shear at a 


IIUVU 

I to ] 
I to \ 


Shear at 


Shear at c 
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We shall determine the moment at points A, a, b, e and B, Moments should also be 
found at sections 2 ft. apart on this beam to completely determine the moment curve. 

Moment at 4 » 0 

Moment at o « (14,2S0)(5) - (800)(5)(^^) - 61.2S0 

• Moment at6 » (14,250)(10) - (8,000 + 4,000)(5) =* 82,500 

Moment at c « (14.760) (5) - (800) (5) (^) « 63,760 

Moment at J? =» 0 

The maximum shear —14,760 lb. at a section just to the loft of the right support. 

The shear changes sign at section b, conse^iuently the moment is a maximum at that 
point == 82,600ft.-lb. 

In some cases the shear docs not change sign at the point of application of a conoen* 
trated load and in such a case the position of the section, where the bending moment is a 
maximum, must be scaled or cotupuled from the shear diagram to the nearest one-tenth 
of a foot. 

49. Maximum Shear and Moment Due to Moving Loads. 

49a. A Single Concentrated Moving Load.—For a single concentrated 
moving load the maximum positive live shear on a simple beam at any section as 
A, Fig. 18, occurs when the load is just to the right 
of the section. This statement is readily verified 
by considering how the shear varies at the section 
as a load passes across the beam from the right to 
the left support. The left reaction, and conse¬ 
quently the positive shear, is increased as the load 
I‘ is moved from the right support up to the section, 
iKiing greatest when the load is just to the right of the 
section. Now move the load to the left of A. The shear is equal to the difference 
iMitwecn the left reaction and the load P and, since a load is always greater than 
cither reaction (the load being equal to the sum of the reactions), the shear with 
the load to the left of A is negative, proving that the positive shear is a maximum 
with the load just to the right of the section. In practice the load is always 
placed at the section. This same line of rea.soning might be followed through 
for negative shear, moving a load from the left abutment to the section and 
considering how the shear varies to the right of the section. The maximum 
negative shear is found to occur when the load is just to the left of the section. 

The value of the maximum positive shear for the load P is P and the maximum 

negative shear is P ' 

The maximum live moment at A occurs with the load at A, for a movement to 
either side reduces the opposite abutment reaction 
and consequently the moment. The maximum 

moment i.s P f (L — x). 

IJ 

At any point on a cantilever beam, such as at 
A, Fig. 13, the shear is a maximum when the load 
j,',,.. 19 . is anywhere to the right of the point. When the 

load is on the left, the shear is zero. The moment 
is a maximum at the section when the load is at B and equals {P){x). When 
the load is to the left of A, the moment is zero. 




Kih. 18. 
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496. Moving Unifonn Load.—For a moving uniform load the 
maximum positive live shear on a simple beam at any section as A, Fig. 20, 
occurs when the right hand section of the beam is loaded up to the point con¬ 
sidered. This is seen to be true when we consider that adding a load to the right 
of A increases the left reaction and therefore the positive shear, while adding a 
load to the left of A increases the left reaction by an amount less than the load 
which is added, and hence decreases the positive shear. The maximum positive 

1 

shear at A in Fig. 21 for a uniform load of w lb. per ft. = ^ ‘U’ £ • 

From reasoning sinular to the above, the maximum negative shear at any ' 
section as A, Fig. 20, is found by loading to the loft of the point. Maximum 



negative shear at A, Fig. 22, for a uniform load of w lb. per ft. = ii> 

Ji Ij 

(considering the right hand reaction). 

The maximum moment at any section as A occurs when the beam is fully 
loaded, for the addition of a load anywhere on the beam will add a jxtsitive 
moment at the section. For a load of w lb. per ft., the maximum 

M = ^~{L -x.) - 2 -= 2^^ ~ - -b -h a;) = 2 (®)(^ “ *)■ 

If the section is at the center of the beam, the 

maximum M — wJA 

The above formulas for maximum moment give results in foot pounds, since 
ID represents the load in pounds per foot and L the span of the beam in feet. To 
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get inch pounds, multiply by 12 or insert for w in the formulas the load in pounds 
per inch and for L the span of the beam in inches. 

At any point on a cantilever beam, such as at A, Fig. 23, the maximum shear 
occurs for either a full load over the entire length, or for full load on the ))ortion of 
the beam between the section and the free end, and equals wx. The moment is 
always negative and the maximum moment occurs for the same loading giving 
maximum shear; i.c., 

maximum M = 

49c. Concentrated Load Systems.—The methods of finding maxi¬ 
mum shear and maximum moments due to concentrated load systems arc 
explained fully in the chapter on “Moments and Shears in Beams and Trusses” 
in the volume on “Stresses in Framed Structures.” 









Sec. 1-501 


GENERAL THEORY 


21 


60. Common Theory of Flexure for Homogeneous Beams.—Having con¬ 
sidered the external loads and their effect on a beam, there remains to be investi¬ 
gated the stresses set up in the beam itself which hold these loads in equilibrium 
and prevent the beam from failing. Considering the stresses due to bending 
first, it is shown in Art. 41 that in a simple beam the fibers above the neutral 
axis are in compression and those below in tension, while the fibers at the neutral 
axis remained unstressesd. The problem now is to find the stress on the extreme 
top and bottom fibers of the beam when these stresses do not exceed the elastic 
limit of the material of which the beam is composed. It is also necessary to make 
the following two assumptions which arc borne out by tests on actual beams when 
the stresses do not exceed the elasti*; limit: 

1. That all transverse piano sections of the beam wliich are planes before 
bending, remain planes and normal to the longitudinal fibers after bending. 

2. That the stress varies directly as the deformation and therefore as its 
distance from the neutral axis, and that the moduli of elasticity for the material 
are equal for tension and compression. 

As stated in Art. 62, the assumptions made above are not exact, but for all 
ordinary cases of bending the afiproximate arc the true conditions. The formulas 
developed in the following discu.ssion when applied 
to the typos of be.ams generally encountered in 
practice, give results which enable the engineer to 
design beams wdiich are entirely adequate for the 
))urposc for which they arc intended. 

60a. To Find the Position of the 
Neutral Axis.—J.ct the shaded triangle in Fig. 

245 repreisent the iuten-sities of tensih! and corn- 
pre.SHive fiber strcs.sos in the section A/i induced 
by the bending of tlu; beam. Considering the 
]xirtion EL as a free bi)dy it can be seen that the 
interniil stresses of tension and compression are 
the only horizontal force-s acting. Hence for 
equilibrium, the total tension must equal the 
total compression and have the opposite sign, 
that is 

r = F (1) 

when! T and C are respectively the total tension and compression below and 
above the neutral axis. 

Let 

zdy — the area of a very small strip of the cross-section of the beam parallel 
to the neutral axis, as shown in Fig. 24c. 
z — the variable width of the socition. 

f, and /„ = the intensity of stre.ss, either tension or compression rosiwctively, 
on a fiber at unit distance from tlie neutral axis. 

SiD and fci/ = intensity of stress on any liber at a distance y from fhe neutral 
axis according to the second assumption. 

Then 

/ey,d4 = stress on any elemental strip of the cross-scction at a distance j/M 
above the neutral axis. 
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and 

fiysdA ■= stress on any elemental strip of the cross-section at a distance yt 
below the neutral axis. 

The total compression above the neutral axis is then C = Egf^yidA and the 

total tension below the neutral axis is T = ^ifa/sdA, where the letters above and 
below the summation signs indicate the portion of the section over which the 
summations are made. Equation (1) then becomes 

- li^gf^yidA = 0 ( 2 ) 

According to assumption (2), the deformation of fibers varies directly as their 
distances from the neutral axis. lict ci and ca represent the deformation of 
fibers at unit distance above and below the neutral axis. Hence 

Cl = £' dl and ci = dl 

lit lit 

where B, and E, = moduli of elasticity for compression and tension resjiectively, 

f f 

and dl ~ length of fiber. Since these deformations are equal, we have „ == • 

Side Sldt 

According to assumption (2), the moduli Et and E, are equal and hence ft = //. 
Substituting this equality in eq. (2), and replacing yi and yt by the general value 
y, we have 

CD 

Equation (3) is an expression for the statical moment’ of the area of the section 
of Eig. 24c about the neutral axis. But the statical moment of an area is zero 
only for an axis through its center of gravity.” Therefore, the neutral axis for 
bending passes through the center of gravity of the given section. 

606. The Extreme Fiber Stress in a Beam. —^Ijot 

ft — intensity of stre.ss (either tension or compression) on a fiber at a unit 
distance from the neutral axis. 

/ = intensity of stress on the most extreme fiber, 
c = distance from most extreme-fiber to neutral axis. 

/ = moment of inertia’ of cross-section of the beam about the neutral axis. 
M„ = moment of resistance of internal fiber stresses taken about the neu tral 
axis. 

M = bending moment due to external forces. 

Other notation same as in Art. 60o. 

Consider again the beam shown in Eig. 24. In order that equilibirum may 
exist on any section, as AB, Fig. 246, the moment of the external forces acting 
on the portion of the beam from L to E must be balanced by the moment of the 
internal fiber stresses taken about the neutral axis of the section. That is, 

M = Mg ( 4 ) 

The total stress on any fiber of area dA at a distance y from the neutral axis 
of Fig. 24c is ftydA, and the moment of resistance of this stress about the neutral 
axis isf.y^ilA. For the entire section we have 

= Kf-y^dA 


1 See dofimtioo in Art. IS. 


) See Art. 14. 


> See definitioa in Art. IS. 
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Hence 

By definition, /„ = '^ • 




Therefore, 




fl 


Substituting this value of A/« in oq. (4) we have 



( 5 ) 


which may also be written 



( 6 ) 


In these etiuations, ^ = moment of inertia of section divided by distance from 

neutral axis to extreme liber, is known as the section mnhdxis, and is usually 
denoted by S. Etiuations (.5) and (6) may then be written 


Af =/.<?) 


/ 


_ ^ } 
-S I 


( 7 ) 


Equations (5) (6) and (7) are the general formulas for the determination of 
moment carrying capacity, or liber stress due to a given moment. They are the 
fundamental formulas for design of beams for bending. 

The manner in which the stresses due to bending are distributed across tlie 
section is interesting and instructive. At a point distance y from the neutral 

Afy 

axis of Pig. 24c the total fiber stress is P = = j~ idy, where zdy is the area 


of a strip parallel to the neutral axis. 

The distribution of stress across the section is best shown by means of curves. 
To plot f hese curves consider the web of the beam divided into strips whose 



depth is unity, or say 1 in. Determine the area of this strip and multiply by the 
fiber stress ns given by eq. (0). When plotted these values form a curve which 
shows the total fiber stress per unit of depth of the beam. 

For a beam of rectangular section, this curve is similar to the fiber stress 
variation diagram. Figure 25 shows the curve for an I-beam and Fig. 26 shows 
the curve for a built-up beam or plate girder. In these figures, the portions of 
the total stress diagrams above and below ab and de show the proportional part 
of the total stress carried by the flanges, while the areas abede show the part 
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carried by the web between the flangeR. It is therefore evident from these 
diagrams that the material in beam sections should bo concentrated near the 
top and bottom of the beam section, for it is at these places tlpit the products 
fvZ^y are a maximunj. 


Illustrative Problem.—Determine the extreme fiber stress in a rectangular wooden 
beam, 6 in, wide and 10 in. deep, due to a bending moment of 8,000 ft.-lb. 

For a roctangular section, / — nndi: ==-- or ^ .S « * Substituting 6 in. for 6 

and 10 in. for d, 


and 


Substituting these values in eq. 


= 


6 ( 10)2 
" 6 


= 100 iu.» 


M = 12(8.000) ft.-lb. - OG.OOO in.-Ib. 
(7) of the preceding article, wo get 
96.000 
^ 100 


= 900 lb. per sq. in. 


Illustrative Problem.- Proportion a rectangular l)earti for a bending moment of 60,000 
in.-Ib. on the assumption that the extreme fiber stress is not to exceed 1,200 lb. per sq. in. 
From eq. (7) of the preceding article >S — , nnd from the preceding problem S ~ 

for a rectangular section. 

'I'hort'fore 

=6A/_ C(r,0,000) 

If we a.ssume d = 8 

A 4 X S-in. beam is satisfactory. 

Illustrative Problem.- -Determine the exireme fil>r*r slre.ss in a l.'^in. 42.9-Ib. I-beam 
due to n bonding moment of 900,000 in.-Jb. 

From a steel handboolc wo find that / * 441.8 in.^ and S = 59.8 ia.^ and we know that 
c ^ =s 7.5 in. The extreme fil>cr stress / may l>e obtained by substituting tho valuG.s of 


/ 1,200 

250 


( 8)2 


=- ;i.91 in. 


M, c and I in oq. (6) of the preceding article or it may be obtained by substituting tho values 
of M and S in e<i. (7). Using the latter equation, wo get 
. 900.000 

^ “ 58.9 


15,.300 lb. i>cr sq. in. 


61. Shearing Stresses in a Homogeneous Beam.—In Art. 44 methods have 
been given for the determination of the total .shearing force on any section due to 
external loads. It now remains tc. determine liow this shear is distributed over 
the cross-section of the beam. 

Figure 27a shows a beam deflected under any set of applied loads. It is 
assumed that the beam is composed of a single piece 
of matetial. Suppose now, that the given beam is 
composed of several pieces laid flatwise, as shown in 
Fig. 27b. When this beam is deflected by any set 
of applied loads, it will be found that the several 
jriecos composing the beam will slip over each other 
as shown, greatly exaggerated, in Fig. 27b. This 
same tendency for horizontal layers to slide over 
each other is also present in the beam of Fig. 27a, 
but it is prevented by horizontal shearing stresses set 
up in "the web of the beam. Methods will now be developed for the determina- 
tioAef these shearing stresses. . 
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61a. Relative Intensity of Vertical and Horizontal Shearing Stresses. 
As stated in Art. 44 and shown in Figs. 11 to 17 inclusive, shearing forces exist 
on the vertical sections of a beam under any set of applied loads, and in the pre¬ 
ceding article it has been shown that horizontal shearing forces must also exist. 
In determining the distribution of shearing stresses over the cross-section of the 
beam, attention must bo paid to the conditions of equilibrium existing on the 
particles composing the web of the beam when acted upon by the vertical and 
horizontal shearing stres.ses mentioned above. 

Consider two sections of a beam, as shown in Fig. 28o. T.et the distance 
between these sections be so small that the 
shears on the two sections may be assumed 
to be equal. Take out any small element of 
the web and indicate all forces, as shown in 
Fig. 286. These forces are the fiber stresses 
of intensity / duo to bending, also con.sidered 
as equal; a shearing stress of intensity v acting 
vcrticallj' on the faces AC and Bl) due to the vertical external shear on the sec¬ 
tion; and a shearing stress of intensity Vi acting horizontally on the faces AB and 
CD. 

Since the element is in equilibrium, moments about any convenient point, 
as corner A Fig. 286, must be equal to zero. A.ssuming the depth of the element 
perpendicular to the plane of the paiKir to be unity, and noting that the total 
stress on any face, as BD, is vBD, we have 

(r)(BDj(AB) - (,n){CV)(AC) = 0 
But AB = CD and AC = BD. Hence 

V = Vi (1) 

'I’hat is, the inten.sities of vertical and horizontal shearing stresses on the faces 
of any element in the web of a beam are equal. 

616. Intensity of Horizontal Shearing Stress.—The intensity of 
horizontal .shearing stress at any point in the web of a beam can be determined 



Flo. 2S. 



Fio. 29. 


by a consideration of the stress conditions on two vertical .sections separated by a 
very small horizontal distance. Let Fig. 29o show these sections, and. let Afi 
and Mt represent the bending moments at these sections. Assume that Mx 
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is greater than Ms. Figure 296 shows the internal stresses acting on these 
sections. 

Let Cl and Cs represent the total stresses acting above a line a-b on the two . 
sections, as shown in Fig. 296, and assume, as for moments, that Ci is greater 
than Ci. The shearing stress intensity on the area a-b is then equal to Ci-Ct 
divided by the area on the line o-6, or 

‘ bdx ■ 

where t’l = the horizontal shearing stress intensity on a section distance y above 
the neutral axis, and 6 and dx are the width and length of the area a-b of Fig. 29. 

In general, the total stress above any line, as a-b may be found from the 
conditions shown in Fig. 29<i. If C represents this total stress, we have 

C = 'E’jihdz 

But 


/.={z 


Hence 


= z6dz 
» c 


Me 


From eq. (6) of Art. 606, / = -j- ■ Therefore 


C = ^ 2” zbdz. 

In this expression, the term is the etatieal moment taken about the neutral 

axis, of the area of the section above the surface a-b. Call this term Q. 

Then 

c^^Iq 

Values of C for the two sections shown in Fig. 296 may be determined by substi¬ 
tuting proper values of M in the above equation, from which 


C, 


Mi^and Ci = Mi^ 


Placing these values of Ci and Ci in eq. (2), we have 




_ (M, - Mi\ 
~ \ ~'dx ) 


.Q 

hi 


If the two sections of Pig. 296 are taken an infinitesimal distance dx apart, we 
may write M i — Mi = dM, where dM is the change in moment. 

Then 

Q . dM 
bl dx 

From p. 17, = V, where V — external shear on the section. 


Dl 


V% = 


QV 

~bl 


Therefore 

(3) 


Since we have shown in Art. 61o that the vertical and horizontal shearing stress 
intensities are equal, eq. (3) is a general expression for intensity of horizontal 
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and vertical shearing stress intensity on any section at a distance y from the 
neutral axis. 

In eq. (3) 

ti = »i = intensity of horizontal or vertical shearing stress intensity at any 
surface distance y from the neutral axis. 

Q — statical moment, taken about the neutral axis, of the area of the 
section outside the shear plane in question. 

V — external vertical shear at the section in question. 

5 = width of beam section at the shear area in question. 

1 = moment of inertia of the team section. 


61c. Variation in Shearing Stress Across a Section.—The variation 
in shearing stress intensity for cross- . 

sections in common use for beams 
will now be determined by means 
of eq. (3) of Art. 616. 

RedanguLar Section .—^Let it be 
required to find the general ex¬ 
pression for the shearing stre.ss 
intensity at a distance y above the 
neutral axis of the section shown in 
Fig. 30. Assume the external shear 
on the section to be V. For the 
dimensions shown on Fig. 30a, the 
general expression for Q, the statical 
moment of the area ahrd about the neutral axis, is 



Cross Section 


Verletion in Shearing 
Stress Intensity 
(b) 

Fio. 30. 




It can be shown that the moment of inertia of a rectangle about the neutral axis 
is 7 = Hence, from eq. (3) 


t> = 



V 


from which 


V 


3 V 
2 bd‘ 




(4) 


From analytical geometry it can be shown that this is the equation of a parabola. 
Figure 306 shows the curve as plotted, the origin being at point 0. 

At the top and bottom of the section, where y = ^ j we have v — 0; and at tlie 


neutral axis, where y = 0, we have 

3 V 
" ~ 2 M 


(5) 


which is the maximum shearing stress intensity for the section. Note that the 
term bd in eq. (5) is the area of the section. Therefore, the shearing stress inten- 
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sity at the neutral axis, which is the niaxiinum value, is g the average shearing- 

stress intensity found by dividing the external shear by the areii of the section. 

I-Scclion .—The variation in shearing .stress intensity will be studied for the 
typical /-section shown in h’ig. 31o. In this section the rounded corners and 
sloping inner faces of the flanges have been replaced by parallel edges in order to 
simplify the discussion. 

To determine the intensity of shearing stress on section a-a through the flange, 
substitute in eep (3), Art. 61ft, values of the statical moment, taken about the 



neutral axis, of the flange area .above seefion u-it. I'Vom Fig. 31o the rcipurcd 
statical moment is 

Q = - ?y) [?/ + m - 1/)] - 2 (f - 

Then, assuming V and I ns constants, we have from eq. (3), 


V /(D 
“ 2/ \i 

At the lower edge of the flange, section ft-ft of h’ig. 31a, where y 
(6) becomcis 

g(d-t) 


'/■■*) 


(«) 


G-‘). 


e<|. 


(7) 


For a section c-c in the web, whore the width of section is v, and the statical 
moment of the area of the beam section above c-c is 


bt 


«-2 W-O + 2 


[ 6 -■)■-»■] 


the intensity of shearing stre.ss at c-c is 


( 8 ) 


At section ft-fc, the under side of the flange, where 2/ = (2 ~ 0’ l><-'comes 

V ht 

Note that eq. (7) is taken an infinitesimal distance above .section ft-ft, w’here the 
width of section is ft, and that eq. (9) is taken an infinitesimal distance below 
section ft-ft, where the width of section is w, the web thickness. At the neutral 
axis, where 2 / = 0, eq. (8) becomes 

ao) 
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Values given by eqs. (6) to (10), when plotted for special values of the several 
dimensions given on Fig. 31a, will form the shearing stress intensity diagram of 
Fig. 316. Let AB represent a base line. The value of r. from eq. (6) is repre¬ 
sented by CD. Note that eq. (6) is the equation of a parabola. If the width of 
the section were constant, the resulting curve would be represented by the para¬ 
bola A MB. The abscissa EF represents the value given by eq. (7) and EG 
represents the value given by eq. (9). Note the effect of the sudden change in 
the width of section at 6-6. The ab.sci.saa HK represents the value given by eq. 
(8). It can be seen that the first part of the expression in brackets is exactly the 
same as a portion of eq. (9), while the last part of eq. (8) represents a parabola 
which is repre.sented in Fig. 316 by the curve GKO. The curves PFM and NGO 
can be shown to be equal curves. At the neutral axis, the abscissa LO represents 
the value given by eq. (10). Figure 316 gives the complete curve, and represents 
the variation of shearing stress intensity across the whole section. Note that the 
stress inten.sity across the web is nearly uniform and greatly in excess of the 
shearing stress intensity for the flanges. 

h’igure 316 shows the distribution of shearing stress intensity. The distribu¬ 
tion of the shear over the web may be studied by dividing the web and flanges 
into sm.all vertical sections, determining the area of these sections, and multi¬ 
plying e.ich by the strc.ss intcn.sity shown in I’ig. 316. On plotting these values, 
the resulting curve will show the actual distribution of the shear across the w'eb. 
Thus, at the neutral axis, consider a j)iece of the web whose heightis unity. Since 
the thickness of the web is w, the area of this piece of web is w. On multiplying 
this area by the stress intensity given by eq. (10), and for other portions of the 
web area by eq. (8), we may plot the curve represented by 2-3-4 of Fig. 31c. 
For the flanges, a similar process gives the curves 1-2 and 4-.5. The total area 
of the curve 1-2-3-4-5 is ociual to the external shear on the section. 

The curve of Fig. 31c shows that the amount of shear carried by the flanges is 
represented by the areas 1-2-8 and 4-5-0, while the shear carried by the web is 
represented by the area 2-4-6-8. 

A general expression for the relative amount of shear carried by the flanges 
and the web may be determined by the process outlined above. Thus, at 
section a-a of the flange, the area of a strip of height dy is bdy. Equation (0) 
gives the stress intensity on this strip. Therefore, the stress on this strip is 

VaMy — — ip'^dy. The total shear stress on the top and bottom flange 

is then 

= 2 fjl g- - y^)dy] + (3d - 2i) (11) 

where V/ — shear carried by the flanges. 

To determine the amount of shear carried by the web, subtract the amount 
of shear carried by the flanges from the total. Thus, if F„ = shear carried by 
web, F, = F — F/, and 

F.= F[l-^'^'(3d-2l)] (12) 

On substituting special values in eq. (12), the expression in brackets gives the 
percentage of the total shear carried by the web. 
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Jn practical designing it is generally assumed that the shearing stress intensity 
in the web is ccjual to the external shear divided by the web area, which is taken 
equal to the thickness of the web times the total depth of the beam. The results 
given in the illustrative problem at the end of this article for a section of the 
form given in Fig. 31 show that the maximum shearing stress intensity determined 
by the more exact method given in this article is about I 6 J 2 per cent greater than 
the value calculated on the above assumption. 

It will now be sliown that the maximum shearing stress intensity on the web 
is approximately equal to the external shear divided by the area of the web 
taken for the portion between the flanges. To derive this relation, approximate 
values of Q and I for the section will be used in oq. (3) of Art. 616 . As shown in 
Fig. 31a, let di represent the depth of the web between flanges. Approximately, 

the moment of inertia of the section is 7 = "I" .approxi¬ 

mation involved in this expression is that the distance from the gravity axis to 
the center of the flange is instead of its true value I, {di + t). In the same 
manner, the .statical moment of the area of the upper half of the section about t he 
neutral axis is Q = bt -1- "g' • Substituting the.se values in eq. (.3), noting that 
the width of the flange is w, we have 



vxh + ml/ 


Making the further approximation that the expression in brackets is equal to 
wc have 


r.v = 


V 

wdi 


(13) 


where Vn — shearing stress intensity at the neutral axis. Noting that tedj is the 
area of the wel) between flanges, we have a theoretical basis for tlie above 
assumption. 

62. Limitations of the Ordinary Theory of Bending.- -Figure 32a shows a 

simple beam with any set of applied loads. 
Oonsider a section n-n at whicfli both mo¬ 
ment and shear exist duo to the applied 
loads. From Art. 606 the bending moment 
is resisted by bending stresses which act 
normal to the section, as showm in Fig. 326, 
and Arts. 61a and 616 show that the ex¬ 
ternal shear is resisted by shearmg stresses 
acting parallel to the section and varying in 
amount from the edges to the center of the 
section, where they reach their maximum 
values. At any point in the section the existing stress is the resultant of the 
bending and shearing stresses. Figure 32c represents approximately the amount 
and directipn of these internal stresses. 

Since in most cases of bending, shear and moment exist at the same section 
and the nature of the internal stresses is as shown in Fig. 32c, it is evident that 






M 


{ 


I trr- 

( Stresses i ''Stresses 

—ilT. 


(b) 


Fio. 32. 
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the stress and deformation conditions in such sections are much more compli¬ 
cated than assumed in the preceding articles in the derivation of the flexure, and 
shearing stress formulas. St. Venant, a celebrated French mathematician, has 
shown that the assumptions made in deriving the flexure formulas of the pre¬ 
ceding articles hold tnie only when the shearing force is constant. For the 
more exact theory dcvelojKid by St. Venant, the reader is referred to his advanced 
works on the Theory of Elasticity. 

For practically all cases of bending encountered in the design of engineering 
structures, it is sufficiently accurate, however, to assume independent action of 
the internal forces. The ordinary theory of bending is based upon this 
assumption. Since maximum moment occurs at the section for which the shear is 
zero, and also, since when the shear is large the bending moment is generally small, 
the ordinary theory of bending gives results in practice very close to those 
obtained by tiie exact theory. In these books, the ordinary theory of bending 
will be assumed to hold true. 

63. Principal Stresses in the Web of a Beam.—When shear and moment fiter 
stresses exist on any section of a beam, as shown in Fig. 32c, the maximum fiber 
stress intensity will be a function of the resultant of the stress intensities due to 
bending and sfuiar. 

Let Fig. .33 rei)resent any particle taken from the ten.siou si<le of a beam, and 
le(. it be assumed that the stre.ss conditions on this particle are as shown in Figs. 
326 and c. 7’hese fiber stresses, which are shown 
in position on J‘’ig. 33o, are the normal bending 
liber stresses of intensity/acting on the vertical 
faces, and the shearing stresses of intensity v 
acting on the four faces and in the directions 
sliown on the figure. Values of / and v to be 
used in Fig. 33a are given respectively by ecj. 

(ti) of Art. 606 and eq. (3) of Art. 616. 

To determine tin- resultant stress intensity, (consider any piano AE at an 
angle 0 to the horizontal. Kemovc the portion of the particle to the left of plane 
AE, and represent all stress intensities, as shown in Fig. 336. Lot the internal 
stress conditions on plane A E be represented by a normal stress of intensity n 
and a tangential, or shear stress, of intensity t. 

Resolving forces perpendicular to plane A E, wo have 

nAE — vAB cos 6 — vBE sin B — JAB sin 6 = 0 
Solving for a, noting that = sin 0 and^^, cos 9, we have 
n = 2c sin 6 cos 6 + f sin'' 9 

Expressing sin 0 and cos 9 in terms of the double angle 29, we may write 

n = V sin 20 + ^ (1 — cos 20) (A) 

Equation (A) gives the value of the normal stress on plane AE. By a similar 
process, it can be shown that the value of t, the tangential stress intensity on 
plane AE, is 

f = 0 cos 20 ■+■ 2 sin (1^) 




32 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. l-53a 


Equation (A) shows that the value of the normal stress intensity n depends 
upon the angle 6. By methods given in text books on the calculuSi it can be 
shown that ri is a maximum when e has a value given by the equation 

tan 2ff = — ^ (14) 

and that the maximum value of n is 

V/' 




+ t» 


( 15 )‘ 


On substituting values of sin 26 and cos 26, as given in the footnote, in 
eq. (B), it will be found that t = 0. That is, when the normal stress intensity n 
on plane AE of Fig. 33 reaches its maximum value, the tangential stress inten¬ 
sity t is equal to zero. Therefore the stress on plane AE is entirely normal. 
When the resultant stress intensity on any plane is normal to that plane, it is 
said to be the principal stress intensity for that idane. The phine on which a 
principal stress intezisity occurs is said to be a principal stress plane. Thus n^ax 
of eq. (15) is a principal stre.ss inten.sity and AE of Fig. 33 is a principal stress 
plane when 6 has the value given by eq. (14). 

Equations (14) and (15) have been derived for a particle on the tension side 
of a l)eam. These equations may also be used where/ is compressive by changing 
the sign of / to minus, and placing a minus sign in front of the radical in ezp (15). 


Since / under the radical is squared, the value of 



i>* is the same for com¬ 



pression as for tension. 

63a. Principal Stress Lines in the Web of a Rectangular Beam.— 

The amount and direction of the principal stre.s.ses vary for every section taken 
through a beam. Figure 34 shows the stress lines in 
a simple beam, supporting a uniform load. Note that 
at all sections on the neutral axis where shear exists, 
the principal stresses make angles of 45 deg. with the 
neutral axis. 

These curves are interesting and prove especially 
instructive in the study of internal stresses in webs 
of beams composed of a material which is weak in 
tension but strong in compression—as for example, a concrete beam. The full 
* Derhatwns of ffqa. (U) and (15).—To determine the value of S given by on. (14), place euual to 
aero the first derivative of n with respect to B in eq. (A). Thus 

■ 008 26 + / sill 26 ^ 0 


’Lines ofrnoxtmumamffvssm 
—Lines maxumm fensk^ 

Fio. 34. 


from which 


dn 

<16 


tan 29 • — 


To derive oq. (l.'i). wc note from trigonometry that eq. (14) represents cither a second or a fourth 
quadrant angle. On substituting values of 26 from eq. (14) in the equation expressing tho second 
derivative of n, eq. (A), with respoot to 9, a negative value results. This can be shown, by methods 
given in text bootos on the calculus, to indicate a maximum value of n for second quadrant values of 26. 
From trigonometry, for second quadrant values of 29, we have 

/ 


sin 26 


V(0' 

Substituting these values in eq (A), 

” 2 + "V/C x) 


and cos 29 








* + «>, as given by eq. (15). 
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lines of Fig. 34 sliow the directions of principal tensile stress intensity, and the 
dotted linos show curves for principal compressive stress intensity. Note that 
these sets of curves (iross at right angles. For beams in which the length is grtait 
coiii)>arcd to the depth, the cun'cs of principal stress intensity arc much flatter 
than for the conditions shown in Fig. 34. 

536. Principal Stresses in the Web of an I-Beam.—Where sudden 
changes occur in the thickness of the web of a beam, as in the case of an I-beam, 
it will often be found that the principal stress intensity, as given by eq. (15), is 
in excess of the extreme fiber stress in bending, as given by eq. (6) of Art. 606. 
This is particularly true when heavy shear and moment exist on any section at 
the same time—as, for example, at the wall section in a cantilever beam. In 
such ca.ses the intensity of stress at the junction of web and flanges re<iuires 
careful consideration. 

This matter was first cidled to the attention of engineers when it was noticed 
that I-beams under test loads showed signs of weakness at the point where the 
web joins the flanges. Later types of I-beams were rolled with larger fillets at 
the junction of flange and web. This change provides additional area at a weak 
point, thus reducing the iirincijjal stress intensity at these dangerous sections. 

63c. Effect of Vertical Loads on the Principal Stresses in the Web.— 
In the preceding articles the effect of external vertical loads supported on the 



flanges of the beam has been neglected in the determination of the principa 
8tre.sses in the web of the beam. Where heavy loads arc supported by the 
top flange, the compressive principal stress intensity at the junction of the web 
and flange is considerably increased. If the loads are sui)ported by the 
bottom flange, a corresponding increase takes place in the principal tensile stress 
intensity. An expression will now be derived for the inteasity of stre.ss at any 
point in the web of a beam due to vertical loads on the top flange. 

Let Fig. 35o show a }Kirtion of a beam which supports a load of w lb. per unit 
of length. Consider two sections a-b and c-d at a distance dx apart, and let the 
moments and shears acting on these sections have the character .shown by the 
arrows. Remove the portion of the section above the plane AC of Fig. SHa.^ 
Figure 356 represents this portion of the beam with all applied forces in position. 
These forces are a vertical downward load wdx; horizontal loads Ci and Cj w.hich 

3 
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represent the summation of totfil fiber stresses /i and fi above the plane AC; 
vertical forces V and V" which represent the total shearing stress on the vertical 
faces above the plane AC; a horizontal force on the plane .46' representing the 
total horizontal sheai’ing stress on that plane; and a vertical force qhdx acting 
on the plane of AC, where q is the intensity of the vertical compressive stress in 
the web. The intensity of q will now be determined. 

Placing a summation of vertical forces on Pig. 3.56 equal to zero, we have 
+1" — r" — wdx + qhdx = 0 

from which 

g= 


The terms V and V" represent the total shear stresses above the plane AC, that 
is V = S,' D'fcdz for the dimensions shown in Pig. 3.5c. The value of v, is 
given by eq. (3) of Art. 616 in terms of Pi, the total external shear on section ab 
of Pig. 35o Let N represent the term involving the properties of the section. 
We may then write P' = iVPi and P" = A Pa, where V 2 — external shear on 
section cd of Pig. 3.5a. Noting that Vi — V 2 — change in shear between sections 
ah and cd = wdx, the above expression for q may be written 


or 


« = 
9 = 


hdx ^ 

Ja-N) 


(16) 


The summation mentioned above leading to the value N is not re<adily accom¬ 
plished for a general section of irregular outline. However, the value of AT 
may be determined by jilacing moments about iioint A of Pig. 3.56 ciiual to zero. 
In making this moment summation, we may niiglect the moments of forces wdx 
and qhdx, for they involve the term dx squared which is infinitely small when 
compared to the other terms. Also, the moments of Ci and C 2 will be stated in 
terms of/i and/•!. Wethenhave 

-|-P'(lc -h 'Elfiz(z — y)k-dz — —y) kdz — 0 


But 




V' = A Pi 


Since M 2 = Mi, wc may write 
(lUf * i 

But = Pi; 2 = moment of inertia about neutral axis of area out¬ 

side plane A B of Pig. 35c, which we will denote by I and X~zkdz — statical 
moment about the neutral axis of the area outside plane AU, which will be 
denoted by Q„. We then have 

W = J (7. - yQ.) 


On substituting this value of N in eq. (16), the general expression for stress inten¬ 
sity q is 


9 = |[ 1 - \i.h - 2/Qj] 


(17) 
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Equation (17) shows that the value of q varies across the section. At the 
top of the section, J, = 0, Q, = 0 and ? = At the center of the section I, = 
w 

H ^) ?/ = 0 nod ? = M ^ • At the bottom of the section, /» = /, 0, = 0 and g = 


0. Figure 30 gives the curve for q across the upper half of 
an I-beam web. 

For a rectangle of width h and depth d, as shown in 
Fig. 37, 



h 


h 

24 


(<!' = 2(f - 2/’)- 


Fio. 3fi. 


and 



Equation (17) then becomes 

h ri , o 

'' = «-L>+2 



( 18 ) 


The curve .shown in Fig. 37 rcpre.sent.s the value of the term in brackets for various 
value.s of 1 /. 

When the load on the flange is concentrated instead of uniform, as assumed in 
( he above analysis, the (^oneenirated load may l)c reduced to a uniform toad by 
assuming (hat it is uniformly di.stributed over a certain portion of the flange 
(.sec A ts. 61f. and 51d, Sec. 2). 




Curve showing votrlMion 
in cj (across section 


Kio. 37, 



Figure 38 shows a particle on the tension side of the web of a beam which 
is acted upon by a vortical stress of intensity g in addition to the bending and 
shearing .stresses considered in Art. 63. The stress intensity q is determined from 
eq. (17). In Fig. 38 it has been assumed that q is a tensile stress. 

Let p represent the intensity of principal stres.s on a plane AE at an angle 6 
with the horizontal. By methods similar to those employed in Art. 63, it can be 
shown that 

= 2 (/ + 9 ) + Vf “0“ + "' 

and that the angle which the principal stress plane for p„a, makes with the hori¬ 
zontal ib given by the equation 

tan 2tf - - ^ ^ (20) 

When p or q are coinpro,ssive, negative values for these terms must be substitutid 
in eqs. (19) and (20). 
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S4. Hain Concrete Beams.—The first assumption in the common theory of 
flexure, as given in Art. 60, may be applied directly to plain concrete and also to 
reinforced-concrete beams. Careful measurements seem to show some deviation 
from a plane, but in general this assumption seems to be warranted. Prom this 
fact it follows (as stated above) that deformations of the fibers are proportional 
to the distances of the fibers from the neutral axis. OS in Fig. 39 is the stress- 
deformation diagram for concrete in compression with the deformations repre¬ 
sented vertically. The curve OT is the stress-deformation diagram for concrete 
in tension. For working loads the curves OS and OT do not vary materially from 
straight lines and the unit stresses in the fibers at any section of a plain concrete 


I une» or moximurn ranftiori 
Unea of maKtmum oomprewiori 

Fig. 39. Fig. 40. 

beam may thus be assumed to vary directly as the deformations and consequently 
as the distances of the fibers from the neutral axis. Hence, the common flexure 
formula for homogeneous beams applies when the loads are working loads. For 
ultimate loads, however, the formula does not strictly apply. 

A plain concrete beam will fail by cracks opening up along the uneven lines 
which are shown in Fig. 40 on account of the low strength of concrete in tension. 
If concrete were only stronger in tension, then the plain concrete beam might be 
of some structural value. In order to offset this disadvantage of plain concrete, 
steel is used. 

66. Purpose and Location of Steel Reinforcement in Concrete Beams.— 
Steel reinforcement should have the general directions shown in Fig. 41 in order 







[ j 

Fig. 41. 


Fig. 42. 


to take the tension in the beam and prevent the cracks starting along the lines 
indicated. Figure 42 is the simplest method of reinforcement and quite often used 
for light loads. In beams highly stressed, curved or inclined reinforcement is 
needed, in addition to the horizontal rods. The most common method is to use 
several bars for the horizontal reinforcement and then to bend up some of these 
at an angle of from 30 to 45 deg. as they approach the end of the beam and where 
they are not needed to resist bending stresses. The concrete is depended upon 
to take care of the compressive and pure shearing stresses, its resistance to such 
stresses being large. 

66, Tensile Stress Lines in Reinforced-concrete Beams.—Linos of maximum 
tension in the concrete of reinforced-concrete beams are considerable inclined 
immediately above the line of the steel. The inclination of these lines is greater. 
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the greater the shear, and the less the horizontal tension. The inclination, 
therefore, increases toward the end of the beam. At points nearer the neutral 
plane, the horizontal tensile stresses become less and the inclined tension 
approaches the value of the shearing stress, 
while its inclinaton approaches 45 deg. 

Figure 43 is an attempt to represent roughly « 

the general direction of the inclined tensile 
stresses in a simply supported beam uniformly 
loaded and with horizontal reinforcement. 

67. Flexure Formulas for Reinforced-concrete Beams.—great many 
varieties of flexure formulas have been proposed from time to time to be used in 
the design of reinforced-concrete beams. As might be expected, many of the 
earlier formulas considered the concrete to carry its share of the tension which 
we know now cannot be done with safety. Only two classes of flexure formulas 
are at the present time in practical use. In each of these classes, tension in the 
concrete is neglected and a plane section before bending is assumed to be a plane 
after bending takes place. 

The formulas almost universally used and made standard by the Joint 
Committee relate to working stresses and safe loads, and are based on the straight- 
line theory of strc.ss distribution. The other formulas referred to above relate 
to ultimate strength and ultimate loads and the stress-deformation curve for con¬ 
crete in compression is assumed to be a full parabola. Ultimate-load formulas 
are used to .such a limited extent that they will not be considered here. 

57a. Assumptions in Flexure Calculations.—The following assump¬ 
tions are made in deriving the flexure formulas: (1) the adhesion of concrete to 
stool is perfect within the elastic limit of the steel; (2) no initial stresses are con- 
•sidered in either the concrete or the steel due to contraction or expansion; (3) the 
applied forces are parallel to each other and perpendicular to the neutral surface 
of the beam before bending; (4) sectional planes before bending remain plane 
surfaces after bending within the elastic limit of the steel; (5) no tension exists 
in the concrete; (6) modulus of elasticity of concrete is constant. 

67b. Flexure Formulas for Working Loads.—Straight-line Theory.— 

The unit stress in the steel is 
within the elastic limit, and the 
unit tresses in the concrete at 
the given section of the beam are 
considered to vary as the ordi¬ 
nates to a straight line (see Fig. 
44). Tension in the concrete is 
neglected. The formulas follow* 
(see Notation, Appendix A): 




1 The formulas may be derived as follows; 

Total compressive reeistaiioe ■» totid tcnttilu roHistaiice. or 




(a) 


From the amuraption that deformations vary as the distances of the fibers from the natural axis and 
assuminie stress proportional to deformation 

A __ /• _ 

EcA'd ” B.d(i - k) 


which reduces to 
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k = 
J = 

P = 


Me = 
M. = 




\/2pn + (?m)* — pn = 


1 + 


1 - Hk 

A. 


nf. 


^fek 

bd f~(f. 2/. 

/An/« V 


fc\nfc 

H/,W>d«),or6d» = 2g, or/. = |J^- 

7,/,/(M^), or or/. = 

2Ap /.fc 
k n(l - k) 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 
( 6 ) 
( 0 ) 



for all sizes of beams The formula for gives the resisting moment when the 
maximum allowable value of /«is introduced as the limiting factor and the for¬ 
mula for M, gives the resisting moment when the maximum allowable value of 
/, is the limiting factor. The lesser of these two rc.sisting moments, when proix^r 
working values arc assigned to/c and/,, is the safe resisting moment of the beam 
in question. 

Unlike steel beams, rcinforced-concrete beams require a preliminary formida 
tosolved l)efore the formula for resisting moment may be emploj'cd. Solving 
this preliminary formula locates the position of the neutral axis which is in the 
same position only for beams of a given percentage of steel reinforcement. 

The method of procedure in flexure formulas is to determine the vertical 
section of the beam where the moment is a maximum and apply the formulas at 


, 1 - * , /.k 

* Jrtl , or/« « - —- 

k n(i — A) 


1 + 


(6) 


nfe 


Thft total resisting moment of t!ie beam ia the sum of the moments of the total eompreasivo stresm's 
and of the total tensile stresses about the neutral axis, or 

Af - HkdiHUkhd) 4- d(l - k)A,f, 

+ AMI - k) (c) 

Eliminating k between eq. (a) and (&), the following formula for steel ratio results: 




Introducing the value of /• from eq. (b) into oq. (a), wo have 
H k^d - d.nd - A) - 0 


from which 


- pbn(l - k) - 


A — \/2pn 4- (pa)’ — pn 
Substituting the value of Atf* from (a) into (c), we get 

- HfMl - HA)6d2 


Me « ViSckjbd^ 

Substituting the value of ft from (a) into (c), and remembering that At -• p&d 

M, ’» pftjbil^ 

Equation (a) may be solved to give 


4 « 

/. .orp 


S/. 
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that section. Either formula for p, containing the value of fe and/,, determines 
the amount of steel reinforcement which is needed to cause the beam to be of 
equal strength in tension and compression. The formulas for resisting moment 
determine the bending moment which a beam will safely withstand (for an exist¬ 
ing structure) or tlie size of tlie beam needed to resist a given bending moment (for 
a proposed structure). 

If a beam is over-reinforced, its resisting moment depends on AT., and if 
under-reinforced on M,. 

If it is desired to find the fiber stresses in concrete and steel of a given beam, 
the formulas /, = ^ and /, = ^or /, = should be used, where M 
is the external bending moment in each case. For a given external M, either 


Ml = or Ml = . maj' be u.sed to determine cross-section, when the p used 

Pf-J ^ 


is obtained from the formula p = j- 


JJc 


• / r \ > O'" P ~ or > which k — 


1 H- 


nfr 


Illustrative Problem. —What will Ixj the resisting moment (M) for a beam whose breadth 
{h) is S in. with a distance from the center of the reinforcement to the compression surface 
(d) of 12 in., the area of steel section being 0.90 sq. in.? Assume n » 16; fc *= 650 lb. per 
sq. ill.; and A — 10,000 lb. per sq. in. 


Fnim (1) 

From (4) 
From (.6) 
Afc is the 


p~ 


A, 

bd 


0.90 

(ls)(12) 


0.01 


k ^ V(2) (0.01)(!.''.) + (().01)*(15)» - (0.01)(15) -0.418 
j = O.Kfil 

= }-2((i.WH0.418)(0.8Cl)(8K)2)> "= 134,700 in.-lb. 

M. = (0.01)(10,000)(0.861)(8){13)> = 158,700 in.-lb. 
lessor of the two resisting moments and hence controls in the design. 


Illustrative Problem.—Assume the beam of the prccerling problem to l>c 14 in. deep 
and subjected to a iKsnding moment of 130,000 in.-lb. ('ompiite the maximum unit stresses 
in the steel and concrete. 



0.90 

(«)(14) 


o.ooso 


From (1) 


k = \/(2)(0.008fi)(1.5) -t- (O.OOSejqiO)* -O.OOSOXIS) =0.395 


From (4) 


j « 0.868 

130,000 = ({') (0.395) (0.808) (8) (14)* 


From (6) 


A = 480 lb. per sq. in. 

130.000 = (0.0080) (/a)(0.S6KK8)(14)* 
A *= 11.100 lb. per s<i. in. 


Illustrative Problem.—A lieam is to be designed to withstand a bending moment of 
300,000 in.-lb. and to have equal strength in tension and compression. A concrete will be 
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used with Be ■= 2,000,000 and/« ” 000 lb. per sq. in. The pull in the steel is to be limited 
to .14,000 lb. per sq. in. Its modulus of elasticity E, is 30,000,000. 


B. 

’ B, 


ir, 


70 

3 


li'rom (1) and (2) 


From (3) 


k - 


1 + 


1 

■ uTboo"' 

(15)(000) 


0.391 and j = 0.870 


. 0.0084 




: 293, or d = 17}4 in. 


(600) (0.391) 

(21)(i4.606) 

Either (4) or (B) may now be used in determining b and d since the amount of steel to bo 
employed will cause simultaneous maximum working stresses. 

From (b) 

, _ _ 300,000 

“ - (0.0084) (14,000) (0.870) “ ” 

Many different values of b and d will satisfy the last equation. If 6 is taken as 10 in., then 
2,930 
10 

Finally 

A. - (0.0084) (10) (17.25) = 1.4,5 sq. in. 

If 1 in. is allowed between the tension surface of the concrete and the center of the steel, 
the entire depth of the beam should be 19 in. 

68. Shearing Stresses in Reinforced-concrete Beams.—In Fig. 45 is sliown a 
small portion of a concrete beam, so short that no apiireciable portion of the load 

on the beam acts directly upon it. The o{)- 
posing total compressive forces are denoted by 
C' and C; and the tension in the steel on each 
face by 2” and T. The tension in the concrete 
may be neglected. Let V be the total shear on 
this small portion of the beam. From con¬ 
ditions of equilibrium, C' = T' and C = T. 
The total horizontal shearing stress upon a hori¬ 
zontal section immediately above the steel is 
T' — T, and if 6 denotes the breadth of the beam 
and V the unit shear (horizontal or vertical) at any point between the neutral 
axis and tlie steel, then 

r -T 

~ bx 

The various couples acting upon the element produce equilibrium; hence 

Vx = (T' - T)jd 



( 1 ) 


(r - T) 


Vx 

jd 


Substituting this value in eq. (1) there results 

V 

” hjd 


( 2 ) 


which is the value of shear intensity at any point between the neutral axis and the 
steel. 
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The value of j for working loads varies within narrow limits and v will change 
but slightly if the different values of j are inserted in eq. (2). The average value 
of j for beams in ordinary construction is Using this value, eq. (2) reduces to 

Shearing stress is the same at all points between the neutral axis and the steel, 
and above the neutral axis it follows the parabolic law. Figure 46 represents 

the distribution of shearing stress on a vertical cross-section-—^ 

assuming no tension in the concrete. „ . B 

Tlie longitudinal tension m the concrete near the end || 

of beam modifies the distribution of the shear, increasing —— -J —B 

the shearing stress somewhat at the neutral axis and de- 
creasing it at the level of the reinforcement. Equation (2), " 

however, gives results which are sufficiently accurate and 
are derived for beams having the horizontal bars straight throughout. When 
any web reinforcement is used, the distribution and the amount of the shearing 
stresses at the end of a simply supported beam are materially different from the 
foregoing. The analysis of the stresses becomes more complex and a determi¬ 
nation of their value impracticable. Even here, however, the above formula 
serves a useful purpose. It is found that shear is the chief factor in the failure 
of a beam by diagonal tension and either cq. (2) or eq. (3) may be used in 
do.sign if proiMiriy (iontrolled by the results of experiments. 

Failure by the actual shearing of the concrete in a beam is not a likely occur¬ 
rence under any conditions as the shearing strength of concrete is at least one-half 
the crushing strength. 

69. Methods of Strengthening Reinforced-concrete Beams Against Failure 
in Biagonal Tension.- -The intensity of the diagonal tensile stress at any point 
in a beam depends upon the shear and horizontal tension in the concrete, with 
* IfSiri ^ ^ factor. The percentage 

|j of horizontal reinforcement must also be 
I, I 1! considered, since the amount of steel 

U U ® U y employed affects the horizontal deforma- 

tion and consequently the tension in the 
concrete. Thus beams may be strength- 
nJwMlIrirI against failure in diagonal tension by 

fU keeping the horizontal tension small 

I 1 through the use of considerable horizontal 

I steel at points of heavy shear, by avoiding 

heavy shearing stresses, and by providing 
, some type of web reinforcement. A low 

■ unit working stress in whatever type of 

web reinforcement is employed is also much to be preferred. 

The most unfavorable part of a beam as regards diagonal tension is at points 
of excessive shear combined with considerable bending moment. A sufficient 


number of reinforcing rods should be extended horizontally to the ends .of the 
beam to provide for bending with low unit stresses in the steel. In small beams, 
vertical stirrups looped about the horizontal rods may be employed throughout 
for web reinforcement but in large beams under heavy shearing stresses, both 
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stirrups and bent rods should be used. The stirrups in large beams should be 
securely fastened to the longitudinal rods in such a way as to prevent slipping of 
bar past the stirrup. Inclined web members may also be used in place of vertical 
stirrups if securely attached to the horizontal rods. Vertical stirrups may be 
made in various forms, as indicated in Fig. 47. 

60. Bond Stress.—The tension in the horizontal steel near the lower surface 
of a reinforced-concrete beam is a maximum near the center of beam and decreases 
each way toward the end. The difference in the tension between any two points 
is transmitted to the concrete by the bond between the steel and the concrete. 

A formula for bond may be derived for beams in which the reinforcement is 
horizontal or straiglit throughout. The total shearing stress per linear inch 
between the steel and the concrete, considering a length of beam equal to x, 
is 

r - r 


From Fig. 45 


Vx= {T' - T)jd 


y' _ 2’ (/ 

- = (bond stress i)er linear inch) 

X jd 


V 


and the bond stress per square inch of the surface of the steel bars is divided 

by the sum in inches of the circumference of the bars at the giv<‘n v(ulical cross 
section. If « = unit bond stress, and So the total circumference of all bars in a 
beam at the given section, then 

V 

II- - •) 


The above formula shows that theoretically the bond stress is a simple function 
of the shear and varies with the shear, 'i’hus, shear diagrams may be u.scd to 
represent the variation of bond stress along a beam. IVlien using the above 
formula, the average value of j = Js may be taken. 

61. Web Reinforcement.—Incline<l web reinf(<rcement may bo separate 
members firmly connected with the horizontal reinforcement to prevent slipping, 
or some of the horizontal bars may be bent up near the ends of the beam where 
they are not needed to resist bending. The vertical reinforcement may be used 
separately or in combination with inclined reinforcement, dc{)ending upon the 
preference of the designer imd upon the amount of diagonal tension to be provided 
for. Vertical stirrups should be looped around the horizontal bars and in impor¬ 
tant beams should also be firmly secured to these bars by wiring or otherwise. 
Stirrups should usually be looped or hooked at the top in order to prevent slipping 
due to insufficient bond. 

The proportioning of web reinforcement cannot be done with any degree of 
exactness since very little experimental work has been performed along this line. 
However, rough determinations of what is required may be obtained on rational 
grounds. The only information from tests is the value of the maximum shearing 
stress ■^rhich measures diagonal tension failure—(1) for beams with horizontal 
bars only, and (2) for beams having an effective system of web reinforcement. 
Also, tests on beams, with and without web reinforcement, show that when 
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reinforcement is provided for diagonal tension, the concrete may be assumed to 
carry its full value of the shear and the steel the remainder. 

Consider now Fig. 48, in wliich V represents the average total shear over the 
portion s of the beam. Let »' represent average unit hori¬ 
zontal shear on any plane below the neutral axis. A, the 
total stress in the stirrup, and/, the tensile stress in the 
stirrup. Then (see Art. 68) 

, V 
bjd 

The total shear over any such horizontal plane is v'bs; whence Fio. 48. 

Fs 

jd 


■f44 
i ! 

IDH 


v'hx ~ 


The function of stirrups, either vortical or inclined, is to resist by their tensile 
strength that portion of the above shearing stress which is not carried by the 
concrete. 

Assume a vertical stirrup to be placed at the .section A-A, and to oppose the 
.shear over the portion of the beam. The total stress in the stirrup is A,/, (in 
a U-shaped stirrup. A, is the sum of the area.s of the two legs), and it is produced 
l)y that part of the total shear over tlie horizontal plane bs not taken by the 
concrete. Let. V' represent the shear carried l>y the web reinforcement. Then 

V'ft 

( 1 ) 


Solving 


AJ, - 


A. = 


Jd 

V's 

fvjd 


(vertical stirrups) 


( 2 ) 


(3) 

For inclined members and bent-up bars, the lines on a beam representing the 
direction in which the diagonal tensile cracks are likely to occur, are crossed more 
times per unit of length for a given horizontal spacing than would be the case if 
vertical stirrups were employed; that is, a given amount of inclined steel is much 
more effective in taking diagonal tension than the same amount of vertical steel. 
If a represents the angle between the web bars and longitudinal bars, then 

A.. (4) 


f^Jd 

AvFvjd 
V sin a 


(5) 


DEFLECTION OF BEAMS 
By W. S. Kinne and Chas. A. Ennis' 

62. Methods of Computing Deflection.—The structural engineer frequently 
desires to determine the deflection of a beam or girder at one or more points in its 
length. This in itself makes a study of deflections desirable. However, a more 
important use for the theory involved is its application to the analysis of statically 
indeterminate structures. 

* The Area-Moment Method of Art. M oontributed by Chaa. A- EUia. 
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There are several methods by which deflections caused by bending moments 
may be determined. The oldest and most widely known method, which was 
used by the mathematician Euler as early as 1744, is known as the Elastic Curve 
Method, and also as the Double Integration Method. In this method the change in 
slope of the tangent to the elastic curve is expressed as an ordinary differential 
equation of the second order in terms of the bending moment at any point. This 
equation must be integrated, the constants of integration determined, and the 
complete equation of the elastic curve derived before the deflection at a given 
point may be determined. The method is long and greatly involved, except for 
the simplest conditions of loading. 

A simpler but less known method, which is called the Area-Moment Method, 
was derived independently by Prof. C. E. Greene of the University of Michigan, 
and Prof. Otto Mohr of Dresden, Germany. The methods derived by Profs. 
Greene and Mohr differ in certain respects, although both express the deflection 
at any point as a function of the moment due to a loading which is proportioned 
to the bending moment diagram for any given set of applied loads. 

The Area-Moment Method, as derived by Prof. Greene, and as treated in this 
chapter, establishes a relation between the intercepts on a given axis of the tan¬ 
gents at adjacent points on the elastic curve and the moment about the given 
axis of the moment diagram area for the portion of the beam between the points 
at which the tangents are drawn. 

The Area-Moment Method ns derived by Prof. Mohr is based on the observed 
similarity between the deflection and slope diagrams for the given beam and 
the moment and shear diagrams for a similar, or properly cho.sen, beam due to 
loading which is proportional to the moment diagram for the loading causing 
the deflection. As first presented. Prof. Mohr’s method wa.s applicable only to 
simple beams. It was later extended by I’rof. Mueller-Breslau so that it was 
applicable to any type of beam. Prof. Mohr’s method, as presented in this 
chapter, is called the Method of Elastic Weights. This name is api)lied to the 
method due to the fact that in deriving the fundamental principles, use i.s made of 
an arbitrary weight which is a function of the elastic deformation of the beam 
elements. 

Another useful method for the determination of deflections, which is known as 
the Unit-Load Method, was derived by Prof. Fraenkel. This method is based on 
the necessary condition that for elastic equilibrium the internal work due to 
fiber stresses and the external work done by the loads during deflection must be 
equal. 

The Area-Moment and the Unit-Load methods are particularly useful when 
the deflection of a certain point is desired, without reference to the deflec¬ 
tion at any other point. In this resjject, these methods have an advantage over 
the Elastic Curve method, for as stated above, the complete equation of the 
elastic curve must be derived in this latter method before the deflection, or slope 
of the elastic curve, at any point may be determined. However, if so desired, 
the general equation of the elastic curve may also be determined by means of the 
Area-Moment and Unit-Load methods. 

Prof. Grfeene's Area-Moment Method and the Method of Elastic Weights are 
trealted in this chapter. The Elastic Curve and Unit-Load Methods are treated 
in Appendix C. 
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63. Area-Moment Method (Prof. Greene’s Method)* 

63a. Method in General.~Let A and B, Fig. 49, represent any two 
points on the neutral axis of a beam, which is bent by any arrangement of loading. 
Through A and B draw the tangnets AD and BC intersecting at C, and the 
normals AI and BI intersecting at I. Then AAIB — /.BCD = Let 
QPRS represent the bending moment diagram for the portion of the beam 
between A and B. Let EFHG represent an element of the beam between two 
right sections EG and FH (drawn to a larger scale in Fig. 50) which were parallel 



Fig. 49. Fia. 50. 


and a distance ds apart before the clement was bent by the bending moment M. 
Let r, Fig. 50, represent the radius of curvature of the neutral axis for this ele¬ 
ment. The fiber at the neutral axis remains unchanged in length, while the 
fiber KL at a distance y below the neutral plane has been increased in length from 
ds = rd<j> to (r 4- y)d<l>. Hence the total deformation in the length da is ydd> 

and the unit deformation is Let / represent the unit stress on the fiber XL; 
and let E represent the modulus of ela.sticity. Then 


E-,L0Tf: 


ds 


Let 1 = moment of inertia of the cross section about the neutral plane. Then 

.My 
^ I 

Eydd, My 

whence ds =7 

, Mds 

Of 

, /•«, fB Mds 

and "J Ei 

* CoDtribiitrd by Chat. A. £UU«. 
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If the beam in its natural state is straight (not arched) and is prop¬ 
erly designed, the curvature will be so slight that dx may be replaced by d», 
allowing the integration to be made horizontally between A and B instead of 
along the path of the elastic curve. 

Then 

r^Mdx 
~ Ja m 

If the beam is homogeneous and has a uniform cross section, E and 1 are 
constants, and the equation may be written thus: 

( 1 ) 

The expression Mdx represents the area of the cross-hatched element in the 
bending moment diagram. Hence the integral expres.sion I Afdx is the area 

of the Af-diagram between the ordinates BS and PQ; and if this area is divided by 
El, the quotient is the angle <^. If M is expressed in in.-lb., the area Mdx is 
expressed in in.Mb. If E is expressed in lb. j)er sq. in. and I in in.^ then El 
is also expres.sed in in.Mb., and the angle 4> is a ratio. In any practical beam tj> is 
comparatively very small; hence, when the tangent (!B, Fig. 49, is horizontal, the 
ratio <j) may lie taken as the slope of the tangent AD. Likewise when AD is 
horizontal, the ratio <l> may be taken as the slope of the tangent CB. 

From this analysis the first principle may be deduced, namely: If tangents 
are drawn through any two points on tJte elastic, curve of a homogeneous beam of uni- 
ferrm cross-section, the angle which one tangent makes with the other tangent equals 
the area of the M-diagram between the two points, diiided by EL 

Now imagine that the unstrained po.sition of the beam was in the direction AD, 
and that the beam was subsequently bent so that the point 1) moved to B, the 
point A remaining stationary. This movement i.s caused by the bonding of all 
the elements from A to B. The bending of the element EFUIl camses the point, 
in its travel from D to B, to move a distance dl = xd<t>. Since the curvature is 
comparatively small, the path of the point moving from D to B deviates but 
slightly from the straight line DB. Hence 

j -*B /*£f 1 pB 

^dt = Xdd> = Mx<lx (2) 

The distance DB = t is called the tangential deviation; since it reprc.scnts the 
distance through which the point B has been displaced by the curvature of the 
beam, when AD is assumed as the original position. 

In eq. (1) and (2), I is the gross moment of inertia of the cross-secstion. No 
deductions are made for holes, as is the case when the strength of a beam is being 
computed. 

The expression Mxdx represents the moment of the elemental area Mdx about 
the ordinate through B. Hence the integral expression I Mxdx represents the 

moment of the area QPRS about the ordinate through B, and is called the areo- 
moment of QPIiS about B. The area-moment is expressed in in.’-lb., when M is 
expressed in in.-lb. Since El is expressed in in.Mb., the tangential deviation ( 
is expressed in inches. The second principle may now be stated; If the tangent 
to the elastic curve is drawn through any point A, the tangential deviation at any other 
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point B may be obtained by finding the area of the M-diagram between ordinates through 
A and B, and dividing by El the moment of this area abovi the ordinate through B. 

Let J represent the centroid of the area QPBS, and let k be the distance from J 
to the ordinate through B. Then 

^ area QPRS , 

El * 

Since, from the first principle 
urea QPRS 

Er~^ = ^ 

then 

t = k<l> 

Hence the tangents to the elastic curve at any two points A and B intersect on the 
ordinate through the centroid of the M-diagram included between the ordinates 
through A and B. 

636. Application of the Method.— Beam with Singk Concentrated Load 
(Determination of Deflection Under the Load). —The beam in Fig. 51 is a2 X 1-in. 
piece of wood laid flatwise. I = H in.'* E = 1,500,000 lb. per sq. in. Hence El 



- 250,000 in.Mb. The il/-diagramisf'y»5. The deflection A under the load-will 
be determined in several ways, by drawing the tangent to the elastic curve through 
different points as shown in Figs. 61a, 516 and 51c. (Jonsidernble time and labor 
may l)e saved by exercising good judgment in choosing the most advantageous 
point in the elastic curve through which the tangent is to be drawn. 

In Fig. 51a, the tangent to the elastic curve ATB is drawn through T. The 
deflection A is readily found after the tangential deviations L and Ij have been 
computed. From the second principle. 



where Mi is the bending moment at any distance x from the ordinate on which the 
tangential deviation is required. Hence, Mi = 46x, and 

“ Ei Jo ~ sr 
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The origin for (j is at B; hence = 15x, and 

, 1 /•'*,. . 29,160 

^ = Ei j. “ ~W' 


From similar triangles in Fig. 51a 
A = fi + ^ (<j — !)) 


^0 _ _9^72^ 
Ef ~ 250;b00 


= 0.039 in. 


When the Jf-diagram can conveniently be divided into portions whose areas 
and centroids are easily found, a semigraphic or geometric solution can readily be 
made. The area of the il/-diagram to be considered in each case is included 
between two ordinates. One ordinate passes through the point of tangency, on 
the other ordinate the tangential deviation is found; the moment of this area is 
taken about the latter ordinate. 

The expression Mixdx represents Ihe area-moment of PQ V aboutP. Hence 

f =^^(270)(3)(4)=\240 

r" 

Likewise, the expression Mizdx represents the area-moment of A'QF about S. 
Hence 

1 29160 

k = (270)(9)(12) = 


In Fig. 515 the tangent is drawn through A. The area-moment for U is PQS 
about S; and for ts, the area-moment is PQV about QV. The geometrical solu¬ 
tion is as follows: 

1 r(270)(9)^ (12) = 29,100 45,300 

F/[(270)(3)’*'(18+2) = 16,200 Bl 

t, = (270)(3)(2) = 


From similar triangles in Fig. 515, 
A -J- 


u _ 11.340 
4 " EI 


and 


n,340 - 1,020 
EI 


9,720, , , , 

- (as before) 


In the algebraic solution, the origin for <4 is at S. M = 15x for values of x 
between 0 and 18, and M = 15x — 60(x — 18) = 1,080 — 46s, for values of x 
between 18 and 24. Hence 

ti = Afsds = f " ISx^dx + Jj j’' (1,080s - 45z«)ds 

29aM + 16,200 _ 45,360 
= - 

The origin for k is at V. Hence, Af = 45 (6 — s), and 

The geometric solution is considerably shorter when Af is not a continuous 
funefion of z as in the case of It. 
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In Fig. 51c the tangent is drawn through B. Hence 
(270)(3) (4) = 3,240 
1.(270) (9) '(0 + 6) = 29, 
h = ;^(270)(9)(6) = 


‘‘ m [( 


9,16o] 


32,400 
‘ El 


^ _3 , 24,300 

A + is = ^ ts = 


_ 24,300 - 14,680 
El 


El 

9,720 

El 


(as before) 


Beam with Single Concentrated Load (Peterminaiion of Maximum Deflection). 
Let X, Fig. 51d, represent the point of maximum deflection. Since the tangent 
through X is horizontal, A = t? = t». Let KL be the ordinate in the M- 
diagram at the point of maximum deflection, and let LS = a. Then KL = 15o. 
Ijet i#> represent the angle which the tangent through B makes with the horizontal 
tangent through X, then 


Hence 

Also 

Hence 

and 


ZABC = ABID = (f> 

24<^> — tt — moment area PQS about P 

_ <6 _ 1,350 
“ 24 ~ El 

r ■ ■ ■ 

_ area KLS _ 7.5 a® 

" El ~ El' 


7.5 a’ = 1,350 
a = 13.42 


Since the centroid of the triangular area KLS is on the ordinate through 1, 

lD=\a 

O 

, 2 /2a\ /1,350)\ 900a 12,078 

The value of is may also be determined as follows; 

, _ f area-moment of\ . k,t _ 5o’ _ 12,078 
“ \KLS about S )- El ~ El " 

Since El — 250,000, we have 

TO n7Q 

= M'ooo = 

The distance a might also be found by equating the values of h and t$ without 
any reference to the tangent through B. 

Beam with Single Concentrated Load (Derivation of Equation of Elastic Curve). 
The general expression will be developed for the deflection of a simple beam 
I inches long when supporting a single concentrated load of P pounds, at any dis- 
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tstnoe hi from the left supiwrt, (Figs. 52 and 53). The deflection A is found at T, 
a distance d from tlie left supjwrt, 

When c < k 

In Mg. 52 the tangent CD is drawn through T. ■ 

Ell] = area moment of PKJj about P = c(l — k)Pl 



Fio. 52. Fio. S.?. 


Ellt equals the area-moment of KQSL about S which is the area-moment of 
PQS about S, minus the areu-moment of PKL about S. 

Eih = m (D 3 (' - 2) - (2) (^ - 

Simplifying these expressions, we have 


By similar triangle.s, 

A = <1 -|- c(<2 — h) 

Substituting values of U and U, we have 

A = [fc(2 - k) - c»l (1 - k) (3) 

When c > k 

In Fig. 53 the tangent CD is drawn through T as before. 

- 2c’ - k‘) 

** “ ¥ei 

A = <a + c(<4 — fa) 

P)>lr 

A = [c(2 - c) - fc«] (1 - c) (4) 

The deflection at the load may be obtained from either eq. (3) or (4). Since 
e — k for this condition, either equation reduces to 

A^^^jkKl-kp 

The maximum deflection occurs in the longer segment of Fig. 53 where c is 
greater than k, and at the point where the tangent through T is horizontal; hence 
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the value of c for A may be found by equating the expressions for t$ and tt, 

whence 

Since the limits of k are 0 and 0.5, all values of c for maximum deflection will 
fall between 0.4227 and 0.5. Hence the point of maximum deflection for a 
single load is between the load and the center of the span, and always relatively 
near the center. The most eccentric loading winch a simple beam of uniform 
cross-section and span I can experience, occurs when a single load is adjacent to 
one of the supports, and k is on the point of becoming zero. Under this condi¬ 
tion the point of maximum deflection cannot be at a distance greater than 0.0773Z 
from the center of the span. - Any second load applied to the beam must neces¬ 
sarily throw the point of maximum deflection ^__ 

nearer the center. Hence the point of maxi- r ■ r 

mum deflection of a simple beam of uniform _ 

cross-section, loaded in any manner, will bo ^^- 

near the center and not more than 0.0773 of its _ '^-ooo 

length from the center. •' 

A 20-in. 05.4-11). I-beam supports two loads 
of 30,(K)0 lb. each, Fig. 54. Since the loads are symmetrically placed, the elastic 
curve and Af-diagram are symmetricjil about the center. The tangent to the 
elastic curve at the center, drawn through T, is horizontal and A — V, E = 
29,000,0001b. persq. in., I = 1109.5 in.‘ 

Hence 

El = 33,915,500,000 in.Mb. 

Area-moment of PQV about P is 




- 

ucuxio/A r 
' ...._ 


100.000 



Flo. 54. 


150,000(2.5) (3.33) = 1,250,000 
Area-moment of SUVQ about P is 

150,000(7.5) (8.75) = 9,843,750 
Area-moment of PQSU about P = 11,093,750 ft.’-lb. 

11,093,750 (1,728) _ 

^ “ 33,915,500,000 " 


When the length of a team is expressed in feet, and the loads are expressed 
in pounds, the area-moment will be expressed in ft.’-lb. and the factor 1,728 is 
introduced if El is expro-ssed in in.Mb. 

El may be expressed in ft.^-lb. by dividing by 144, whence 


Then 


El = 235,521 ft.'Mb. 


A = 


31,093,750 ft.Mb. 
■ 2357521 ft. Mb. ' 


0.0471 ft. = 0.565 in. 


Beam with Uniform Load. —The beam in Fig. 55 supports a uniform load 
and the M-diagram PQS is a parabola. The maximum deflection is at the center 
of the span. The tangent to the elastic curve at C is horizontal, and A ~ t. 
EIt== the area-moment of SQF about S. The area SQF is two-thirds the area 
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of the rectangle QffiSV, and the centroid of the area SQV is five-eighths of V8, 
hence 

A = f = ^ (19,200)(8)(3)(5)(1,728) = 

Equation of Elastic Curve, Beam with Uniform Load .—^In Fig. 56 the span is 



Fio. 66. Fio. 56. 


I in., and the uniform load is w lb. per in. The deflection at any distance cl from 

w 

A will be foumd. At any distance x from either support, M = ^x(J — x), 


A = ti 4- c(t2 — tl) 


. _ wl* 

^ 24E7 


2c’ -f c<) 


, c(l - c)(l + c - c») 


LetTF = the total uniform load, when TF = wl. Then 
Wl’ Wl^ 

A = (c - 2c’ + c*) = - c)(l + c - c’) (6) 


The formula for deflection at any point may be determined from eq. (6) by sub¬ 
stituting the proper value of c. Thus, at the quarter point, where c = we 
have 

_ WB 
^ ~ 2,048 El 

At the beam center, where c = fi, the deflection is a maximum, and from eq. (6), 



_ 6_JFZ’ 

^ ~ 384 El 

Beam with Load of Vnifomdy Varying In¬ 
tensity .—The beam in Fig. 57 supports a load 
of uniformly varying intensity. The total load 
is TI'' lb., and the length of the beam is i in. The 
bending moment at any distance x from A is 

M2 = 3^ (E® - ®») 


Fra. 67. 
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The bending moment at any distance x from B is 
W 

Mi = (2i>x - 3Zx»+x») 

1 Pel W/3 

“ WiL “ isoll 

1 /*t\ “gW 

“ ^7 Jc ” IMiV “ 30c» + 20c* + 15c* - 12c*) 

TV^Is 

A = «i + c («2 — ti) = jgQgj (7e - 10c* + 3c*) 


The value of c for A »«, may be found by equating <i and <j, whence 

15c*-30c* = -7 
c = 0.519 

= iSol/ (2-348) = 0.0131 J/’ 

The intensity of the load in Fig. 58 increases 
uniformly from each support to the center of 
the span. The total load is IF lb., and the 
length of the beam is I in. The bending moment 
at any distance x between the end and center is 
W , 


ilf, 


f)i* 


(3/*x - 4x’) 


The bending moment at any distance x, when 
X is greater than H I, is 



Mi = g" (- f* + QPx -12lx>+ 4x*) 

= El r = Sr 

I 

it = Mxxdx = gjJ’^' “ ' Mixdx 

2 

TFi* 

A = <i -f c(ti - tx) = (25c - 40c* + 16c‘) 


in which c may have any value between 0 and H. 
may be found by equating tx and h, whence, 


10c* - 15c> = - g 


c 


A max 


^ 1 
2 

Iff* 

60F/ 


The value of c for A MO* 


Beam with Beveral Coticetdraleil Loada. -A 24-in. 7!).S)-lb. I-beam supports * 
three loads (Fig. 59). The linear dimensions of the beam are expressed in feet 
and the units in which E and 7 are usually expressed will be changed accordingly. 
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I =“ 2,087 in.* E <= 29,000,000 lb. per sq. in. Hence El - 60,523,000,000 
in.Mb. or 420,300,000 ft.Mb. The tangent is drawn through C at the center of 
the span. The deflection due to the weight of the beam will be considered later. 



Area-moment about P 


AreaPQY 108,000 (5) (6.67) = 3,600,000 

AreaTOir 108,000(7.5) (15) = 12,150,000 
AreaQRW 120,000 (7.5) (20) = 18,000,000 


33,750,000 

420,300,066 


33,750,000 ft.Mb. 
0.0803 ft. 


Area-moment about U 
Are&VSV 78,000 (7.5) (10) = 5,850,000 
AreaSFir 78,000 (5) (18.33) = 7,150,000 
Area, SRW 120,000(5) (21.67) = 13,000,000 


26,000,000 

420‘406,000 


26,000,000 ft.Mb. 
= 0.0618 ft. 


A = 


-t- U 


0.071 ft. = 0.85 in. 


The maximum deflection caused by the three loads is at T, where the tangent 
is horizontal, and the ordinate in the M-diagram is KL. Let IjW = a and let <6 
be the angle made by the two tangents; then <6 represents the slope of the tangent 
through C. The b^m is 50 ft. long; hence 


ti — h 

* - “so"' 


0.0185 

" 60 " 


= 0.00037 


also 


area KRWL 
Ef 


Thus 


kkaKBWL = <t>EJ = 155,000 ft.Mb. 


and 


a = 1.3 ft. 



See. 
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The centroid of the area KRWL is approximately 24.36 ft. from P, and the area- 
moment of KRWL about P is 


A max — 


3,774,000 ft.Mb. 
29,976,000 
Ef . 

= 0.0713 ft. = 0.86 in. 


155,000 (24.35) = 

, 3,774,000 

= <: - ■■ 

29,976,000 
420,300,000 

Although the loads are eccentric, it is clear that there is practically no difference 
between the deflection at the center and the maximum deflection. 

The deflection at the center may be found from eq. (3), p. 77. The coeffi¬ 
cients are given in Table I, p. 79. c = 0.5; k = 0.2 for the load at A ; 0.5, 
for the load at £; and 0.3, for the load at C. Hence 

10,0(W(50)» ^ 14,792,000 

(0.125) = 13,021,000 

(0.099) = 2,002,000 

29,875,000 ft.Mb. 

^ _ 29,875,000 . 

^ 420,300,000 0.85 m. 

The deflection at the center, due to the weight of the beam, may be found from 
(>( 1 . (7), ]). 80. The coefficient .7’ wlien c. — 0.5 is 0.3125. W = 50 (79.9) = 
4,000. 

4,000(50)’ 

24(420;300,000)' 

The total deflection at the center is 0.85 -t- 0.19 = 1.04 in., which in this case 
may be assumed without appreciable 
error as the maximum deflection. 

A deflection of Heo of the span is 
not considered excessive. 

Beam with Partial Uniform Load. 

In Fig. 60a, the tangent is drawn 
through C at the center of the span. 

Assume that El is expressed in 
ft.Mb. The Af-diagram under the 
uniform load cannot be accurately 
divided into triangles, and an in¬ 
tegration is necessary if an accurate 
solution is desired. A sufficiently 
accurate solution for all practical 
purposes may be obtained by the 
geometric process of dividing the area QBDFJ by vertical ordinates into strips, 
so narrow that their areas may be considered trapezoidal. The accurate method 
by integration is given below. Let Mi represent the bending moment under the 

> See Art. U. 


A = 


, (0.3125) =: 0.0155 ft. = 0.19 in. 







(b) 


Fiu. 00. 
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uniform load at any distance x from the left suKwrt; and Mi the bending moment 
uadrar the uniform load at any distance x from the right support Then 


and 


Mx = -100®* + 5,000x - 2,500 

Ml = -lOOx* + 5,800x - 24,100 

Area-moment about A 

Area ABQ 20,000 (2.5) (3.33) = 166,667 

. rxTx-KT^ r” j 18,446,266 
Axe^BENQ j, Af.xdx = ipi 2;^3 ft-Mb. 

, 18,612,933,, 

t. = gj -ft. 


Area-moment about H 


Area. GHI 20,000 (2) (2.67) = 106,667 

Area, GIJ 20,000 (7.5) (9) = 1,350,000 
AreaWJ 50,000 (7.5) (14) = 5,250,000 

Area. FENJ M^x = 10,332,600 

17^039,267 ft. Mb. 
, 17,039,267,, 

H =--It. 


The deflection at the center is 


A 


The slope of the tangent is 


ti + ti 17,826,100,, 
2.“ El **• 

hj- h _ 29,142 
54 El 


Let KL represent the ordinate in the M-diagram at the point of maximum deflec¬ 
tion, then 

area KENL 


4 , = 


El 


area KENL = 29,142 


Therefore 
Whence 

LN = 0.488 ft. 

The area-moment of KENL about A is 

29,142 (26.756) = 779,723 

, _ , 779,723 _ 17,833,210 

- gj 

The area-moment of KENL about H is 

29,142 (27.244) = 793,945 

793,945 _ 17,833,212 


-f- 


EI 


El 


When the tangent is drawn to the elastic curve at the right end of the uniform 
load, the tangential deviations h and U at the left and right supports respectively 
may be determined by the geometric process; for if a straight line be drawn from 
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B to F, the area of the M-dia*ram BDF has all the propffltios of the Itf-diagram 
B'lyF' for a beam 30 ft. long when uniformly loaded witii 200 lb. per ft. (Kg. 00&). 
Area-moment about A 

Area ABQ 20,000 (2.6) (3.33) == 166,667 

Are&BQJ 20,000 (15) (16) = 4,500,000 

Arm FBJ 50,000 (15) (25) = 18,750,000 

Area. BDF 22,500(30) (M) (20) = 9,000,000 


32,416,667 ft.Mb 
Arearmoment about H 
AxeaGIII 20,000 (2)(2.67) = 106,667 

Area OIJ 20,000 (.75) (9) = 1,350,000 
AreaFGJ 50,000 (7.5) (14) = 5,250,000 


The slope of the tangent is 

_ h - U 470,315 
~ 54 ~ FA 


6,706,667 ft.Mb. 

area KFJL 
El 


The area EFJN, when considered as four trapezoidal areas, each 2 ft. wide, is 
446,400. Hence, the approximate area of KENL is 

476,315 - 446,400 = 29,915 
from which we find that the ordinate KL is located 
about 0.5 ft. to the left of the center of the beam as 
before. 

Cantilever Beam vnih Single, Concentrated Load .— 

The beam in Fig. 61 supports a single load P at the 
free end. It is fixed in the wall at A in such a way 
that the tangent to the elastic curve at A remains hori¬ 
zontal. Hence the deflection at the free end is 




The negative sign indicates that the clastic curve deviates below the tangent. 



Fia. 62. Fio. 63. 


CanUkver Beam with Uniform Load .—The beam in Fig. 62 supports the load 
IF uniformly distributed. The M-diagram is SQF. The curve SF is a parabola 
with the vertex at S. Hence the deflection at the free end is 
1/ Wl\/l\/3,.\ Wk 




38 STRUCTURAL MEMBERS AND CONNECTIONS fSee. 1-636 

Cantilever Beam with Overhanging Ends .—A 7-in. 15.3-lb. I-beam, Pig. 63, 
supports a load of 2,000 lb. El = 1,050,000,000 in’.-lb. The tangent is drawn 
through C. 

t _ -12,0 0 0(1.5) (2)( 1,728) ^ 0500 in 

1,050,000,000 0.0592 in. 

_ -12,000(3)(4)(1,728) _ 

-i 7050,^;060 -0.2368 m. 

n = 2ti + h = — 0.3552 in. 

The deflection at B may also be found by drawing the tangent through either 
A or B. 

A cantilever beam is shown in Fig. 64. In finding h positive and negative 
areas are encountered in the M-diagram. These may be treated in one of two 
ways. The point of zero bending moment at I may be determined, and the areas 




PiQ. 64. 

PIW and IQV treated separately, or the area WIV may be included with both 
positive and negative areas as follows: 

Area-moment about P 
Area PFTT - 30,000 (3) (2) = -180,000 

Area WQV + 36,000 (3) (4) = -f-432,000 

Area QVV + 36,000 ( 6 ) (10) = -t-2,160,000 

Area QRU + 48,000 ( 6 ) (14) = 4-4,032,000 


If El is expressed in ft.*-lb., then 

, 6,444.000 „ 

El 


4-6,444,000 ft>.-lb. 


Area-moment about S 

Area SRU 48,000 ( 6 ) ( 8 ) = 2,304,000 ft.Mb. 

, 2,304,000,^ 

--^j--ft. 

_h-U 138,000 
^ ‘ 30 “ El ' 
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Let KL represent the ordinate in the M-diagram at the point of maxiiaura 
deflection. Then 

Area KRUL = 138,000 
a = 2.967 ft. 

KL = 45,033 

The maximum deflection may now be found as in previous eases. 

Beams with Cross-section not Constant .—The moment of inertia of beams 
having uniform cross-section is constant, and for this reason I appears outside 
the integral sign in eqs. (1) and (2), p. 46. When the cross-section is not uniform, 
the moment of inertia varies, and eqs. (1) and (2) become 


0 


1 ps Mdx 
E.}a I 


( 8 ) 


, _ 1 ps Mxdx 
~ eJa I 


(9) 


In order to perform the integration, I as well as M must be expressed as a 
function of x. This is relatively a simple matter when the team has a rectangu- 



Fig. 05. 

lar cross-section varying uniformly in breadth or depth; but this method often 
results in long and cumbersome expressions when applied to structural steel 
sections. In all such instances the geometric method is preferable. 
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The beam in Fig. 65a is a plate girder. The ?g-in. web plate is 24 in. wide at 
the ends, and the width increases uniformly to 36 in. at the center. Each £ange 
is composed of 2 angles, 5 X 3H X M, with the 3J^-in. leg against the web. The 
distance back to back of angles is the width of the web plus one-half inch. Ordi¬ 
nates in the Af-diagram, Fig. 656, are given in inch pounds every 3 ft. An /-diagram 
is shown in Fig. 65c. The ordinates represent the moment of inertia in inches* 
at 3-ft. intervals. Each ordinate in the M-diagram has been divided by the 

M 

corresponding ordinate in the /-diagram, and the quotient recorded in the y 

diagram. Fig. 65 d. The ordinates in this diagram are expressed in Ib.-in.* 

M 

Since the prder and the loads are symmetrical, the y diagram is ssunmetri- 

cal about the vertical ordinate through the center of the span; the maximum 
deflection is at the center and the tangent to the elastic curve (not drawn) at the 
center is horizontal; hence the tangential deviation t at the left support equals 
the area-moment ABCD about A divided by E. 

Area-moment about A 
443.6 (36) (36) = 675,000 

748.5 (36) (72) = 1,940,000 

957.8 (36) (108) = 3,724,000 
917 (36) (144) = 4,754,000 

876.5 (36) (180) = 5,680,000 
837.2 (18) (204) = 3,074,000 


19,747,000 

M 

In calculating these area-moments, the y diagram was broken up into triangles 

as shown in Fig. 65d. The lever arms to the centers of gravity of the .several 
triangles are shown in position. 

Then 

. , 19,747,000 

A max t 29,000,000 

M 

When the ordinates in the j diagram are computed only for the ordinates 

at B and C, and AB and BC considered as straight lines, the computations are 
as follows: 

Area-moment about A 

957.8 (54) (72) = 3,724,000 

957.8 (54) (144) = 7,448,000 
837.2 (54) (180) = 8,138,000 


19,310,000 
19,310,000 _ 

A max 29,^0,000 

M 

,jphus, it is clear that if the ordinates in the y diagram were relatively close 
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together, say at every foot or closer, or even if I were expressed as an exact funcs- 
tion of * in eq. (9) and the integration performed, the results in either ease would 
not differ m’aterially with those obtained above. 

The plate girder in Fig. 660 consists of a 24 X J^-web plate, 4 angles 5 X 3H 
X %, and 2 cover plates 12 X X 24 ft. 0 in. symmetrical about the center 



line. The JIf-diagram is shown in Fig. 666 ; the /-diagram, in Fig. 66 c; and the ^ 
diagram in Fig. 66 d. 

Area-moment about A 
1,065.1 (36) (48) = 1,840,500 
631.6 (18) (84) = 955,000 , 

947.4 (18) (96) = 1,637,10(f.,. 

947.4 (54) (144) = 7,367,000 
1,203.2 (54) (180) = 12,278,300 


The deflection at the center is 

_ 24^077^900 _ 

^ ~ 29,600,006 “ ” 

The solution by integration may be obtained as follows: Let Mt represent the 
bending moment for values of x between 0 and 9; and A/s, the bending moment for 
values of x between 9 and 18. Then 

Mi = 30,000* 

M, = 10,000* -I- 180,000 
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Then for values of x between 0 and 6, Eh = 408,417,000 ft.*-lb. and for values 
between 6 and 18, BU = 688,750,000 ft.Mb. The deflection at the center 
expressed in feet is 

1 r‘ 1 r’ 1 r” 

a = t = J Miaxte + - J Mixdx + J Mixdx 

The solution by integration is much more simple in this problem than in the 
preceding one, for in this problem I is constant between certain limits of x and is 
therefore not a function of x. 

64. Method of Elastic Weights. 

Bin. Derivation of General Eomiulas. —^As stated in Art. 62, 
the Method of Elastic Weights is based on the observed similarity between 
the deflection and slope diagrams for a beam due to a set of applied loads, and the 
bending moment and shear diagrams due to a loading which is a function of the 
elastic distortion of the beam elements. Due to its nature, as explained below, this 
loading is called an elastic weight. The beam on which this elastic weight loading 
is applied is known as a conjugate beam. It must be .selected so that it meets 
certain initial conditions imposed by the character of the true deflection and slope 
diagrams. In the discussion which follows, the general principles will be given 
on which this method is based and a few simple typical eases wjll be followed 
through in detail. For a more complete discussion of this subject, the reader is 
referred to an article by Prof. H. M. Westergaard on “Deflection of Beams by the 
Conjugate Beam Method.”* 

Ijct ACB of Fig. 67a represent a simple beam which supports any set of 
applied loads. This beam will hereafter be referred to as the given beam. 
Assume for the present that the beam element at C, a distance a from the left 
end of the given beam, is elastic and that all other elements are non-elastic. 
Figure 676 shows the elastic element at C. Assuming that the flexural stress 
and strain on this element are subject to the conditions stated in Art. 60, p. 21, it 

can readily be seen that ^ — g where i = deformation of extreme fiber, / = 

stress intensity on that fiber due to bending, and E = modulus of elasticity of the 
material composing the beam element. The angular rotation of the facie of the 

distorted beam element is then = ^ = From Art. 606, ]>. 2.8, / — 

and hence 

d<t> ( 1 ) 

The effect of the distortion of the elastic element at C on the deflection of the 
beam is shown (greatly exaggerated) in Fig. 67c. All points from A to C rotate 
about point A through an angle a and all points from C to B rotate about B 
through an angle fl, taking the positions shown in Fig. 67c. To determine the 
values of the angles a and jS, note from Fig. 676 that the angle between AC pro¬ 
duced and CB of Fig. 67c is equal to d<)> as given by eq. (1). Since the angles are 
all very small, we may write 

BBi 

“ “ r 

2 8ee Journal o/ih$ Wftem Society a/ Mnyineere, 20» No. 11. Nov.. 1921. 
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Therefore 


BBi = (Z — ffl) d<j> 


“tZ<Z. 


(I - a\ M 
V Z /£?/ 


88 


( 2 ) 


Also 


But 



Fio. C7. 




I — a 


CCi 


aa = 


a( Z—a ) 
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Therefore 

The deflection of point D on the neutral axis at a distance Xi from the left end of 
the beam is 

»i . M ... 

yo = *!« = j (« — o) (4) 

and the deflection of point F on the neutral axis at a distance'*! from the left end 
of the beam is 

VF = (I - X,)S - Xt)g^ (S) 


Equations (4) and (5) give the deflection of points on either side of the dis- 
M 

torted element in terms of g^i the elastic deformation of that element. The 

deflections given by eqs. (4) and (5), when plotted, give a deflection diagram 
which is represented by the triangle of Fig. 67d. 

The slope of the tangent to the elastic cui-ve at any point due to the clastic 
deformation of the element at C of Fig. 67o is equal to the angular rotation for the 
portion of the beam containing the point in question. Thus in Fig. 67c, a vertical 
section n-n through D of the undeformed beam is rotated through an angle a to 
nr«i after the deformation has taken place. Since the tangent to the elastic 
curve is perpendicular to n-n, it also rotates through the angle a. In the same 
manner it can be shown that the tangent at F rotates through an angle jS. We 
may then write, substituting for a and jS the values given by eqs. (2) and (3). 
For point D 



For point F 


dy_ a M 

dx~ P 1 17 


(7) 


The signs given to a and /3 are determined by the direction of rotation shown in 
Fig. 67c. Denoting clockwise rotation as positive, a is a positive rotation and 
is negative. The slope given by eqs. (6) and (7) is plotted in the slope diagram of 
Fig. 67d. 

As stated above, a conjugate beam is to be selected and a loading condition 
determined for that beam such that its bending moment diagram will represent 
the deflection of the given beam and its shear diagram will represent the slope 
diagram of the given beam. On examining the diagrams given in Art. 46, p. 15, 
we note that the moment and shear diagrams for a simple beam with a single con¬ 
centrated load are of the same form as the deflection and shear diagrams of Fig. 
67d. 

Consider a simple beam of span I, Fig. 67e carrying a single load W at a dis¬ 
tance o from the left end. The values of moment and shear at point D are 

Md = Rix = (I - a)W 


( 8 ) 

(9) 
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Vy =• — Rt = 




I 


W 


( 10 ) 

( 11 ) 


On comparing the right hand members of eqs. (4) and (8); eqs. (6) and (10); 
eqs. (6) and (9); and eqs. (7) and (11), we note that they differ only in that eqs. (4) 
to (7) have a term M/EI where eqs. (8) to (11) have a term W. Therefore, 
if W of eqs. (8) to (11) be replaced by M/EI for the distorted element at C, 
the resulting moments and shears are exactly the same as the deflections and 
slopes given by eqs. (4) to (7). Note that to secure agreement in signs the load 
M 


El 


must act downward. 


This observed similarity between the two sets of equations suggests the type 
of conjugate beam and the character of the loading to be used on the conjugate 
beam in order to determine the deflection and slope .at any point on a given simple 
beam due to the distortion of a single beam element. Thus, on a beam of the same 
span as the given beam and supported in the same manner, apply at the position of 
the distorted element, a load M/EI, which is equal to the elastic distortion of 
the given beam clement due to the applied loads on the given beam. Calculate the 
moment and shear at a point on the conjugate beam at a position corresponding 
to the location on the given be.am of the point whose deflection and slope is required. 
This moment and shear are resiiectivcly equal to the desired deflection and slope. 
Positive moment indicates downward deflection. Positive shear indicates clock¬ 
wise rotation, and negative shear indicates counter-clockwise rotation. 

The above analysis is general and holds true for each and every element of the 
given beam. Hence if all elements are considered to be elastic, each element must 
be loaded with its M/EI value. The resulting load on the conjugate beam is 
then the M/EI diagr.am for the given beam, as shown in Fig. 07/. Moments and 
shears calculated at any point on the conjugate beam loaded as shown in Fig. 67/, 
will give the deflection and slope at a corresponding point in the given beam due 
to the applied loads. 

Since M/EI is a function of the elastic distortion of a beam element, it has 
b(!en called the elastic wight of that element, .and the method for the determina¬ 
tion of deflections and slope.s is called the Method of Elastic Weights. When E 
and I are constant for the entire beam, the conjugate beam loading may be token 
as the moment diagram for the given beam. After the moments and shears, 
representing deflection and slope, have been calculated, they must be divided 
by the constant El. 

Cantilever beam deflections may also be determined by the method of elastic 
weights, suitably modified to meet the new conditions. Figure 68o shows a canti¬ 
lever beam which is fixed at B and free at A and supporting any set of applied 
loads. Assume as before that an element at C at a distance a from the left end is 
elastic and that all others are rigid. For the conditions shown in Pig. 086, the 
deflection of any point D with respect to an origin at O, the free end of the unde¬ 
formed beam is 


2 /n = (a - x)d<l) = (o - a:) 


El 


( 12 ) 
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A positive value in eq. (12) indicates downward deflection. diction 
diagram plotted from eq. (12) is shown in Fig. 68c. 

The slope of the tangent to the elastic curve at point/) is equal to Accord¬ 
ing to the assumed direction of rotation, is a negative, or counter-clockwise 
angle. Therefore 

The 8lot>e diagram plotted from eq. (13) is given in Fig. 08c. 



(e) 


Not9-Oefl4Kfion 0 na afop* of »tiA 0 n b«tm 
mfM"momonf ahmetr fo rhfht of X 
in conju^nto bonm. 

Fio. 68. 



Conjugate Beem LoeSiiig 
(e) 


Nofe^pef/ection mr0 3/op» of 
fiveo boom of tf^momontmnelahoeir 
to toft of jt in cot^ffoft tmom. 

PlQ. 69. 


A conjugate beam must now be selected subject to the conditions that the 
moment and shear diagrams due to an elastic weight M/El will be similar to the 
deflection and slope diagrams of Fig. 68c. A cantilever beam fixed at A and 
free at B, as shown in Fig. 68d, and loaded with an upward force M/EI will 
answer the given conditions. This load must act upward, for, according to the 
direction of rotation, the deflection is upward or positive. Hence the conjugate 
baim moment must also be positive. Positive moment (compression in the top 
f||PK) will occur for a load directed as shown in Pig. 68d. This conjugate beam 
oT Fig. 68(f applies when only element C is elastic. Similar conditions hold for 
all other elements, when they are also considered as elastic. The complete 
loading for the conjugate beam is then as shown in Pig. 68e, being the M/El 
diagram for the applied loads on the given beam of Fig. 68o. 
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Figure 69a shows the conditions for the beam of Ilg. 680 iiiien the origin Sa 
taken at the deflected position of the free end d the beam, as shoTO in I^g. 69&. 
The deflection and slope diagrams for a single elastic element at C we shown in 
Fig. 69c. A conjugate beam fixed at the right end, free at the left end, and loaded 
M 

with a couple JJ .O, as shown in Fig. 69d, will give moment and shear diagrams 

similar to the deflection and slope diagrams of Fig. 69c. When all elements are 
considered as elastic, the conjugate beam loading will be as shown in Fig. 69e. 
The M/EI values for each element will form the M/EI diagram shown in Fig. 
69e, and the concentrated load at the free end will be equal in magnitude to the 
area of the M/EI diagram. 

Algebraic or graphical methods may be used in the solution of problems in the 
deflection of beams by the method of elastic weights. If the equation for the 
M/El diagram can be expressed as a continuous fimction of x, an equation for 
the deflection at any point may be derived. This equation is exactly the same 
as the one derived by the elastic curve method of Appendix C. When the 
equation for the M/EI diagram cannot be expressed as a function of x, it is 
possible to plot the moment curve from values calculated at several points. By 
the use of semi-graphical methods, similar to those used in the area-moment 
method in Art. 636, the desired deflection of any point may be determined. 

Graphical methods for the determination of the deflection of beams by the 
method of elastic weights are based on properties of the equilibrium polygon. 
The equilibrium polygon may be used to determine the moment of forces about a 
given point, and it may be so drawn that it represents the moment diagram 
for a given set of forces. To apply these principles to the determination of the 
deflection of beam.s, the M/EI diagram for the given loading may be divided 
into small areas. At the center of gravity of each of these areas the corresponding 
M/EI is applied as a force. An equilibrium polygon drawn for these forces 
represents the moment diagram for these forces, and is therefore a graphical 
representation of the deflection of the beam as shown by the elastic curve for 
the beam. 

646. Application of the Method.—The method of elastic weights 
offers a very convenient method for the determination of the deflection and slope 
of simple and cantilever beams of variable cross- 
section .supporting complicated loading systems. 

In the following articles the method will be 
applied to the solution of typical problems. 

Simple Beam with Uniform Load {Moment of 
Inertia Constant). —^As stated in the preceding 
article the deflection at any point due to the given 
uniform load is equal to the moment at that 
point due to a loading represented by the M/EI 
diagram for the given loading. The bending 
moment diagram for a beam with a uniform load 
is a parabola. In Pig. 70 this bending moment is shown as a load applied to th^ 
beam. For the conditions shown 

yD= RiX — (area ahc)x 


nr ft.-. 


Given Beam 



''e.^.arem 0bc 

^ -- —. q 

Conju^afe Beam 
Fio. 70. 



m 
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Now Rt = one-half the area of the moment diagram = 


X (21 — x) 


^ wPj X — distance to center of gravity of area ahc « ^ 
a6c = g’(3f - 2x). Then 

The slope of the tangent to the elastic curve has been shown to be equal 
to the shear in the conjugate beam at the required point. Hence at point D, 

= Shear = Ri — area abc. 
ax 

Substituting the values given above 


dy 

dx 


2iEI 


(l^ — 6ix® -b 4x’) 


moRtrative Problem.—A simple beam 16 ft. long supports a uniform load of 600 lb. per 
ft. ^Determine the maarimum deflection of this beam. Assume that the moment of inertia 


of the beam is 100 in.^, and that the material 
is steel for which E «= 30.000.000 lb. per eq. 

in. 

The conjugate beam loaded with the 
bonding moment diagram for the given 
beam is shown in Fig. 71. The ordinate 
eft = (W (600)(16)»(12) = 230, 

400 in.-lb. and other ordinates follow the 
parabolic law. For the conditions shown 
it is evident that the maximum moment in 
the conjugate beam, and therefore the 
maximum deflection in the given beam 
will occur at the beam center. Therefore 


_t pe- 



i/f‘i*,rsaooo 

Conjugnte Benm 

Fjo. 71. 




ty lb. joer /fit, /> 









c 




F-i-1 







Moment Diw^r^m 


£1, 

f/. 

£1, 







j^-Diogrp!m ond 
Coojugote Seem 

Fio. 72. 


Max. deflection 


El 


(Moment about beam center). 


For the loading shown Rt = one-half the area of moment diagram 
= 14,780.000. Therefore. 

, a (14,750,000)(96 - .36) 

Max. deflection = od.ooO.OOO) (lOOT 


()^)(H) (192) (230,400) 
0.295 in. 


SimpleBeam with Uniform Load (Moment of Inertia Not Constant ).—Figure 72 
shows a simple beam carrying a uniform load. The moment of inertia of this 
beam is not-constaht, being h for the end quarters and It for the center half. 
The moment diagram, El diagram, and the M/EJ diagram are shown. Let it 
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be required to determine the general expression for center deflection of the given 
beam. As shown in Art. 64a, the required deflection is equal to the moment St 
the center of the conjugate beam. 

For the conditions shown in Pig. 72, the moment at the center of the conjugate 
beam is 


Big — [(area dbd)(x 2 + + (area afe)xi — (areaa6c)^aj + j 


It can readily be shown that the several areas and lever arms have the following 
values, which were obtained by substituting in the general equations for area abc 
and * given on p. 577. 

, 5 wl^ 1 j 5 wi’ 

area abc = area aM = 

, wl^ 
area afe = 

3 , 7 , . I 27, 

^“ = 80 ^ *“ + 4 = 86 * 


Now Ri = one-half the area of the M/EI diagram = area abd -f- area afe 
— area acb. Substituting values given alnive 
P _ 5 , 11 wl^ 

■"384 Eh'^dSiEh 

The complete expre.ssion for ijc, the center deflection, is then 

wl* /335 ()5 \ 

384A' \H0h 80/1/ 

However, we may write 

335 ^ (400 - 05) _ 5 _ 65 

801j 80/2 “ /. 80/; 



Fiq. 73. 


Substituting this 


value in the above expression, we have finally 


yc = 


wl* 15 , 

■SsiPL/z'^ 16 V iih n 


Simple Beam vnth a Single Concentrated Load.- —A. simple beam with a single 
concentrated load IF at a distance kl from the left end of a beam is shown in 
Fig. 73. The conjugate beam is shown with the M/El loading in position. For 
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the conditions shown, jRi = (area 1 — 8 — 4) j and Rt = area (1—8 — 4) 

• In these equations, area (1 — 8 — 4) ==| (1 — fc)l!i j I = | ^ 

(1 — k)kl^, and Xi = distance from right end of beam to the center of gravity 
of the M/El diagram. Prom Fig. 73 it can readily be seen that 

“ 2 ~ 3 ~ 2) “ 3 ~ 

With these values we readily derive, 

= (1-6) (2-*;)«• 
and 

= gjjd - k>)kp. 

The equation of the elastic curve for the portion of the beam from A to D is 
given by the general expression for moments in the conjugate beam for a section 
2—3 at a distance x from the left end. Thus 


y — Rix — (area 1 — 2 — 3) x 

1 r w 1 1W 

Now area 1—2—3 = ^ (1 — 6) xj x = (1 — 6)x*, and x = dis- 

X 

tance to center of gravity of area 1—2—3 = g- Then, with Ri as given above, 
we have 


V 


W(1 - k)x 
&EI 


[(2 - k)kl> - x»] 


In the same manner, the equation of the clastic curve for the portion of the given 
beam from D to B is equal to the moment at section 5—6 of the conjugate beam, 
from which 

y = Ri(l — x) — (area 4—5—6)x 
Substituting values in this expression and reducing, we have finally 
Wk 

y = ^^{l-x)[x{2l-x)-kn^] 


The slope of the tangent to the elastic curve has been shown to be equal to 
the conjugate beam shear at the point where the slope is required. Hence, at 
the left end of the given beam. 


dy 

dx 


= R, 


W 


At the right end of the given beam, 
dy 
dx 


Rt 


W 

hEi 


(1 - k^)kP 


The maximum deflection in the given beam will occur at the point of maximum 
moment in the conjugate beam. As shown in Art. 48, the moment is a maximum 
at the point of zero shear. For the conditions shown in Fig. 73, zero shear will 
occur when the 

W 

Area 1 -2-3 = (1 - 6)(2 - 6)61* 
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If xo denotes the distance from the left end of the conjugate beam to the point of 
zero shear 

W 

Area 1-2-3 = - *)®o’ 

Equating these expressions and solving for xo, we have 

xo = l[^(2- 

The maximum deflection of the given beam is equal to the moment at the 
zero shear point. Thus 


= R\X(, — (area 1—2 —3) 


Xt 


Substituting values as given above, we have finally 


Wl^ 

'' SEI 


B(2-b] 


H 


il-k) 


Illustrative Problem.-~->A 2 X 1-iu. piece of wood 
laid flatwise spans a 24«m. opening. The beam car¬ 
ries a 60-lb. load at a distance of 18 in. from the loft 
end of the beam. Determine the deflection under the 
load and the maximum deflection of the beam. As¬ 
sume E “ 1,500,000 lb. per sq. in. 

Figure 74 shows the given l^am and the conjugate 
beam with its loading diagram. For the given beam, 
the maximum moment occurs under the load and the 
moment is 


24 

The moment of inertia is 
1 


270 in.-Ib. 



12 


6d3 


( 4 ) 


( 2 )( 1 )* 


6 


, and El 


■(;) 


P."000^40 

Conjugate QBffim 
Fig. 74. 


(1,500,000) * 250,000. 


Therefore maximum 


M 


270 


« 0.00108 


' P:I 250.000 

the value shown on the conjugate beam. 

To calculate Ri and Rt, the M/El diagram is divided into two triangles. The areas 
of these triangles and the location of their centers of gravity are shown on the M/El dia¬ 
gram. Values of /2i and Rt as calculated are shown on Fig. 74. 

The deflection under the load is given by a moment equation about point C, from which 
Vc = (0.00540)(18) - (0.00972)(6) = 0.0389 in. 

Maximum deflection occurs whore the shear in the conjugate beam is zero. Let xo 
be the distance from the left end of the l>eam to the zero shear point. It can readily 
be shown that the area of the triangle ACiC from A to a point distant xo from the 


0.00108a;o> 


O.OOlO&ro* 


left end is ~ " • This must be equal to ^i. Therefore --« 0.0054. 

36 do 

Solving for wo have *“ 13.42 in. The moment about a point 13.42 in. from the left 
end of the beam gives the required maximum deflection. Therefore, 

(0.00540) (13.42)- (13-*2)(^y-) (-j-) - 0.0482 in. 


Cantilever Beams .—Figure 75 shows a cantilever beam carrying a uniform load. 
The equation of the elastic curve and the maximum deflection will be determined 
with respect to an origin at point 0. The conjugate beam and the loading for 
this case is of the type shown in Fig. 68e. This calls for a cantilever beam fixed 
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at the left end and carrying an upward loading represented by the M/EI diagram 
for the pven beam. Figure 75 shows the conjugate beam with the loading in 
jXHition. 

The equation of the elastic curve is given by moments to the right of point 
C of the conjugate beam. Thus 

yc = Area {CBED) {xi — x) 

Substituting and reducing, we have 

Vc = - 4Px + ZP) 

The slope of the tangent to the elastic curve is equal to the shear due to forces 
to the right of C; that is 

Slope = = Area CBED = - {P - x^) 




Fiq. 75. Fio. 70. 

The maximum deflection, which occurs at point A of the given beam, i.s equal 
to the moment to the right of point A of the conjugate beam. Thus 

J/ma* = Moment of area ABE about point A = (Area ABF) (sj) = + 

SFi 

The slope of the tangent to the elastic curve at point A of the given beam is eciual 
to the shear for forces to the right of point A of the conjugate be.am. Thus 

Slope = = —Area ABE ~ — 

^ dx &EI 

Figure 76 shows a cantilever beam carrying a single concentrated load at a 
distance a from the free end. The equation of the elastic curve and the maximum 
deflection at the free end will be determined with respect to an origin at point A 
of Fig. 76, the free end of the beam. Figure 69c shows the type of conjugate 
beam and M/EI loading for this case, and Fig. 76 shows the actual conjugate 
beam with the M/EI values in position. The load at point A is equal to the 
area of the M/EI diagram = 
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The equation of the elastic curve for the portion of the given beam from A 
to C is given by a moment equation for M/El values to the left of point D of the 
conjugate beam. Thus 


Wt 


The slope of the tangent to the clastic curve at D is equal to the shear to the left 
of D, thus 


dy 

dx 


W 

2EI 


(.1 - a )» 


Note that the moment and shear have negative values. 

For the portion of the given beam from C to B, the equation of the elastic 
curve is given by a moment equation for M/EI values to the left of any point, 
as E. Since the M/EI diagram is a triangle, whose center of gravity is readily 
located, the moment equation is readily written out. Thus 

j/B = —{M/EI load at /l)s + (area triangle CEF) CE) 

= - wj ~ +{1111 (^ -«)](*-“)} -T- 

from which 

W 

Ills = [x’— 3ax= — Zlx{l — 2a) — a*] 


The slojx; of the tangent to the elastic curve at E i.s equal to the shear for M/EI 
values to the left of that i)oint. Thus 

= -{M/EI load at ^) + (area triangle CEF) 

= - 2Ef' - + 2 

from which 

The above values are the same as those given on p. 588. 

The maximum deflection occurs at point A and the value of this deflection 
is given by moments about point B of the conjugate beam. Thus 

J/mox = - 2^1 ~ ~ 

from which 

W 

{I - a)‘{2l + o) 


Illustrative Problem.—24-in. cantilever beam made up of a 2 X 1-in. piece of wood 
laid flatwise supports a 20-lb. load at a distance of 18 in. from the free end of the beam. 
Determine the maximum deflection of the beam. Assume E =» 1,500,000 lb. per sq. in. 

In this ca.se I j 2 ~ ^ ^ a = 18 in. Substituting in the 

above equation for J/mar, we has'o 

Pm.. = - - (24 - 1S)M2(24) -I- 18] =0.307in. 

6(1,.500,000) (X) 


64c. Graphical Methods for the Betennination of the Deflection 
of Beams.—^As stated on p. 67 of Art. 64a, a graphical determination of the 
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Given Beam 


deflection of a beam may be made by dividing the MIMl diagram into small 
areas, each of which is replaced by a force proportional to the area in question. 
These forces are applied at the center of gravity of each area. An equilibrium 
jKJlygon drawn for these forces represents their moment diagram. Hence, as 
stated in Art. 64a, this moment diagram represents the deflection diagram for the 
given beam. 

Graphical methods for the determination of the deflection of beams are partic¬ 
ularly useful when the loading is complicated or when the moment of inertia of 

the beam is not constant. 
An algebraic solution for such 
cases iis long and tedious. 
However, the results ob¬ 
tained by graphical methods 
are in general not as precise 
as those given by the algebraic 
solutions of the preceding ar¬ 
ticles, even when great care is 
taken in constructing the 
graphical diagrams. There¬ 
fore, graphical methods are 
recommended for use when 
a reasonably precise result is 
desired in a short time. When¬ 
ever possible use algebraic 
methods. 

To illustrate the applica¬ 
tion of graphical methods, 
graphical solutions will be 
given for the problems shown 
in Figs. 64 and 65. An alge¬ 
braic solution of these prob¬ 
lems is given in Art. 636, p. 
58. 

Figure 77a shows a beam 
with an overhanging end sup¬ 
porting concentrated loads 
(see Fig. 64 for an algebraic 
solution). This problem was 
chosen in order to explain the graphical method for beams with overhanging ends. 
The moment diagram for this beam is shown in Fig. 776. This moment diagram 
is applied as a load to the conjugate beam ABC. 

The form of the conjugate beam is determined by the following conditions: 
(a) The conjugate beam for the span BC of the given beam is a simple beam of the 
same span; (6) the conjugate beam for the cantilever AB of the given beam is a 
cantilever of the same span fixed at A and free at end B; (c) the deflections at 
points B and C of the given beam are zero as these points form rigid supports; 
and (d) in the given beam the tangent to the elastic curve at B for the cantilever 
AB must have the same slope as the tangent for the span BC. 
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To satisfy the above conditions, the conjugate beam of Fig. 776 must consist 
of a cantilever AB fixed at A and supporting by a hinged connection at jB a 
simple beam BC, which is also freely supported at C. Thus the conjugate beam 
moments at B and C will be zero, indicating zero deflection at these points in the 
given beam. The conjugate beam shears on either side of the hinge at B will be 
equal, indicating equal slopes for the tangents to the elastic curve in the given 
beam on either side of point B. AU of the above conditions are therefore satisfied. 

To construct the conjugate beam moment diagram, divide the M-diagram 
of Fig. 776 into small areas and apply at the center of gravity of each area a 
force equal to that area. These forces are shown in amount and direction on the 
figure. The greater the number of subdivisions the greater will be the accuracy 
of the construction. Next construct the force diagram of Fig. 77d, plotting the 
forces in order beginning at the left end of the conj ugate beam. The pole distance 
H may be chosen at will. A convenient value is some multiple of El. Thus 
El 

if we make II = the ordinates to the resulting equilibrium polygon will be 
n times the actual deflection. 

Suppose the deflection for the case under consideration is desired in foot units. 
For the given beam I = 215.8 in.‘ and E = 30,000,000 lb. per sq. in. Assume 
that the ordinates to the deflection diagram are to be represented at 100 times 
their true value. Then 


H 


448,000 lb.-ft.> 


El ^ (30,000,000)(I44)(215.8) 

100 (100)(12)< 

Figure 77c shows the equilibrium polygon constructed from the force polygon 
described above. The construction is started at any convenient point, as 1, 
and the complete equilibrium polygon is shown by 1-5-2-4. Since the deflections 
of points B and C of the given beam are zero, the conjugate beam moments for 
these points must be zero. To represent this condition in the equilibrium polygon 
extend verticals from points B and C of the given beam to intersections at 1 and 
2 of Fig. 77c. Through these points draw the line 1-2-3, which is the closing line 
for the equilibrium polygon and the base line for the conjugate beam moment 
diagram Finally, the deflection of any point in the given beam is measured by 
the intercept on a vertical through that point between the equilibrium polygon 
and the base line 1-2-3. Ordinates below the base line indicate downward deflec¬ 
tions. The scale for deflections is the same as the distance scale for the given 
beam. Remember that these distances represent 100 times the true deflection. 

The deflection of A, the free end of the cantilever AB of the given beam is 
shown by the ordinate 1-4 of Fig. 77c. By scale this distance is 7.83 ft. as shown. 
The true deflection of A is therefore 7.83/100 = 0.0783 ft. To determine the 
maximum deflection locate by trial the maximum ordinate to the equilibrium 
polygon. This ordinate is found to be 6-6, and the distance as scaled is 9.30 ft. 
The corresponding deflection is 9.30/100 = 0.0930 ft. 

Figure 78 shows a beam of variable moment of inertia carrying concentrated 
loads (see also Fig. 66, p. 59). Two methods will be given for the graphical 
determination of the deflection of the given beam. In each case the conjugate 
beam is a simple beam of the same span as the given beam. 

First Method .—The M/EI diagram for the conjugate beam is divided into 
small areas as shown on the left side of Fig 786. At the center of gravity of each 
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area, a load is applied, which is equal to the area in question. The information 
for the determination of these areas was taken directly from Fig. 65d. The 
resulting forces are shown in amount and in direction in Fig. 786. Figure 78d 
shows the force diagram drawn for these forces. The pole distance H has been 
taken as i?/100, or 290,000. Therefore, the equilibrium polygon shown on the 
left half of Fig. 78c represents 100 times the true deflection. By scale the 
maximum ordinate of this diagram is 67.0 in. Hence maximum deflection = 
0.67 in. 


enoao/b ea,oao/b. eoffoom. 



Conjugate Se«rn Moment 
Given Bec^m Deflection 



M k) 

Fio. 78. 


Second Method .—^The ilf-diagram shown on the right half of Fig. 786 is divided 
into small areas each of which is replaced by a force applied at the center of 
gravity erf the area. Information for the determination of these forces was taken 
from Fig. 666. Figure 78e shows the force polygon plotted from these forces. 
The pole distance used for each force is the average of the values of EI/IQQ token 
from Fig. 65c fojf the corresponding moment area. Thus for the first force 

„ _ (29,000,000){4,618 + 6,160)(I^) 

H - - jQjj - 


1,403,300,000 Ib.-in.* 
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Other pole distances were determined in the same manner. The right half of 
Fig. 78c shows the equilibrium polygon drawn for these forces and pole distances. 
Deflections given by this equilibrium polygon represent 100 times the true 
deflection. 

66 . Deflection Coefficients.'—^The detail work involved in the solution of 
problems in the deflection of beams is greatly reduced by means of tables or 
diagrams. A few such tables and diagrams will be given for standard beams. 

Sitnpk Beam with a Single Concentrated Load. —^Figure 79 shows a simple 
beam with a load F at a distance kl from the left support, where k is a fraction 



p 

L O 

C £ , 

C... .€.....J 

r 1 


Fio. 79. 


loss than unity. From the preceding articles, the deflection at a point distance 
cl from the left support, where c is a fraction less than unity, is given by the follow¬ 
ing formulas: 

For point D, where c <k 

" “ m { 

For point E, where c>k 

V = [c(2 - c) - h»](l - c) (2) 


In these equations y is the deflection in inches at any distance cl from the 
left support, E is the modulus of elasticity in pounds per square inch, and I 
is the moment of inertia of the constant cross-section of the beam about the 
neutral axis, measured in inches.* 

Let F represent the expression in the parenthesis of eq. (1) when c is less than 
k, and the expression in the parenthesis of eq. (2) when c is greater than k. Then, 
in general. 


y = 



(3) 


The values of F for various values of c and k are given in Table 1, or may be 
found from Fig. 80. It has also been shown on p. 51 that when the deflection is 
a maximum, the relation between c and k is given by the equation 


1 





Values of c from eq. (4) are given in Table 1 and Fig. 80. 
■By c. A. Elli.. 


(4) 
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Table 1.—^Values ov F 


7P 


X* 

0.06 

0.10 

0.126 

0.15 

0.20 

0.25 

0.30 

0.333 

0.86 

0.375 

0.40 

0.45 

0.50 

0.05 

0.0045 

0.0084 

0.0101 

0.0117 

0.0143 

0.01C3 

0.0178 

0.0184 

0.0187 

0.0190 

0.0191 

0.0101 

0.0187 

0.10 

0.0084 

0.0162 

0.0196 

0.0227 

0.0280 

0.0321 

0.0350 

0.0364 

0.0360 

0.0375 

0.0378 

0.0378 

0.0370 

0.15 

0.0117 

0.0227 

0.0278 

0.0325 

0.0405 

0.0467 

0.0512 

0.0533 

0.0541 

0.0650 

0.0556 

0.0557 

0.0546 

0.2010.0148 

0.0280 

0.0344 

0.0405 

0.0512 

0.0680 

0.0658 

0.0687 

0.0099 

0.0712 

0.0720 

0.0723 

0.0710 

0.25 

0.0163 

0.0320 

0.0.396 

0.0467 

0.0596 

0.0703(0.0783 

0.0822 

0.0837 

0.0855 

0.0866 

0.0873 

0.0850 

0.30 

0.0178 

0.0350 

0.0433 

0.0512 

0.0658 

0.078.310.0882*0.003110.0951 

0.0074 

0.0900 

0.9996 

0.0960 

0.35 

0.0187 

0.0369 

0.0457 

0.0541 

0.0699 

0.0837|0.0051 

0. I01l!0.1035 

0.1065 

0.1087 

0.1107 

0.1098 

0.40 

0.0191 

0.0378 

0.0468 

0.0556 

0.0720 

0.0866 

0.0990 

0.1058 

0.1087 

0.1124 

0.1152 

0.1183 

0.1180 

0.45 

0.0191 

0.0378 

0.0469 

0.0567 

0.072310.0873 

0.1002 

0.1075 

0.1107 

0.1149 

0.1183 

0.1225 

0.1232 

0.50 

0.0187I0.0370 

0.04.')9i0.0546 

0.0710 

0. 0859 

0.0990 

0.1065 

0.1098 

0.1143 

0.1180 

0.1232 

0.1250 

0.55 

0.0179 

0.0354 

0.0440 

0.052310.0682 

0.0827 

0.0955 

0.1030 

0.10C3 

0.1108 

0.1148 

0.1206 

0.1232 

0.60 

0.0168 

0.0332 

0.0412 

0.0491 

0.0640 

0.0778 

0.0900 

0.0972 

0.100510.1049 

0.1088 

0.1148 

0.1180 

0.65 

0.0153 

0.0304 

0.0377 

0.0449 

0.058G 

0.0713 

0.0827 

0.0864 

0.0925 

0.0067 

0.1005 

0.1063 

0.1098 

0.70 

0.0138 

0.0270 

0.03.35 

0.0390 

0.052210.0636 

0.0738 

0,0799 

0.0827 

0.0806 

0.0900 

0.0055 

0.0990 

0. 75 

0.0117 

0.0232 

0.0288 

0.0343 

0.0449 

0.0547 

0.06.36 

0.0689 

0.0713 

0.0747 

0.0778 

0.0827 

0.0850 

o.so 

0.0006 

0.0190 

0.0236 

0.0281 

0.0368 

0.0449 

0.0.522 

0.0566 

0.0586 

0.0615 

0.0640 

0.0682 

0.0710 

0.85 

0.0073i0.0l45 

0.0180 

0.0215 

0.0281 

0.0343 

0.0399 

0.0433 

0.0449 

0. 0471 

0.0491 

0.0523 

0.0546 

0.90 

0.0049 

0.0098 

0.0122 

0.014.5 

0.0190 

0.0232 

0.0270 

0.0393 

0.0304 !0.0319 

0.0332 

0.0354 

0.0370 

0.95 

0.003.5 

0.0019 

O.OOfil 

0.0073 

0.0096 

0.0117 

0.013G 

0.0148 

0.0153 

0.0161 

0.0168 

0.0179 

0.0187 


Fur maxirriurn deflection 


c 

: ! 1 1 ! 1 ! 1 j 

0,4234 0. 42,5.5 0. 4272 0.420210.4343 0.440010.4402 0.4.5.57,0.4.592l0.4648 

0.4708 

i 

0. 4850|0. 6000 

F 

0.0102i0.0379!0.0470'0.0.5.5a;0.072410.0873:0. 1002 0.1075:0.1107 0.1150 

1 ■ 1 ! ! ! 1 1 1 1 

0.1185 

0.1234IO. 1250 

1 


Illustrative Problem.— A 20-in. 05.4-lb. I-l)oam supports two loads of 30,000 IJ). onch 
symmetricaJly placed about the center line of the beam. The span of the beam is 26 ft. 
and the distance between loads 15 ft. Determine the deflection at the beam center using 
deflection (sooflicients. E » 29,000,000 lb. per sq. in. and / =» 1,169.6 in.* 

h'or the given conditions k ** 0.2 and c = 0.5, for each load, since the loads are sym¬ 
metrically placed on the beam. From Table 1, or Hg. for k *= 0.2 and c = 0.6, we 
find F =» 0.071 for each load. Then 


_ /nnvn 00,000(25 X 12)*0.071 
^~QE1 “ (6)(33,01.5,500,000) 


0.665 in. 


niustrsUve Problem.—A 15-in. 87.3-Ib. I-beam, 10 ft. long, carries a load of 10,000 lb. 
at a i>oint 3 ft. from one end and a load of 6,000 lb. at a point 2 ft. from the other end. 
Determine the deflection at the center using deflection cooflicionts E » 29,000,000 lb. per 
sq. in. and I = 405.5 in.* 

With k « 0.3 and c “ 0.6 for the 10,000-lb. load we find from Table 1 or Fig, 80, that 
F ». 0.991. With k ~ 0.2 and c =» 0.5 for the 6,000-lb. load we find from Table 1. or Fig. 
80, that F = 0.710. The total deflection at the center equals the sum of the deflections 
caused by the two loads considered independently. 'I’hen, substituting in eq. (3) of the 
preceding article, we have 

y = [10,000(0.901) + 5,000(0.710)] 

(120) .(13,400) ^0 33i„ 

0(29,000,000) (405.5) ^ ' 


wtb.pttr ntml lotttf W¥*e 

aWZZZZZZZSZZZZZZZZZZZZZZ^b 

fi —-— -e - 


Simple Beam with a Uniform Load. —Figure 81 shows a simple beam of span 
I supporting a uniform load of w lb. per ft. The deflection at any point distance 
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cl from the end of the beam, where c is a fraction less than unity, is as 
follows: 

af«74 

y “ ® ~ (5) 

which may also be written, in terms of the total load W = icZ, in the form 

TTZ* 

y = 2 iEl ® 

Let J represent the expression in brackets. Equations (6) and (6) may then be 
written 

wl* j. Wl^ , 

UEI ^ ~ ‘ZiEI ^ 


Values of J arc given in Table 2 and in Fig. 82. 


Tabue 2.—^VAncTES of J 



niustrative Problem.— A simple beam 12 ft. long, e()mpos(.‘d of u 10-in. 25.4-lb. I-beniii 
carries a uniformly distributed load of 800 lb. per ft. Find the deflection at the center and 
at the quarter-point using deflection coefficients, i? =* 29»000,000 lb. per sq. in. and I 
122.1 in.* 

From Table 2 or Fig. 82, when c *= 
O.S, J = 0.3125 and when c — 0.25, J 
0.2227. Substituting these values of J 
in eq. (7) of the preceding article wo find 
that at the center 

^ 12C200)(U4)50.312.')) ^ 

^ * 20 . 000 , 000 ( 122 . 1 ) 


IIHI 

1— 

5S 

s 

1 

1 

IBB 


2 

B 


S 

tSS8 

laai 

\mmm 

!■■! 

IMS 

(■■1 

S 

s 

I 

B 

5S 

B^ 


i'm/o9S of C 
Fio. 82. 


and at the quarter-point 


12(200)(144)H0.2227) 
■ 29,000,000(122.1) 


Can^l^^ Beam with a Single Concentrated Load .—^Figure 83 shows a canti- 
lever beaniiwith a single concentrated load at the free end. The deflection at any 
point distance kl from the free end with respect to an origin at 0, Fig. 83, is given 
by the expressidn 


( 8 ) 
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Denoting the term in brackets by L, eq. (8) may be written 

y - o/i'/ ^ 

Values of L are given in Table 3 and Fig. 84. 


(9) 


Table 3.—Vai.t7bs of L 


k 

L 

1 

L 

0.0 

2.0 

; 0.6 

0.416 

0.1 

1.701 

!: 0.7 

0.243 

0,2 

1.408 

1 0.8 

0.112 

0.3 

1.127 

;; 0-9 

0.029 

0,4 

0.864 

!i 1.0 

0.000 

0.5 

0.625 

■i i 



niustratiTe Problem. — A naiitilevcr 
hpjiin K ft. long, f»f a IO-it». 

l-t)cara carriea a coneentratod load of 
4,000 lb. at its free end. Find the deflec¬ 
tion at the free end and at a point 4 ft. 
from the free end using deflection coeffi- 
cionts. f? “ 20,000,000 lb. per sq. in. and 
/ = 122.1 in." 

From Table 3 or Fig. 84, when k = 
0. 5, L = 0.02.') and when k — 0.0, L ^ 
2,0. SuKstitiiting those values of L in 
e(|. (9) we find that at a point 4 ft. from 
the free end 



and at the free end 


y 


_4,000(00)t(0.02r>) 

0(207000,000)(122.T) 


= 0.104 in. 


, 000 ( 0 e)>( 2 . 000 )_ =0 3.33 

“ 6(29,000,600) (122."l) 


66. Deflection in Terms of Fiber Stress.—In the solution of problems in 
certain statically indeterminate structures, it is convenient to have an expression 
for beam deflection in terms of the extreme fiber stress on the section due to 
bending. To illustrate, consider the c.ase of a simple beam of span I carrying a 
uniform load of w lb. per ft. As stated on p. S2, the maximum deflection for the 
given conditions is 

_ 5 wl* 

- 3g4 


To express tWs deflection formula in terms of fiber stress, we may proceed as 

follows: From the general formula for fiber stress, we have S~Y 

2 // 

for M, and letting d=depth of section=2c, we have, M • For the given load¬ 
ing conditions, we have, Af ■= y' Equating these values of M, and solving for 
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w, we find to = - On substituting this value of w in the above defleetioii 

formula, we derive 

5 jit 

Vm.. “ 24 M 

Equation (1) expresses the deflection as a function of fiber stress instead of the 
loading. Note that the deflection is proportional to the fiber stress. 

Similar values may also be derived for other loading conditions. Such values 
are given as a part of Table 6, p. 95. 


Illustrative Problem.—A 10-in. 25.4-U>. steel I-boam, 20 ft. Iodr, supports h tiniform 
load. If ibe maximum fiber stress for the given loading <«onditionti is l.'i.lKK) ib. per sq. in., 
determine the maximum deflection in inches. 

For the given conditions the several terms of eq. (1) have the following values: / » 
15.000 lb. per aq. in., f « 20 ft, “ 240 in., E « 30,000,000 lb. per eq. in., and d « lOin. 
From cq. (1) 


(5)(15.000)(240)» 
(24) (30,000,000) (iO) 


0.60 in. 


67. Limiting Deflection of Beams.—In designing beams, it is the usual 
practice to fix the allowable fiber stresses in bending and determine the beam 
section subject to the given conditions. How'ever, there ore certain tyjies of 
construction in which it is desirable to place certain limits on the deflection under 
the applied loads. 

In practice this limiting deflection is obtained by specifying that the depth of 
a beam shall not be less than a certain fractional part of its span length. To 
illustrate the methods employed in determining these practical rules, consider 
the case of a simple beam uniformly loaded. Suppose the allow.able fiber stress 
in bending to be/ lb. per sq. in. and suppose the deflection is limited to Hoo part 
of the span, a usual limit placed on ordinary construction. 

The desired relation may be determined by equating the allowable deflection, 

300' ^ maximum deflection in terms of fiber stress, as given by e<j. (1), p. 82. 
Thus 

I ^ 5 fl' 

300 24 jfe’d 

Solving this expression for the (losired ratio, we have 

0.010 I (2) 

Suppose the beam is of steel for which N — .30,000,000 lb. per sq. in. and allow¬ 
able / = 16,000 lb. per sq. in. From eq. (2) 

I (0.016) (30,000,000) „„ 

d “ (16,6()b) 

That is, the depth of the beam shall not be less then of the span. When 
this condition has been satisfied, the deflection will not exceed the limiting 
value specified. For plastered ceilings, it is usual to specify a limiting deflection 
of Hao of the span. 

Table,4 give® general formulas and limiting spans for steel and wooden beams 
for various standard loadings. These values are based on the formulas given in 
Table 6 on p. 96. 
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Table 4 



Limiting; deflootioii ■« 

Limiting deflection • 

Spaa 

"3W 

IfOftding 

condition 



Limiting ratio span to 
depth 


limiting ratio epan to 
depth 


Cfcneral 

formula 

i 

Hteei beams j 

E «30.000.00oL 
/« 16.000 

General 
formula ' 

^ Steel boame ’ 
-30.000,000{ 
1 / - 10,000 

1 1 

Wooden 

beams 

JS-760,000 
/-l.OOO 

" . 

U~0.01C^ 



;■ .. 

*,-25.0 

a 


1 w lb per ft. I* 

j «30.0 
d 

* -12.0 
a 

t-o.oisaf 

0 J 

*- 10.0 

4 

i 

' =.0.020® 

*-37..'-. j 


1',-0.0107® 

1 ^ -31.26 

J-12.6 

J ti 




j 



1i> Ib. JKT ft. 

f 1 

limiting defloctnm «- 

1 .of) 

j Limitiug deflection ' 

1 .. . .... ... 

Span 

180 


1* -o.oisssf 

j-23 

j -10 

i ^ E 

. 1 
‘-20.83 i 
d 1 

’- 8.33 
. a 

Iw 1 

1! ’ ^o.oioo-®’ 

! ‘ =.is.7.’i 

’ - 7..'i0 

: *-0.00833® 

‘-15.66 

! ]- 6.25 

1 




tl 


d 
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68. Maxwell’s Theorem of Reciprocal Displacements.’—Maxwell’s theorem 
of reciprocal disjjlacoiiients establishes a mutual relation between the deflections 
at any two points in a structure. This theorem, when considered in connection 
with the deflection of beams, may be stated as follows: If the load P at A, 
I<’i(?. 85, causes a deflection As at H, and the load P at B, Fig. 80, causes a deflec¬ 
tion Aa at A, then, according to Maxwell's theorem. As = As. Fet Figs. 



S.'S. Fig. 86. Fig. 87. 


85, 80 and 87 repre,sont the deflections of a beam when the loads are applied gradu¬ 
ally. When A (Fig. 85) ha.s received its full load, the work done is I^PAi. 
With a full load P at A, let another load 7’ be gradually added at B. The deflec¬ 
tions as shown in Fig. 87 will result. The point A with the full load P. moves 
through the additional distance Aa; and the point B moves through the addi¬ 
tional distance At as the load P is gradually applied at B. Hence the total work 
done is 

MPa 1 -h Pa s -I- MPa 4 

If B is loaded first and then A is loaded, the total work done is 

MPA,+PAi + MPAi 

The total amount of work done in each case is the same, hence 

A 2 A,I 

Maxwell’s law may be verified by Table 1 on p. 79. When A and B are on the 
same side of the center, the values of k and c for Fig. 85 become interchanged, for 
Fig. 86. P’or example, F = 0.0658 when k — 0.2 and c = 0.3; likewise F — 

> Contributed by C. A. ISllis. 
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0.0668 when k = 0.3 and e = 0.2. When A and B are on opposite sides of the 
center, the application is made as follows: In Fig. 86 let fc = 0.3 and c = 0.8; 
then in Fig. 86, k = 0.2 and c = 0.7; whence F = 0.0622 in each case. Maxwell’s 
law renders excellent service in the solution of statically indeterminate structures. 

69. Approximate Method for Determination of Deflection of Beams.—Pro¬ 
fessor J. B. Kommers’ has devised and published* a very useful and readily 
applied approximate method for the determination of the deflection of beams. 
Ihis method, which is based on Maxwell’s theorem of reciprocal deflections is 
intended for use in cases where combinations of concentrated and uniform 
loading would lead to a long and tedious solution by ordinary methods. The 
article mentioned discusses simple, cantilever, and restrained beams of uniform 
cross-section. 

Suppose a simple beam of span I carries a concentrated load W. When this 
load is at the span center, the maximum deflection occurs at a point under the 
load. When the load is at the right support, the maximum deflection occurs at a 
point 0.0773f to the right of the beam center (see Art. 636, p. 51). Therefore, 
no matter where a load may be placed on the beam the point of maximum 
deflection can not be more remofe from the beam center than 0.0773f. It is 
therefore evident that the mid-span deflection and the maximum deflection for 
any load, regardless of the position of that on the span, are very nearly equal. 
The method under discussion assumes that these deflections are e<iual. 

Figure 88 shows a simple beam supporting two concentrated loads W and P. 
According to Maxwell’s theorem of the prciceding article, the deflection produced 
at the beam center 0 by the load IF at A is equal to the 
deflection at A produced by the load IF atO. The 
sjime statement holds true for load /’ at B. Therefore, 
to determine the deflection of O for the loads shown in 
Fig. 88, place load IF at 0 and calculate the deflection 
at A ; place load F at 0 and calculate the deflection at B. The sum of these two 
deflections will give very closely the total deflection produced at O by the two 
loads when in the position shown in Fig. 88. 

The deflection at a point distance x from the nearest support due to a central 
load TF is given by the expression 

Defl. = (4x* - 31*) 

This equation may be used for the determination of the deflections required in 
the above discussion. However, the calculations may readily and rapidly be 
made by means of Table 1, p. 79, or Fig. 80, p. 78, and eq. (3), p. 77, which is 

P/’ 

where P is any load, I = span, and P = a coefficient which is a function of k 
and c where c — a, fraction which expres.ses the distance from one support to 
the point of deflection in terms of the span length, and ft = a corresponding 
fraction expressing the distance from a support to the load point. 

When the applied loads consist of a uniform load covering a part of the span, 
the load may be broken up into short sections which may be replaced by the 
total load on that section considered as applied at its center of gravity. 

^ A^ciftte ProfeMor of Meohanios, The Uniyereity of Wisooosin. 

* Mng, Jtm. 3. 1919, p. 44. 
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Ulttsbaiive Problem. —Detemine the maximuia deflection for the conditions shown 
in Fig. 89. using the approximate method. 

Assuming the maximum deflection to occur at the beam center, c = For the load 
at A, fc “■ ^6 = I’i and for the load at S, fc = -) >• 0.8. From Pig. 80, p. 78, or 


Table 1, p. 79, for the load at A, (c = fc = we find P =» 0.107 and for the load 
at Bj (c « k = 0.8) wo find P « 0.071. From eq. (3), p. 78, we have 
PF -= (7,000) (0.107) + (8,000) (0.071) = 1,310 
PFt‘ (l,;S]0)(15)»a,738) 

■ 6A7 “ (6) (30,000,000) (215.8) 

As a check, the correct maximum dcfloctiun was calculated by the methods given in the 
preceding articles from which it was found that Dcfl. = 0.1970 in. 


Defl. at 0 


■■ 0.1971 in. 


TOOO/D. mBOOO/e. 


B 4 , , 

— -V^ 


fS'-O'' 


£>■30,000,000 ib.per stj-in. 
Fiq. 89. 



.. J'bevtm, I*/£ZJfn* 
£'SO,OOOjOOO lb.per Sfin. 


P/o. 90. 


Illustrative Problem.-—J.>oiormine the inaxinmm deflection for the conditions shown in 
Fig. 90, tisiug the api)roxinmte nictliod. Assume the uniform load to be divided into four 
sections. 

'J'lie values of k for the several loads, taken in order from the left end of the span, are 
as followH: 0.0(»25; 0.1875; 0.2125; and 0.4275. With c = H ftud the several values of k 
given above, the term PF of eii. (2) becomes 

2*F 2,000(0.0230 + 0.0080 + 0.1025 -f- 0.1225) = 032 

(032) (10) HI,728) 

(0) (30,000,000) (122.1) ’ 

By the exact methods, the true deflection is 0.2029 in. and the point of maximum deflection 
is 7.30 ft. from the loft end of the beam. It may be of interest to note that the lime required 
for the approxiniato solution was less than five minutes while the exact solution required 
nearly half an hour. 


1 >ofl. at C - 


■■ 0.203 in. 


For cantilever beams the maximum dcflcetion alw.ay.s occurs at the free end. 
Hence no approximation is involved in the application of the method given above 



Fio. 91. Fio. 92. 


to cantilever beams. Figure 01 shows a cantilever beam with a load P at a 
distance kl from the free end. According to Maxwell’s theorem, the deflection 
at the free end A due to a load lit C is equal to the deflection at C due to a load at 
A. Therefore cq. (0), p. 81, may bo used to determine the deflection of point 
A for a load at C, or for the deflection of point C for a load at A. In one case kl 
represents the distance to the load point and in the other case it represents the 
distance to the deflection point. Figure 84, p. 81, and Table 3, p. 81, may 
then be used in either case. 

To apply the method given above to the determination of the deflection of 
point A of Fig. 92 due to the loading shown, consider each load in turn as applied 
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at the free end A, and determine the deflection at the true position of that load 
by means of Table 3, p. 81, or Pig. 84, p. 81. The sum of these deflections is 
the required total deflection for point A. 

When the cantilever beam is covered by a partial uniform load, consider the 
uniform load as broken into short sections. Apply the total load on each section 
and solve as for concentrated load systems. 


niutmtiTe Problem.—Calculate the defieotion of the free end of the cantilever beam 
of Fig. 93 for the loads shown. 


.sotjai /nogo/tn sagon. 


a e. 
s‘-o‘ 


/■lumm.l-'Sseinf 
e-3CiOonooa sgh. 


The values of k for the several loads, taken in order 
from left to right are 0.2, 0.5, and 0.8. From Table 
3 or Fig. 84, the value of PL of eq. (9). p. 81, is as 
follows: 


Load at C = (1.408) ( 5,000) - 7,040 
Load at Z) - (0.625)(10,000) - 6,250 
Load &tE- (0.112) ( 6,000) - 672 


Fio. 93. 


SPL - 13,962 


Then from eq. (9), 


(13.962)(1,728)(10)» 
“ (6) (30,000,000) (79576) 


0.167 in. 


70. Deflection Due to Shearing Stresses.—The deflection of beams due 
to shearing stresses is generally small and may be neglected in most cases. 
However, in short beams, the deflection due to shear may 
be so large that it cannot safely be neglected. To assist 
in deciding whether shearing deflections need be considered, a 
method will be given for the determination of these deflections, 
and comparisons will be made with the deflection due to bending 
stresses. 

Figure 94 represents a beam element ABCD acted upon by 
shearing stresses of intensity v applied to the faces AB and CD. 

Due to the action of these stresses, the element is deformed to 
AiBiCD. The modulus of elasticity for shear is equal to the unit shearing 
stress divided by the unit shearing strain. In Fig. 94, dy represents the shear¬ 
ing strain and hence represents the unit shearing strain. If » == intensity 
of shearing stress and E, = modulus of elasticity for shear, we have 
^ _ unit ^hearing st«®s _ v_ 

* ~ unit shearing strain dy 
dx 

from which 

dy _ V 
dx E. 

If F = shear on section due to external forces, and A = area of cross-section, 
y 

p •= and the ajiove equation becomes 

dy ^ V 
iix AE, 



Fiu. 94. 


(1) 
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Equation (1) is a general expression for the differential equation the elastic 
curve for shearing deflections when the shearing stress intensity is uniform over 
the section. Equation (1) is applicable to beam sections for which it is reasonable 
to assume uniform distribution of shearing stress, such as plate girder or I-beam 
webs. 


To determine the shearing deflection when the shearing stress intensity is . 
variable the external work due to shear must be 
placed equal to the internal work due to the shearing 
fiber stresses. Figure 95a shows a beam element 
whose length along the beam axis is dr. If F repre¬ 
sents the shear on a face of this element due to exter¬ 
nal forces, and dy represents the vertical deforma¬ 
tion of the element due to shear, the average 
external work done during the deflection of the 
element is HVdy. The internal work done by the fibers of the element due to 

1 !)• 

shearing distortion is equal to the elastic resilience due to shear, which is ^ 



rio 


per unit of volume, where v = shearing stress intensity on any area as 1-2, 

p 1* 

Fig. 956. From eq. (3), p. 26, t» = b^dz, where V — external shear, I = 

moment of inertia of section, and the other terms have the values shown on 
Fig. 965. Substituting this value of v in the above equation, noting that the 
volume of any fiber such as 1-2, Fig. 956, is hdzdx, we have, for all fibers in the 
beam cross-section 


Average internal work 


1 *1 


(S 


hzdzY hdzdx 


Equating the expressions for internal and external work, and solving for dy/dx, 
we have 




( 2 ) 


In eq. (2) the integral expre.ssion dej)ends for its value on the form of the beam 
section. It will hereafter be called the Section Constant and it will be denoted 
by N, that is 

N = Section constant = DW hal^^dz (3) 


Equation (2) may then be written 


dy ^ VN 
dx E, 


( 4 ) 


Equation (4) is a general expression for the differential equation of the elastic 
curve for shearing deflection when the shearing stress intensity is assumed as 
variable. 

The above analysis is based on the a.s.sumption that the effective shearing 
area of the beam is constant over the entire length of the beam. When the area 
of cross section is variable, the formulas become more complicated.* 

The value of the section constant N of eq. (3) depends upon the form of the 
section. As an example of the application of eq. (3) to a specific case, consider tlie 


* Methods for the determlnetion of shearins defieotioa for beams of variable orosa-eection are given 
in •& article by Prof. S. E. Slooum which api}eared in the JouttuiI o/ the Franklin JntMvte, April. 1911. 
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rectangular section of Fig. 06. For the dimensions shown on Fig. 96 ,1 


' l2’ 


hi == fh = 2 ®nd 6 


b. Equation (3) then becomes 


Uf-Ji 



4\ ' 

e\ 1 


^ 1 
-Pi I 

♦ « 


N 


144 

J /b 


b^d'‘. 


(I'bzdz) 


‘dz 


Fio. 06. 


Integrating the expression in parenthesis, 


N = 


144 


+i 


/_>(?-■> 


Integrating again, we have finallj' 

iV = 1-2 = .1-2 

• bd A 

where A = bd = area of section, lly a similar process it c.an be shown that, for a 
circle, 

10 


N = 


i)A 


70a. Application of General Formulas to the Determination oi 
Shearing Deflection.—When the deflection at a certain point is de.sinsd without 
reference to that at any other point, the desired deflection may be obtained by 
writing cqs. (1) and (4) .in the form of li definite integral, thus: 

From eq. (1) 

^=AX 


From eq. (4) 




(5) 


where y = deflection of any point at a di,stance x from a convenient origin, as 
shown in Fig. 97. It is evident that the defiec- ^ 

tion at C of Fig. 97 is the sum of all such values owj*, “ " 
a.s dy of Fig. 94 from A to C of Fig. 97. Hence 
the limits of integration for eqs. (5) are x to 0, - 

as indicated. ButJ" Vdx — area shear diagram Fio. 97. 

from X to 0 = moment at point x. Hence, when the shear is uniform across 
the section, 

V = (area shear diagram from end of beam to deflection point) = (6) 

and when the shear is variable across the section, 

N NM 

y = ^-(area shear diagram from end of beam to deflection point) = * (7) 

where M, = moment due to applied loads at the point whose deflection is desired. 
A few typical problems will now be worked out in detail to illustrate the applica¬ 
tion of the method described above. 
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Simple Beam vdth Uniform Load. —^As shown above, the shearing deflec¬ 
tion at any point is proportional to the moment at that point due to the applied 
loading. For the conditions shown in Pig. 98 the moment at any point distance x 

from the left end of the beam is ^ x(l — x). Hence the general equation 

for shearing deflection at that point, is given by eqs. (6) and (7), 


and 


wx ,, . 


wxN ,, 

^ = 2E, ~ 


(8) 


Since the shearing deflection is proportional to M,, evidently the deflection is a 
maximum when il/* is a maximum. Now M, is a maximum at the beam center 
and is equal to ts'wP. Ilencio 


and 


V'P 

ymax — r, M rt foF unifonii shearing stress 


ymax — -cn variable sliearing stress 

OJia 


(9) 


Illustrative Problem.—Assume that the beam of FIr. 
98 is a a X 12-in. wooden ineiiiber and that the span is 
13 ft. and the uniform load 300 Ib. per foot. Deter- 
mino the deflection in inches at the center of the beam 
due to shear, assuming variable shearing stress across Iho 
lieam section. 



Elastic Curve 
Fig, 98. 


t¥ 







Ik 

/If.. '-../n 

m j 


lllj 

Shear Oie^r^^n 

t 


A .-r , 


Elastic Curve 
for 

dheortn^ Deflection 
Fig. 99. 


The desired deflection is given by oq. (9) with f = 12, w = 300, ^ =(3)(12) “ 

0.0333. and E, (J4)(l,500.000) ■= 375.000. Then 

_ {300)(0.0333)(144)(12) ^ 000576 in 
(S)(37.’;,000) ^ 

Simple Beam with a Sitiglc Concentrated Load ..—Figure 99 shows the moment, 
shear, and deflection diagrams for the given conditions. In the pairs of equations 
given below, the deflection for uniform shear is given first, and the deflection for 
variable shear follows: 
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At a pmnt distance x from the left «ad on the portion AC of the given beam, 
M,=»-~{l-a). Hence 

Wx ,, . 

and (10) 

WNx ,, , ' 

Wa, 


and 


On the portion CB, where M. = “)' ~ ®)> 

Wa ,, . 


WNa ,, 


( 11 ) 


Since x is of the first power in eqs. (10) and (11), the elastic curves arc straight 
lines. Note that the shear is constant for each of the two portions of the beam. 
Hence, when the shear is constant, and therefore also, the slope is constant, the 
elastic curve is a straight line for shearing deflection. 

The maximum shearing deflection occurs where ilf. has its maximum value. 
This occurs at the load point, and 

Wa{l — a) 

"A max ~ ~j 


Hence 


and 


Vmax ~ 


lfc(l - a) 
AEJ. 


ymax — 


WNa{l ^a) 

Ei 


( 12 ) 


At some point in the beam, the shearing deflection will be greater than at any 
other point. This is evidently the ixunt of greatest moment in the beam. In 
Art. 48, p. 17, this point has been shown to be at the beam center, where, for 

Wl 

the conditions shown in Fig. 99, M = -j - Hence, the greatest shearing deflec¬ 


tion is 


and 


Wl^ 

4lF. 

WNl 

" iE. 


(13) 


Bltistrattve Problem.—Assume that the beam of Fig. 99 is a 3 X 13-in. wooden mem¬ 
ber 12 ft. long, and that the applied load is a single concentrated load of 2,400 lb. placed 
8 ft. from the left end of the beam. Determine the deflection in inches at the load point, 
assuming variable shearing stress across the beam section. 

1.2 1.2 

The desired deflection is given by eq. (12) with ( — 12, IF »= 2,400, Af • 


i 0.0333, and £. JB 


(li)(l,500,000) 
(2,400) (8) (4) (12) 
” (36) (375,001)) (12) 


375,000. Then 
0.00569 in. 
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Cantilever Beams .—MethodH similar to those explained fc» simple beams may 
also be used for the determination of the shearing deflection for caniakver beams. 
Figure 100a shorn a cantilever beam fixed at the right end and supporting 
a uniform load. A deformed element is shown in Pig. 1006 and the shear diagram 
for the applied loads is shown in Fig. lOOrf. The form of the elastic curve of the 
deflected beam is shown in Fig. lOOe. 



(ej 

Ki<». 100. 


If the deflection is measured from an origin at point 0 of Fig. lOOe, the deflec¬ 
tion of any point C is given by the distance y, which i.s the sum of the dy values 
from O to C. We then have, assuming luiiform shearing stress over the section, 

y = Vdx. ButJ[* Vdx = M, which is the moment shown in the moment 

diagram of Fig. lOOd at a distance x from the free end of the beam. Hence, 
as before 

y = -nr for uniform shear 
" AE, 

and (14) 

j/ = for variable shear 

When the deflection is measured from an origin at point A of Fig. lOOe, the 
deflection of point C is repr^ented by the distance EC, which is the sum of the dy 
values from the fixed end B to point C. We then have, for uniform shearing 

stress on the section, y = Vdx. This integral represents the shear 

diagram area (Fig. lOOd) from C to B, and does not represent the moment at C, 
as in the former case. However, the above integral may be written, y = 

^j'^Vdx — Now J^Fda: = total shear diagram area = Mb, 
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Vdx = moment at C = M,. 


Hence for an origin at j 4, we may write 

y = 2e, 


where Mb = maximum moment for cantilever beam and M, = moment at point 
where the deflection is desired. Therefore, the general equations become 

y “ j ST [Mb — M,\ for uniform shear] 


AE,' 

N 

V — n Wb — Mt] for variable shear 
3, 


(15) 


These values are general and hold for any type of loading. 

The maximum deflection, ymax of Fig. 100c, occurs at the free end of the beam. 
For an origin at 0 it is measured by FB, and for an origin at A it is measured by 
AO. In both cases, eqs. (14) and (15) reduce to the common form, 

Mmnx I 


ymax — 


and 


AE. 


for uniform shear 


ymax 


NM.. 


max variable slicar 

Jit 


(16) 


For the loading conditions shown in h’ig. 100a, il/„ 
we have 


vP, and 


and 


ymax — o'aj., for uniform shear 


ymax 


,, „ for variable shear 
2E. 


(17) 


71. Comparative Values of Bending and Shearing Deflection.—As showm in 
the preceding articles, the greatest deflection due to bending and to shearing 
stresses for symmetrical loadings occurs at the center of the bemn. It will be of 
interest to compare these maximum values for standard common loading 
conditions. 

To illustrate the method employed in making this comparison, consider the 
case of a simple beam with a uniform load. From the preceding articles, the 

5 V’U 

maximum deflection due to bending is Db =354 find the maximum deflection 

due to shear, assuming the shearing stress to be uniformly distributed, is Ds = 
wP 

Noting that I = Ar®, where A = area of section and r = its radius of 
gyration, the ratio of shearing to bending deflection may be written 

This ratio is given in terms of E and E„ the bending and shearing moduli of elasti¬ 
city of the material composing the beam, and the radius of gyration of the beam 
section and the span length. 

Tests show that for steel beams, E, = 0.4F, and for wooden beams, E, = 
0.25F, approximately. From an examination of the properties of rolled I-beams 
and channels given in the rolling mill handbooks it will be found that r = 0.4(i, 
approximately, for all sections, where d =» depth of section. For plate girders, 
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considering only the flange areas, it will be found that r - OM. Wooden boaiiis 
are generally of rectangular form. For such sections it is shown in Art. 9, p. 


681, that r — '‘^nbstituliug these general values in oq. (J), we have 


For plate girders 


Ds 

Dn 




( 2 ) 


For I-beams and channels 



(3) 


For rectangular sections, the shearuig stresses are generally not uniformly dis- 
tributad over the section, as shown in Art. 61c, )). 27. Under such conditions 
the mtiltiplier 1.2 calculated as e.\plained in Art. 70, p. 88 , should be introduced. 
Substituting above values of E, E, and r in eq. (1), we have 
For rectangular wooden beams 


Ds 

Db 


= 3.84 



(4) 


Equations (2) to (4) express the relative shearing and bending deflection in terras 
of the depth of section and length of beam. Table 6 gives corresponding values 
for simple and cantilever beams for standard loadings. 

Tabi.k 5.— l!Er,.\TivK IlEFnEcrioN Dir, 'lo Rending and Sheaii 


liOadiuK 

ron(]itiun 


; Bund- I Sboar- 
iuK I i»K 
d<‘f)i*c- ■ (IdHdc- 
tion I tion 
. I)H ■ Da 


Ds/Dii 


Stftd bfaius 


Wooden be&nis 
(rectangular) 


eird..r« : I 

- ' GeiiBral ; Umitine 

fi-n-TAi : p™on.i' ;;i d 7~ b „ 

forrnulu 




hp:in 

al)=-'DR 


IF I 


w> lb. iHtr ft. 


:iN4 Ki 1 

wl^ /(!\- 

(- 2 , 4 .v/ii.si (‘j)';i--i.(pr.<i !l-i.0(W 

1(73 j 
4HF/ 1 

4,'lte jl '■ \l} 

.1 -2.7t,;'4 .s(''y !l4.s('j)' 

lid 

wl* ' 
HEf 

u-D , /<iy 

2ABa \i; 

i-.i.2r)(i 1 

26d 

Wl^ 

3/4'J 

AK.. J 

1 " I.-I..47rf 1 2('j)' ( . 1.0'.)5“ 

2-«1.09rK2 


For steel, Ba » 0.42'/ For l-bearnKand cliamiol.s, r"--0.4<i \ Shear assumed as uniformly distributed 
For wood, a» 0.2.')^? Fur pliito girdiTs, r”0..''K// ov*>r socLitm . •. AT i 

For wooden rectangular hcams, shear assumeti as variable over section 

... 


In the usual beam designed in practice for moment conditions, it will generally 
be found that the ratio of depth of section to length of beam varies from >{5 to 
Jio, while in plate girders a ratio of Jfo is common. F’or those ratios the shearing 
deflections expressed as d percentage of bending deflections, as given by eqs. 
(2) to (4), are as follows: 









BtmCTVRAL MEMBERS AND CONNECTIONS [Sec. 1-72 


Bstio depth to span lengtii 

-Mo 



Plate girders. 

6.0 

2.66 

1.6 

I-beams and channels. 

3.84 

1.71 

0.96 

Wooden beams. 

3.84 

1.71 

1 

0.96 


These shearing deflections are all so small compared to the bending deflection, 
that they reasonably may, and always are neglected in practice. However, for 
beams with depth ratios greater than itfo, the shearing deflection becomes a larger 
percentage of the bending deflection, and should not in general be neglected. 

To determine the span length in terms of the depth of beam for which shearing 


and bending deflections become equal, place 


D, 

D. 


1 in eqs. (2) to (4) and solve 


for 1. Thus for a plate girder with a uniform load, we Lave 



Solving for I, we have, I = 2.45d. Values for other cases are given in Table 5. 

Table 6 gives in convenient form for ready reference the general equations for 
moment shear and deflection for simple and cantilever beams in common use. 
72. Deflection of Concrete Beams. 

72a. Money’s Method.'—The deflection of a reinforced-concrote 
beam of whatever shape may be determined by tlu; formula 

p 

I> = c ^ (Cc + c.) 


where 

D 

I 

d 

e. 

e. 


maximum deflection (if desired in inches, the units specified below 
should be used), 
span (inches). 

depth of the beam to the center of the steel (inches), 
unit deformation in extreme fiber for the concndc = {f- 

Fjc 


unit deformation in extreme filnsr for the sttsd 



c = - in which 
C2 

Cl = the numerical coefficient in the formula for deflection of homogeneous 
WD 

beams, D = c, > depending on the loading and on how the ends 


are supported. 

c» = the numerical coefficient in the formula for bending moment, M = 

for a simple beam loaded at center, c = or 0.0833 
uniformly loaded, c = ^8 or 0.1041 
loaded at the third points, c — or 0.1065 
for a beam with fixed ends, loaded at center, c = Hi or 0.0416 
< uniformly loaded, c == or 0.0313 

loaded at the third points, c = or 0.0347 

1 See paper by O. A. Maney, presented befcs'e the seventeonth aimuttl meeting of the American Sooiety 
for Teeting MateriaJi*. 
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Table 6.— Pbopebtii* of Simple and Cantimcvbe Bbaiib 



Loading Diagram 

M! M„c.. 

Moment Diagram 




-« ,-^1 



1 

_li_J 

37, 


Shear Diagram 

Firl. . 




UEFLECTtON DiASRAM 



MoneNT 

for k^i 

Shear . 

*V„„rr-!-¥ for k-O 
- for k-t 

y^jkf/-^k'*kV 
ymx. for k-i 


f,~^kf/-k> 

fmm."^ for k-i 

PErLEcneN In Terms 0/ 
Max/mum Fiber Stress 

y-Mf^O-ek’^kV 

yrnpix. Sfor k’i 



/> k> C-nrmkf/-Pi) 

CfoB: Mt-mRC/-k) 

ftf Cfor/fR A MC: f,” 
Shear CfoS-B” 

A/oC-tf- *IA/{I-r) Af 

CfoB-li^-iyRr 


AihC:yr^kO-R)[ei!>)R-krJ 
CfoB:yy^Wl-k)fE-k)k-i^ 
Af C-yc^-^Ar‘f/Ht)' fork’R 

AfC:y„„-M’Mfrf-^)]^ 

for k=ff(B-R)J* 


Loading Diagram 


Moment Diagram 



— 

1*^ 





JEi 


Smear Diagram 

J 

Deflection Diagram 


Moment 

Mn,E,.-iWf EltC 
Shear 
A fo C: 

CfoB: V--^ 
Deelect/oh 
A foC:y, ’^H(3-4kn 
C fo d:y^’J^ft-k)l3fe-k)k-!j 
yrmx.’J^ fbrk-A 


AfoC: fc’^IVkic 
AfC: frmrSf^f^fo 

Deelection In Terms Oe 
Maximum Fiber Stress 

A fo C:yi 

yrrt^X. “f^c ^ 
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Table 6.—-Properties of Simple and Cantilever Beab^— Continued 





Loadino DiAORAn 


I 

Momcnt DwspflM 

I r 

SHeAR DiAORAM 


MoM£Nr 

/i ioCif/H^BfoD--/%rPV/r'e 

’^Wae 

BHSAff 

AfoC: W-fhV. 
CfoP;i^=0 
BfoP:V^-tY 
Oen^cTiou 

AioCAnc/S/oD:y,=S^btiff-i>)-MJ 
CtoD-y ,= 

AtCftm^D^yc'^i^S-Aitj/irJnf 

f=rE‘i 


/yoe/f 5r/ms3 /a/ 

Te/r/^s Of Loao/ms 
A k) CamlBfoD: A 

PerLecT/oN /V KftMa Of 
Maximum /yeeff Bmess 
AfoCmef B fop: 

c to D:y.-B: [3h(l-k)-^J 

ymmx.=^(3-4ei0 fbrk’i 


Moment 

Forh‘f 

Shear 

Vz^-w/!( 

Vimzz.—iNf fork-/ 
Deflection 

ymM.-M 3or k-O 

Fiber Stress In 

Terms Of Loaoino 
A foBifz-^:^^ 
UzFW ^^0 
Deflection /n Terms Of 
Maximum Fiber Stress 

A foB:y-M'fk^Mk*J) 

/mez-M 

fkOMENT 

Fiber Stress /n 

Mz—mt 

Terms Of Loapins 

Mm„zr-kV( m/B for k-f 


Shear 

Uz-^ 

Vx ^Co/7sffr/7t" -yy 

Deflection In Terms Of 

V„HxF~iV 

Maximum Fiber Stress 

D^FLFCriON 

y-cWrfikXFk)^ 

y-Mff'kXf-kX 
„ .JUff’ 
ym0z 3EI 

y ^±£.‘ 

jrrmx. 3£c 


DtPtCCTION DtASRAM 


AioC:Mx‘0 

CfoB:Mx--m(H-fll 

fbrky 

Smear 

AfoC:K’0 

CtoB:Vx~-W 

^max. from C fo 8 

Deflection ^ 

A fo C:y, -i^kiRi-SW-ffl" 
Cto B:yx‘%’re*k-8RiXl-Bf 
ji for h-n 

/moz. brk-0 


Fiber Stress 


CfoB: 

Deflection /n Terms Of 
Maximum Fiber Stress 
F< foC;y,-M(8*Ff-3kXhRj 

ymm‘^(0^B:Xf-fi) PlfA 
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726. Tumeaure and Maurer’s Method.’ —Tumeaure and Maurer 
recommend that 8 to 10 be used for n iu the formulas which they have derived, 
and which are given below. They also state that the formulas presented are the 
result of modifying the deflection formulas for homogeneous beams in accordance 
with the following assumptions: 

1 . The representative or mean .section has a depth equal to the distance from 
the top of the beam to the center of the steel. 

2. It sustains tension as well as compression, both following the linear 
law. 

.3. The proper mean modulus of elasticity of the concrete equals the average 
or secant modulus up to the working compressive stress. 

4. The allowance for steel in computing the moment of inertia of the mean 
section should be based on the amount of steel in the mid-sections, since stirrups 
and bent-up rods do not affect stiffness materially for working loads. 

The following are the deflection formulas for rectangular reinforced concrete 
beams; 


_ c, Wl^ n 
^ ~ E.' hd= a 

a = H[k^ + (1 - ky -t- 3np(l - m 


( 1 ) 

( 2 ) 


1 -f 2np 
~ 2+ 2np 


(3) 


From eqs. (2) and (3), the value of a for any values of p and n may be computed, 
and then the deflection from eq. (1). The notation employed in the above 
formulas is as follows: 

D = maximum deflection (if desired iu inches, the units specified below 
should be used). 

6 = breadth of the beam (inchc.s). 

d — depth of the beam to the center of the steel (inches). 

W = total load (pounds). 

I — span (inches). 
p = stool ratio. 

E. = modulus of elasticity of the reinforcing steel (pounds i)er square inch). 
n = ratio of the moduli of elasticity of steel and concrete. 
a = a numerical cocflicient depending on p and n. 
k = proi)ortionate depth of the neutral axis. 

Cl = the numerical coefficient in the formula for deflection of homogeneous, 
VFZ* 

beams, ci > depending on the loading and support. For example, 

for a cantilever loaded at the end, Ci = H 
for a cantilever uniformly loaded, Ci = 
for a simple beam loaded at center, Ci = Hs 
for a simple beam uniformly loaded, Ci = %si 
for a beam with fixed ends, load at the center, Ci *= Jfas 
for a beam with fixed ends, uniformly loaded, Ci = Hsi 

1 **Priiuiiples of Eeinforoed Concrete Construotion/' 3rd Edition, p. 197. 

7 
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The following are the deflection formuliis for reinforced concrete T-beams 
(referred to later): 

^ _ Cl WU n 
^ ~ E.' bd^ ' $ 


P = H[k‘ - (l 

K 


k = 


np + H 


, b' 
np+ f, 


b 

h’ 

b 

' b‘ 

■ b 




+ . (J -*;)» + 3rm(l 


4- 


01 


:e) 


+ 


in which |3 is a coefficient depending upon the steel ratio and n, and othersymbols 
as before. 


RESTRAINED AND CONTINUOUS BEAMS 


By Char. A. Ellis 


73. General Considerations.—beam is said to be fixed or restrained when, 
as shown in Figs. lOlo and b, one or both ends are built into a wall in such 
a manner that the action of external forces tends to cause no rotation of the beam 
at the fixed end, or ends, as the case may be. Comsequently, the neutral plane 
in its original position, AB, remains tangent to the elastic curve at the fixed end, 
or ends, when the beam is bent. 

Beams are often supported at several points along their length, as shown in 
Fig. 102, When the elastic, line of the deformed beam forma a continuous curve, 

with the elastic lines in two adjacent spiins, as AB 
and BC, joining at a support B in such a maimer 
that the adjacent tangents DB and BE form a 
straight lino DBE, the beam is said to be a con¬ 
tinuous beam. In some continuous beams the form 
of the structure in some of the panels is such that 



One Zndt 





(b) Conftnuoos Bcem 


Fig. 101. 


Fig. 102. 


the elastic line is not continuous over the supports but fonns a “cusp” or sharp 
point. Such beams are known as partially continuous beams. These beams are 
encountered in certain types of swing bridges. 

In the cases shown in Figs. 101 and 102, the presence of restraining moments 
which fix the ends of the beam or cause adjacent tangents to remain parallel, 
together with the unknown supporting forces, or reactions, present more unknown 
quantities than can be determined by the principles of statics. Such beams are 
said to be statically indeterminate. 

Problema in thd determination of the restraining moments and supporting 
forces may be solved by any of the general methods for deflection of beams given 
in the chapter on “Deflection of Beams” and in Appendix C. In the present 
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chapter the discussion will be confined to the solutioa by the Area Moment and 
Elastic Weight methods. 

The solution of problems in restrained and continuous beams requires ai 
expression for moment at any point in the beam. This may be obtained from 
Fig. 103o, which shoira the beam of Fig. 1015, 




Mj’iVfl-lrU., 


/%'■ 


or any span of Fig. 102, removed by cutting 
sections close to the wall or the supports. 

The end moments are shown by the arrows 
Ml and Mt. At any point distance x from 
the end of the beam, the moment may be 
expressed as the effect of the load W and 
the effect of the end moments Mi and Afj 
considered as acting independently. These 
values are shown by diagrams of Figs. 1035 
and c respectively. The values of the mo¬ 
ments are indicated on the diagrams. 

After the values of Mi and Ms have been 
determined by the methods given in the 
articles which follow, the diagrams of Figs. 

1035 and c may be combined to form the 
moment diagram of Fig. 103d. It will gen¬ 
erally be found that the end restraining 
moments are negative. The shaded areas 
show negative moments near the ends of the 
beam and positive moment near the center. 

General equations for moment at any 
point may be written in the following 
form: 

From A to V 

M, = M, + V,x 

From C to li 

M, ^ M, + Vix - W{x - m 
To determine F, take moments about H, from which 

1 , 


-d4_; 


1 











(b) 


>dTrTTTT>„ 


C- 


' M 

w /ft tnar ft - ^ 


n\ 










(S) 


Fig. 103. 


V 


UM, - Ml) + Wa - k) 


iJ^ 


( 1 ) 

( 2 ) 

(3) 


Equation (3) gives the reaction at the left end of the beam of Fig. 1015 or the 
shear at the left end of one of the spans of Fig. 102. The reaction at the right 
end of the beam is 


Vi = I (Ml - Mi) -1- Wk 


(3a) 


The shear at any point in the beam is given by the following equations: 
From A to C 

F. = -f F, (4) 

From C to B 

V.= +Vi-W .(5) 

Values of moment and shear may be determined from eqs. (1) to (6) as soon 
as Ml and Mi are known. 
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Figure 103e shows a beam supporting a uniform load and subjected to end 
moments Mi and Mi. The values of moments, shears, and reactions are as 
follows: 


M. = Ml + Vtx - 


wx‘ 

2" 


Vi = +Vi — wx 
Vi = I {Ml - Ml) + 


( 6 ) 

(7) 

( 8 ) 


and 


F. = I {Ml - Ml) + 


(9) 


74. Restrained or Fixed Beams. 

74a. Analysis by Prof. Greene’s Area-moment Method. Beam 
Fixed at One End, Free at Other End .—The beam in Fig. 104 is feed or restrained 



at A, and freely supported at B. 
Under thc.se conditions the reactions 
Ri and Ri, and the re.sisting moment 
Ml at A, present more unknown 
quantities than can be determined by 
the principles of statics, and the beam 
is statically indeterminate. The ease 
with which problems of this kind are 
solved, depends to some extent upon 
the raarmer in which the Jlf-diagrara 
is drawn, for it may be represented 
in.three ways, as showm in Figs. 1046, 
104c, or ]04d. Each case will be con¬ 
sidered separately. 

In Fig. 1046, let Mi and Mi 
represent the bending moments at A 
and C respectively. The bending 
moment at B is zero. The line AB, 
(Fig. 104a), is tangent to the elastic 
curve at A, and the tangential de¬ 
viation < at B is zero. Therefore 


or 



J^Mxdx = 0 


L 


Mxdx = 0 


Hence tlie area-moment of QVVTP, Fig. 1046 about Q is zero, or 


From .statics 
and 


Mi(:A) (4) -f Mi{&j{\Q) -t- M,(f))(14) = 0 
7Jlfi + CMj = 0 

Ml = -(540) (12) -1- 18«j 

Ml = %Hi 
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-45,360 + I 26 B 2 + 36«j = 0 
and 

El = 280 Jlf, = -1,440 

Ri = 260 1,680 

In Fig. 104c, the Af-diagram is drawn in parts; QST is the M-diagram for the 
reaction at B, and TPU is the M-diagram for the load at C. The area QST is 
positive, and the area TPU is negative. The area-moment of the total diagram 
about Q is zero. Therefore 


18Ri (9) (12) - (6,480) ( 6 ) (14) = 0 
R, = 280 

TS = 18ff j = 5,040 
PV = (^^)(5,040) = 1,680 
SU = 5,040 - 6,480 = -1,440 

In the two preceding solutions no speculation was made as to the general 
form of the elastic curve. The curve ACB, Fig. 104o, might have had any shape 
whatsoever, so long as its tangent at A passes through B. It is not always wise 
to presume upon the general form of the ela-stic curve before computations are 
made; but in the present simple case it is quite safe to assume that the curve is 
concave on the under .side near A, and concave on the upper side at C, with a 
point of contraflexure between. Hence the bending moment is negative at A, 
positive at C, and zero at an intermediate point I ; consequently the M-diagram 
may be sketched as in Fig. 104(i. In finding the area-moment, the area TIV, 
which is not a part of the diagram, can be included as positive area with QVI, 
and as negative area with TIU. 


From statics 
and 

Whence 


M2(3)(4) + M5(6)(1()) - M,(6)(14) = 0 
7Mi - OM 2 = 0 

-A/, = -(540)(12) -1- 18/fj 

M, = 6/fj 

Ri = 280 -Mi = -1,440 

Ri = 260 Mi = 1,680 


When an unknown ordinate in the Af-diagram is represented by a symbol, it 
is generally better to assume that the ordinate is positive, as in Fig. 1045. If the 
solution shows that the ordinate is negative, the M-diagram may be re-drawn if 
desirable. Frequently the M-diagram may be constructed to advantage as 
shown in Fig. 104c. 

Only two independent static equations can be written for the solution of a 
system of parallel forces. In the present problem there were three unknown 
quantities to be determined, hence one elastic equation was necessary for a 
solution. 

The beam in Fig. 105o, fixed at A and simply supported at B, carries a total 
load W, uniformly distributed. In Fig. 1055, Q2'U is the M-diagrain for the 
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It the beam were simply supported (not fixed) at A and B, the bending 
moment at C would be M 4 = *(1 - h)Pl. Therefore TSQ is the Jlf-diagram when 
the beam is not restrained at the ends by Mi and Af 2 . In a numerical problem 
tlie lH-diagram should be sketched as in Fig. 106c, and ilf 4 computed as for a 
simple beam. After the negative moments Mi and Mi have been determined, 
the trapezoid TQPU may be revolved about TQ and the diagram drawn to scale 
as shown in Fig. lOGd. 

The fixed beam in Fig. 107 supports a total load W, uniformly distributed. 
Since the loading is symmetrical, the resisting moment and reactions at B 



are the same as at A. The area TSQ is the M-diagram for a simply supported 
beam and the area TUPQ represents the resisting moment M at each end. The 
angle <#> between the tangents through A and B is zero. Consequently the area 
of the M-diagram is zero. Therefore 

M.-S 

The bending moment at the center is 

Wl _Wl ^ Wl 
8 12 24 

and the M-diagram may be drawn to scale as shown. 


lUustrativs Problem.—Tho reactions and resisting moments will bo determined for the 
fixed beam in Fig. 108o. 

From statics 

SV = (24°)W»5) “ 3.'500 

Ml = -(640) (9) -1- 24K2 + JVf, 

or 

P 5,760 -f JWi - iWi 
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The angle between the tangents through 4 and B is 

<> - 0 
or 

(W,_+K024 (S,M0)(24) 

"2 +. 2 . 

The tangential deviation at £ is 

<t - 0 

or 


( 3 , 600 )(I 5 )( 10 ) , ( 3 . 600 )( 9 )( 18 ) , 24 :M,(. 8 ) , 2 iMi( 16 ) 
2 + • 2 ■■ + '2 2 


Whence 


Mi — 2,250 
JWa — 1,350 


fli 

flj 


. 437.6 
. 202.5 


These results may be checked by the formulas given above. The ^/-diagram is drawn 
to scale in Fig. 108c. 


745. Analysis of Restrained Beams 
by Method of Elastic Weights.* 

Beam Fixed at Both Ends .—Figure 109o shows 
a beam fixed at both ends and supporting a single 
concentrated load W at a distance kl from the left 
end of the beam. In Fig. 1096 the restraining 
and supporting effect of the wall is represented by 
the moments Mi and Mt and theforces Fiand Fj. 
The directions assumed for these moments and 
forces will be taken as positive. Let ab of Fig. 
109c represent the conjugate beam for the case 
under consideration. Ijoad this conjugate beam 
with an M/MI diagram formed by combining the 
moment diagrams for simple beam effect due to 




for Given Beam 
(ff!) 


Fici. 108 . 


Fio. 109. 


the load W and the moment diagram for the effect of Mi and Ms. Let n and 
rj represent the conjugate beam reactions due to the M/EI loading. 

• By w. a 
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A necessary condition for fixed ends in a restrained beam is that the tangents 
to tiie elastic curve at the ends of the beam must have zero slope. Since the 
slope of the tangents at the ends of the given beam are zero, the shear at the ends 
of the conjugate beam must be zero. But these shears are equal to the end reac¬ 
tions for the conjugate beam. Therefore ri and rj must be equal to zero. The 
values of Mi and Ms may be determined subject to the condition that ri and rs 
are equal to zero. 

Values of ri and rs may be determined for the conditions shown in Fig. 109c. 
The moment diagram for Mi and Ms is divided into two triangles to facilitate 
the calculations. Distances to the center of gravity of the several triangles are 
shown on the figure. On placing equal to zero values of ri and rs obtained by 
writing moment equations about the ends of the beam we derive the following 
condition equations: 

2M, + Ms = -Wkl(l -k)(2- k) 

and 

Ml + 2 M 2 = - k){l + *) 

Solving these equations for Mi and Ms, we have 

Ml = -Wkld - ky 
Ms = -WknH - k) 

Equations (5) and (6) give the values of the end moments for the given beam of 
Fig. 109o. 

The supporting force or reaction .at the left end of the given beam may be 
determined from eq. (3), Art. 73, by substituting values of Mi and Ms as given 
by eqs. (5) and (6), from which 

Fi = W(1 - km + 2k) (7) 

From statics 

\\ = IF - F, = Wk\<i - 2k) (8) 

To determine the moment at any point in the given bea.m substitute values of Mi, 
Ms and Fi in eqs. (1) and (2) of Art. 73. We then have the following general 
equations for moments: 

From A to C 

M, = 1F(1 - k)^ [i(l + 2k) - kl] (9) 

From C to B 

M. = JFA;» [1(2 - fc) - (3 - 2k)x] (10) 

To determine the moment under the load W substitute x = W in eq. (9) or (10), 
from which 

Me = 2WkHil - k)^ (11) 

The moment diagram for the given beam as plotted from eqs. (9) to (11) is 
shovni in Fig. 109d. Note that the end moments, which are negative, are plotted 
below the base line ab while the positive moment at the load is plotted above the 
base line. The shaded area shows the complete moment diagram. 

From the moment diagram of Pig. 109d it can be seen that the moment is 
zero {(t two points, one on either side of the load. To locate these points, place 


(5) 

( 6 ) 
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Mx from eqs. (9) and (10) equal to zero and solve for the values of z, 
represent these values of x. From eq. (9) 

M 


Xi = 


and from eq. (10) 


1 + 2 * 


Let xi and 


( 12 ) 


®2 




(13) 


3 - 2fc 

Equations (12) and (13) locate the pmnts of inflection, or the points at which the 
moment changes from positive to negative. It can also be shown that at these 
points there is a reversal of curvature in the elastic curve of the beam. 

The deflection at any point in the given beam 
may be determined by calculating the moment 
at that point in the conjugate beam due to the 
M/EI loading. In Fig. 110 let ab represent the 
conjugate beam and let the figure adceb repre¬ 
sent the M/EI diagram taken from the moment 
diagram of Fig. lOOd. Note that the moment 
areas amd and n6e arc negative and are 
represented by forces which act upward and 
that area men is positive and is represented by 
a force which acta downward. 

To determine the general equation for deflection at a point distance x from 
the left end of the given beam, determine the moment of area adhg of Fig. 110 
about point g. On dividing this area into triangles and taking moments about 
point g, wc have 

= + JW.) 



from which finally 


W 

OF/ 


(1 - /:)» x‘[x{l + 2k) - 3M] 


(14) 


Equation (14) is the equation of the elastic curve for a point to the left of the 
load W. For a point to the right of the load and at a distance x from the left 
end of the beam, we derive 

W 

y = kHl - a:)»[(3 - 2k)x - «] (15) 

which is the equation of the elastic curve for a point to the right of the load W. 

The deflection of the given beam at the position of the load W may be deter¬ 
mined by substituting x — klm eqs. (14) or (15), or the moment area on either 
side of the load may be taken about point/. In any event we derive 

y. = gfj - *)’ ( 16 ) 

The maximum deflection in the given beam due to the load IF occurs at the 
point where the conjugate beam shear due to the load W is equal to zero. From 
Fig. 110 it can be seen that zeor shear occurs at point p which is so located that 
area nop == area nbe. Let Xa == distance from left end of beam to point of 
maximum deflection. Then 

- I -2 (I - »*) = 


( 17 ) 
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The maximum deflection may be determined by substituting from eq. (17) 
in eq. (15), or by calculating the moment area to the right of point p. Note that 
this moment area is a couple which is equal to area nop multiplied by the distance 
between the centers of gravity of the triangles nop and nhe. Performing the 
operation indicated, we derive 

y«a. z^EI(Z-2k)> ^ 

Equation (18) gives the maximum deflection of the given beam for any position 
of the load W. 

The ma-ximum deflection given by cq. (18) varies with the position of the 

load W. It can be shown that the 
greatest value of will occur at the 
beam center when the load W is placed 
at tliat point. Let A represent this 
deflection. Substituting fc = H in eq. 
(18) we have 

A 1 no^ 

which is the greatest deflection of the 
given beam. 

When the given beam supports a 
uniform load the process is similar to 
that given above. In this case the 
simple beam moment diagram is a 
parabola. Due to symmetry, the re¬ 
straining moments Wi and are 
equal. The values of moments and 
deflection for this case are given in 
Table 1, Art. 74c. 

UlustratiTe Problem.—Determino the 
end moments and reactions for the fixed 
beam shown in Fig. 111. 

Figure 1116 shows the conjugate beam loadod with the known simple beam moment 
diagram and an assumed end moment diagram. The conjugate beam reactions, rt and ri 
must equal zero. From moments about the ends of the beam 

, _ (K)(3,600)(24)(13) , /1\ (16) /1\ (S) 

■ (24) ■ ■ + (24) + (24) 

and 



(C) 

Fig. 111. 


. 0 


(>jO(.%600)(24)(11) 


(24) 

From these equations we have 


+ 


Q(ilf.)(24)^^;^ + Q 


(il4!)(24) 


( 10 ) 

(24) 


0 


M, + 0.5 Ml = -2,925 
Ml + 2.0Ml >= -4,950 

Solving for M i and Mt, we have 

Ml = -2,260 ft.-lb. 

Ml »= -1,350 ft.-Ib. 

Figure 111c shows the bending moment diagram. 

The reactions may be determined from moment equations taken about the ends of 
the beam for the eonditions shown in Fig. lllo. Noting that ilfi and Jtfi are negative 
moments, moments about the right end of the beam give 

+24Bi - (640)(16) - 2,260 + 1,360 - 0 
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from which 

Ri - 437.5 lb. 

From jjummation of vortical forces or moments about the left end of the beam 

Rz - 202,r> lb. 

Illustrative Problem.—Calculate the deflection under the load and (ho tnnximum deflec¬ 
tion for the beam of Fifi. HI. 

The deflection under the load is given hy area moments for the portion of the moment 
diagram of Fig. 11 Ic which lies to the left of point C. Whence 

w. ( 2 ) (2,250)[3.86 + ( 3 ) (5.14)] - (2)(l,087.5){3.86)Si(J) | • 

I/. - (4,010) ft. 

The maximum deflection occurs at (ho point for which the conjugate beam shear is 
zero. From Fig. 111c it can be soon that the shear is zero at a point (2)(6.67) * 13.34ft. 
to the left of point B. I’he maximum deflection, equal to the area moment about this 
point for areas to the right, is 

(3) (0.07) Q) (6.67) (1,3.50) = (4,020) ft. 

Illustrative Problem.—Calculate the end moments, reactions, and maximum deflection 
for the beam shown in Fig. 112. 



Moment Dicigreim 
for Given Becini 
fc) 

Fio. 112. 


The simple beam moment diagram is a parabola, as shown in Fig. 1126, and the end 
moment diagram is a rectangle, since from symmetry of loading, the end moments are 
equal. Placing the value of the conjugate beam reaction n equal to zero, we have 

n - (K)(^3)08.000)(12) + (H)(il/i)a2) = 0 

from which 

Ml - - 12,000 ft.-lb. 

li'igure 112 c shows the complete moment diagram. 

Since the end moments are equal, egs. ( 8 ) and (9), Art. S7, show that the imd reactions 
are equal to each other and each is equal to half the applied loud. Hence 

Rx « 7.200 lb. 
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The masimiun deflection occurs at the center of the beam due to symmetry of loading. 
It can be shown that the areas al)c and ode ate equal and that the distances between their 
centers of gravity is 3.9 ft. Hence 


h (|)(6.000)(3.47){3.9) . 


El 


j^.y(S4.100) 


Beam Fixed at One End, Free at Other End .—The beam of Fig. 113 may be 
analyzed by the methods used in the preceding article. Since the beam is freely 
supported at the left end, the moment at that point is zero. Let Mi represent 
the restraining moment at the right end of the beam. 

Figure 113c represents the conjugate beam with the M/EI loading in position. 

The simple beam effect is shown by the tri¬ 
angle ach and the effect of iWs is shown by the 
triangle abd. Since the slope of the tangent 
to the ela.stic curve at the right end of the 




I'm. 114. 


given beam is zero, the conjugate beam reaction rt must be zero. In this case ri 
is not zero, for the tangent to the elastic curve at this point is not horizontal. 
Figure llSd shows the completed moment diagram. General equations for 
moments, reactions, and equations of the elastic curve are given in Table 1, 
Art. 74c. 


niustcative Problem.—Caloulate moments, reactions, deflection under the load, and 
maximum deflecUon for the beam of Fig. 114. 

Figure 114ft showB the conjugate beam with the simple beam moment diagram in place. 
Since the right end of the given beam is freely supported, the end moment diagram is a 
triangle, as shown in Fig. 114ft. To determine Mi, place the value of rs, the left hand con¬ 
jugate beam reaction, equal to zero, whence. 


H(Afi)(18)(12) . H(2.160)(18)(8) 


liflyliMrllicli 


(18) 


(18) 


Ml - -1,440 ft-lb. 







Sec. 1-74C] 


GENERAL THEORY 


111 


The right reaction Rt may be determined from moments about point B, Fig. 114a 
from which 

18«, - (540)(12) =. - 1.440 

Honoe 

Hi = 280 Ib. 

From summation vertical forces 

i?i = 540 - fij » 260 lb. 

The momnet under the load is 

Me - 6Xi = 1,680 ft.-lb. 


Figure 114c shows the complete moment diagram. 

The deflection under the load may be determined from area moments to the right ol 
point C of Fig. 114c. In this case rs, the right hand conjugate beam reaction is not sero. 
for end A is not restrained. To determine n take moments about point B of Fig. 1145, 
using the value of Mi calculated above. The value of n is found to be 6,480, os shown on 
Fig. 114c. Hence 

y. “ [^J^(6,480)(0)-M (1,680)(0)“Q) j 
y. = (28,800) 


The maximum deflection occurs at the point whore the conjugate beam shear is soro 
I'>om Fig. IHc it can he seen that this point is located (2) (5.54) « lO.OS from the left 
end of the beam. Hence 


ytnAs — (^)(1,440)(.';.64)*(3) (20,000) 


74c. Properties of Restrained Beams.—Table 1 on pp. Ilia and 
1116 givG.s in convenient form the principal properties of the common forms of 
restrained beams. Substitution in the general formulas will give the moments, 
shears, and deflection in any desired case. 

76. Continuous Beams. 

76a. Analysis of Continuous Beams by the Area-moment Method. 

(Pro/. Greene’s Method). —Two general methods of procedure may be adopted 
in the analysis of continuous beams by this method. In the first method, which 
is known as the Conventional Method, each problem is treated as a separate case. 
The results may be expressed in general formulas or numerical values may be 
obtained for moments and reactions. The second method, which is more general 
in nature, makes use of a relation which exists between the moments at three 
consecutive supports. This relation, which is known as the Theorem of Three 
Moments, is expressed in the form of an equation. In the following articles these 
methods will be given in detail. 

766. The Conventional Mettod.—The ease with which problems may 
be solved by this method depends upon the manner in which the moment 
diagrams are drawn and the selection of the tangent for which the intercepts are 
to be determined. For convenience in solving problems, all reactions will be 
assumed to act upwards and all moments will be assumed to act in a positive 
direction. Hence a negative result indicates that the reaction or moment acts 
in a direction opposite to that assumed. 

Beam on Three Supports—Single Concentrated Ijoad. —In Fig. 115o let FO 
represent the tangent to the elafstic curve drawn through C. The elastic curve is 
not shown and no speculation with reference to its form will be made. Its slope 
is unknown; it may be positive or negative. One thing is certain. Since the:two 
spans are equal in length, the tangential deviations tj and fs are equal in magnitude. 
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Table 1.—Pbopebties op Kbbtrained Beaus 




E-i 

frf B 

SHeA/f 

\i-=-§yrf 

Deflect/om 




^^ji£5s eeAatfr 

V /Hr I 

Of Fiber Steess 
y in terms of 

y„nc. in terms of ff^, 
ym»,.-ao7ee^^' 
y^ in terms of f. 



y„„~aOOB4B^ibrM-a4£e y^.’‘0.0434^ 


Rr^iS^nY-mf 

R^’i^ei0-Ff) Po/A/r Of ifnnEcrion 

Momenrs Ro‘(i^‘) 

^irf£*ft)it-i^* /vflFA’ Stress in 

ft„-f^ft[^(3-eR)J Teems OfLoao/ns 

At fie tocKt-f7c=^e!tffe>Y/-ai^ 
t%^*0Jr4W for f)’0.37B ^ ^fffi-n'i 

At fie fi/teat emt-fi-~^(ft/tr^ OEFLEcnoN in Teems 
fyret^O.577 Of Pbfe .Sfeess 

OenEcupn , 

AtoC:y^’^[3i^e>(t)l<‘Jf/-ff)A /c ST . ^^ E t‘iItf <i 
When (^>0.4f4 nrM.y h m/^C 
y^^’nti-iifTi^)* ftf ii^)* 
C1oB:j,-^)BmtiayA:c>ir!3tM'/nk-af] 

WKnenOAtf mAX.yis inCB 
yx^M Et tr^/'^V 
IMf/ecf/bn onfifer /omfif 
yk’^’f3-eE*e(*’)ti-nref^ 

f>>''E-a4T4 

((^enfesfpossih/e ^ef/ec^hmer hem) 


R.’^ilAt RrieVr 

ftOMEnrs 

n-iw/ir 

fU‘^ri-i^i} 

/%‘£m 

OnEAES 

K‘^§IV 

PEFLECnOE 

A to C:yi~h 

Ciodyy^^’[ill(‘iei<‘*fic~i] 

y^-O.OO93l0' fm tca^AT 


fo=£^ 

fr-A^ 

PEFLEcnoN in Teems 
Of F/bee Steess 












Sec. 1-766 


mNEUAL THEORY 


Tablb 1.—Pboi’Bbtibs of Restkainbd Beams —Continued 



>,4 "* 


Deflection Diagram 





Loaoino Diagram 


Moment Diagram 


Smear Diagram 


/hr k-O 0 rrel k^/ 
= for/r~i 


ii-¥ 


SffkAk 

y='^¥ Ve-¥ 
Deflection 

PoiN.T 2 .OF tNFLECnON 
fs,~i(etm-0.eil orO.TSP 


RrliV(l-3a‘^PFp) 

R^-WpiRA-Ppi] 

Moment 

A foCMj,=m-o)fiNrae^k-e-fdP'] 

Ctod:M,-nfei‘^PT:/>-(3Ep)h.] 

ri„^.~emF'(i-Ff ptf c 

M,—mMfFpf)^ 

fi-tVfF'M 

SnEm 

A/oC:Vj,-R; CkiSiH^-Ri 
Deflect/on 
A foC 

y^ ’^^/rTl-P’)Bf’f/-pt}-fRF-&)'M] 
CfoS^ 

y„-^/p>'i3P(d/P3ll’-(4^‘*3k-Fj 
y '^'^pi’RI-fP for k’P! 
y’^r.'^^f Dckm 3^0 

Potf/Ts <3^ /p/FLecr/Of^ 


Menef: 

At center: 


tn ferms ot fiber stress ^tefTt>f 

ygik^f 

ympfX. 

in fteyrr^ of fiber stress (rf center 
yMTI “Me 




fit left G/Ttf: 

At /oerfif: i^r." 

At ri^Pt er^: t^= ^0'^fi-0}c 


irr terms offs, erf (eft encf 
1/7 terms of fiber stress crtC 

JC &CC 

ymM. 52c /5w' 

irr terms of fs. erf rmfrt e/rfit 


Deflection Dworam 


AtoC:Mjf~^{4A-/) 
CfoB:Mx=^(3-4M 
Mc-M^yTiWE 
Mr-iwe pRA cmpfB 


AtoC:P,~m 
CtoB:V,-IV . 
B£FL££im. 
AtoCyr^RT3-4k)' 
CfoS:y„-^t4k’-3k‘tGk-l) 

>« f°F P~i 


Absowtf Maximum Values 
Moment 

M,(Fb2mFxrPiWf tor 0'--i 
k!jitbs.inpn(.)-TAWt for 
Mc(iA:a.mm.)--^iVl fbrF-f 

Pefuptiqn^ 
ymnr.''ih^ for PI-f 


Fise/r SrFFss fN 
Terms Of Loadinb 
AfAFmFS:t--^t^ 

AfC:f„„.-i¥‘ 













112 STRUCTURAL MEMBERS ANR CONNECTIONS IS«c. l-7to 

They have opposite signs, since one is measured above the line AB and the other 
below it. Hence U = —h. Kguras 1166, c, and d show three methods of drawing 
the moment diagrams. All ordinates will be assumed as positive. 

In Fig. 1156, all moments are expressed in terms of the end reactions. The 
bending moment is known only at A and B. At these points the moment is zero 
since the beam is assumed to be freely supported at the ends. We then have 

Elh = 12ff,(6)(8) + 12«,(9)(18) + 30«3(9)(24) 
and 

EIU = 30/f3(16)(20) 

4 But 

i fi — — ti 

Whence 

77?. = -43ft, (a) 

I'rom statics 
30ft, - 180 = 30ft, 

Wlience 

ft, = ft, + 6 (b) 

From (a) and (b) 

ft, = 5.16 Ib. 
ft, = 5.(58 lb. 
ft, = -0.84 11). 

From stiitics, the moment at point C is 
H/c = soft, = -25.2 in .-lb. 

The complete momeut diagram is 
shown in Fig. 115c. 

In Fig. 115c, the M-dlagrams for 
the load at D.and for the reaction at C 
are sketched separately. PQV is the 
M-diagram when the center reaction is removed and AB considered as a simple 
beam, supporting the load at H. ftt/F is the M-diagram when the load at /> is 
removed, and A B considered as a simple beam held in equilibrium by the forces at 
A, B, and C. 

From area-moments about P and V we have 



Elh = (96)(6)(8) -f (9(5)(9)(18) + (60)(9)(24) + M(15)(20) 

and 

Elt, = (60)(15)(20) -I- M(15)(20) 

But 


Therefore 

The bending moment at C is 


t\ — —ti 

M = —85.2 in.-lb. 


Me = SU = 60 -h M = —25.2 in.-lb. 
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To detemine the reactions note that moments about C taken for forces on 
either side of this point must equal M„. Hence, for the section to the left of C, 

30Ri - (10)(18) = Me = -25.2 
and 

12, = 5.16 lb. 

Also, for the section to the right of C, 

softs = Me = -25.2 

and 

fts = -0.84 lb. 

Placing a summation of vertical forces equal to zero, to determine ftj, we have 

lil fts “f" fts — 10 

from which 

fts =-• 5.681b. 

The value of fts may also be determined from a moment equation about points 
A or ft. 

In Fig. 115d, the iVf-diagram is drawn by first considering that AC and CB 
are .simple beams, i.c., by assuming no continuity and no bending moment at 
C. Thus PQH is the .If-diagram for the simple beam AC supporting 10 lb. at D. 
There is no corresponding diagram for CB, since there is no load in that span. 
The area PUV is then added to provide for the bending moment on account of 
continuity at C. 

Elh - (72)(6)(8) 4- (72)(9)(18) + Mc(15)(20) 

EJU. = .'lfc(15)(20) 
t, = — ts 

Whence 

Me = —25.2 as before. 


After the reactions have been determined, the Imnding moments at C and 
D, and the deflection at any point may be computed. Figure 115e shows the 
completed moment diagram. The 

elastic curve when drawn wiU have the J 

general configuration shown in Fig. 116. ■ 

The general expressions for fti, R^, *■ ' 

and fts will now be developed in con- --,,--. 

noction with Fig. 116. Let the tangent 
to the elastic cun'e be drawn through 

C and let <i and <2 represent the ——-—^ 

tangential deviations at A and ft re- m 

spectively. Then, from area-moments 

about A and ft, we have F’o- i lO- 

ft/fi = Pfc(l - U)l [W, + 2 (l - *)li] + h) 

= 6' (* - fc’) + 3 
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From similar triangles wo have the projKirtion 

ti ! “ti ' ill 1I2 

Whence 

till — tj.1 

Therefore 


M = - 


Ph^ik - fc») 
''2(li+h) 


( 1 ) 


The values of the reactions may be determined by statics as in the problem 
given above, whence 

|> _ p/i r.\ Pli(k k^) . . 

Ri=P{l-k)- (2) 

R2 = Pk+ (3) 

Pli‘{k - k‘) 

2{li + 

Since k is less than unity, k-k^ is positive; hence M is a negative bending 
moment, and R 3 is a negative reaction acting downward. 

When the two spans are of equal length I, the reactions are 


R,= - 


(4) 


Ri = 4 (*=■ 


R 2 

Rz 


5k+ 4) 
{-2k^ + 6fc) 
{k4 - k) 


(5) 

(b) 

(7) 


Beam on Three Supports—Uniform Loads .—In Fig. 117a the parabola PQS 
is the Jl/-diagram, when AC i.s considered as a siinple beam, and the parabola 
STV is the ill-diagram w'hen CIS is considered as a simple beam. The triangle 

PUV i.s added to represent the bending 
moment on account of the continuity. 



through C, and I, ami <2 represent the tan¬ 
gential deviations at A and IS re.spe(!tivcly, 
then 

Elt, = (1,S,000)(12)(?3)(1)) -P .W(t))(8) 

= 8(14,000 + 4S.W 

Klh = (S1,000)(I8)(2^)(9) + M(Q)(.12) 

= 8,748,000 + 108A/ 

3«i = -2h 
M = -55,800 

The JIf-diagram may now be drawn to scale as shown in Fig. 1176. From 
statics 

-55,800 = \2Jii - (12,000)(fi) = 18/fa - (36,000)(9) 

Ri = 1,350 
Rz = 31,750 
Ri = 14,000 
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The general expressions for Ri and Rt, and JBa for a continuous beam of two 
unequal spans /i and fz, supporting unequal uniform loads uoi and wi per unit 
of length, will now be developed in connection with Fig. 118. The M-diagram 
is drawn as in the preceding problem. If the tangent to the elastic curve is 
drawn through C, and ii and h represent the tangential deviations at A and 
B respectively, then 

w\l\* , Mli^ 

^ 24 + 


Elh - 


wjiA 

24 +‘*3 


Wilt’’ 1- 

"9~{h + U) J 


(S) 



1 mSOOOfb. 

tooo/t miOOOlb 

“e 


V. 




fe*) 

__ 

/ 9t,00L 


(bi 


—■— 7 c) 


Fio no. 


Wlicn the spans are equal in longtli I and the uniform load w per unit of length 
is the same in both spans, eq. (8) rcdu(!e.s to 


Beam on Three f!iippnrtis—Bpccial Cases .—^IVhou a continuous beam supports 
a combination of uniform and concentrated load.s, it will be found expedient to 
sketch the Af-diagram in parts as shown in Fig. 119. The portion (a) is the M- 
diagram for the concentrated loads when no continuity is considered at C; and 
the portion (6) is a similar diagram for the uniform loads. The continuity is 
provided for by the portion (c). If the tangent to the elastic curve is drawn 
through C, and fi and <• represent the tangential deviations at A and B, then 

Elti = (9,000)(6)(6) + (18,000)(12)(?3)((i) + 

= 1,188,000 -f 48M 

Elh = (6,000)(3)(4) + (6,000)(6)(9) + (6,000)(3)(1 ) + (81,000)(1S)(?^) 

(9) -h Jl/(9)(12) 

= 9,390,000 -I- 108Af 
3ti = —212 
M = -02,100 

The reactions may now be determined by the principles of statics. 
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The value of Af may also be determined from eqa. (1) and (8). Equation (1) 
is applicable to the concentrated loads. Eor the load at 'H, P 3|000, h “ 
ii = 12, and h =“ 18. Hence 

(.3,000) (144)(H-H). 


M = - 


-2,700 


2(12 + 18) 

For the load tA F,P = 1,000, k = h = 18, and h = 12. 
Hence 

_ (1,000) (.324)(H - H7)_ (ioo 

M --2(12 + 18)- 

For the load at E, P = 1,000, k = %, Zi = 18, and h = 12. 
Hence 

M = 


(_M00) (.324) (?^-_%,_)_ _ 
2(12 -1- 18) 


M = - 


-55,800 


Hence the bending moment at C, due to the three concentrated loads is 
Af = -2,700 - 1,600 - 2,000 = -6,300 
Equation (8) is applicable to the uniform loads, where Wi = 1,000, «'« = 
2,000, U = 12, and h — 18. Hence 

(l,00q)(12») -1- (2,000)(18’) 

'8(12 -1-18) 

which agrees with the bending moment at C for the beam in Fig. 117. The total 
bending moment at C for the combined uniform and concentrated loads is 
Af = -6,300 - 55,800 = -62,100 
as previously determined. 

The continuous beam in Fig. 120 supports a uniform load of 1,000 lb. per foot 
_ __ over a p,art of the span AC. The area 





Fia. 120. 


PQSTW is the A/-diagram, when AC 
is considered as a simple span. Let 
the tangent to the elastic curve be 
drawn through C, and let L and h rep¬ 
resent the tangential deviations at A 
and B respectively. In linding the 
area-moment of PQSTW about P, the 
parabolic area QST is encountered. 
This area has all the properties of the 
area Q'S'T', which is the Af-diagram for a simple beam 12 ft. long supporting a 
uniform load of 1,000 lb. per foot over its entire length; hence the area-moment 
of PQSTIF about P may be found as follows; 

Area. PQN (43,200) (3) (4) = 518,400 

QNO (43,200)(6)(10) = 2,.592,000 
QTO (67,600)(6)(14) = 4,838,400 
TOW (57,600)(6)(22) = 7,603,200 
1 70c non 

Q8T (iM00)(12)(?;0(12)=^;280;006 

Elti = 17,280,000 + Af (1.5)(20) 

Elh = Af (30) (40) 

M - -19,200 
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The reacti(»8 are statacally. determinate when M is known. The value of 
M may also be determined by the use of eq. (1) in which P is a concentrated load 
iit the distance fell from A , In the iwcsent case lot P represent the weight of an 
element of length dkh at the distance fell from A. Then 
P = 1,000 


Whence 


dM == - 


2{h+l,) 


The value of M may be found by integrating between the limits k — 0.2 and k » 
0.6, hence 


M 


= -f 

JO.2 


' ( 1 , 000 )(.? 0 “) 

2(30 + 00 ) 


(k - k’)dk 


= -19,200 


Beam on Fow Supports .—The beam 
ports. Two elastic equations are re¬ 
quired, in addition to the two static 
equations which may be written, for 
the determination of Ri, R^, Rz, and 
Rt. Let <1 and tz represent the tan¬ 
gential deviations at A and D, for the 
tangent to the elastic curve at C; and 
let <2 and tz represent the tangential 
deviations at C and B, for the tangent 
to the elastic curve at D. Then 


in Fig. 121 is continuous over four sup- 



and 


ail — —la 
la = —Ola 


PQW is the M-diagram when AC is eomsidered as a simple span, to which the 
diagram PUSV is added to jirovide for continuity. 

Elti = Pfc(l - fe)l) 2 l)^ [fel -I- 3(1 - fe)l ] -h > 1.(2 060 

Elk = Ml (2 al ) (3 ol) + Ma (2 (tl ) (3 ol) 

«= V (2^1 + M 2 ) 

6 

p/i2=i>/.6«06“0+^4''^)6“0 

= Y* (ilfi -f- 2Ma) 


Ml 

Mi 


-2Pl{k - fc“)(a + 1) 
3a» + 8 a + 4 ' 

Pl(k - k^)a 
3a« + 8 a + 4 


Whence 




118 


STRUCTURAL MEMBERS AND CONNECTIONS fSee. l-76c 


• To determine the reactions, note that the moment! to the right or left of any 
support is equal to the moment at that support, as given above. We then have 

2P{k - k^)(a + 1) _ P{k - fc=)(o* + 3o + 2) 

3a’* + 8 a+ 4 ’ 


B, = P(l -k)-- 


Rt = Fk + 


P{k - k^)(2a^ + 5a + 2) 


Bi 


+ .j 


(30** + 8 o + 4)o 
P(k - k>)a 



(3o“ + 8 a + 4)a *- ' Sa* + 8 o + 4 

76c. The Theorem of Three Moments. Areq-Moineni Method .— 
This theorem establislies a relation between the bending moments at any three 
.r,» eBra - consecutive supports of abeam. In 

a , ■*—K- pjg 222 Jet und h represent the 

lengths of two adjacent spans which 
support uniform loads of Wi and wj 
per unit of length respectively. Let 
Mo, Ml, and Ms rejwescnt the bend¬ 
ing moments at the three supix)rts, 
and let F and It represent the mo¬ 
ments of inertia of the cross-scction.s of the two spans. Let the tangent to the 
elastic curve be drawn through the middle supjxirt and let to and h represent 
the tangential deviations at the left and right supports respectively. Prom 
moment areas about imiuts 0 and 2 , we have 

EI,t. = f'-f)(“ l,)(l h) + Mo (J 1,)(; li) -h .Ml li)g li) 

EU. = (“f )(^')(2'0 + (2 ^ 0(^0 + 

_ , Myls^ , M2I2* 

■" 24 ■ “3 “ (i ' 


Prom similar triangles 


tola — — lali 


Whence 




1 / IP , ip\ 


( 10 ) 


Kquation ( 10 ) is the general equation 
for the Theorem of Three Moments for 
uniform loads. 

When the continuous beam supports 
concentrated loads IF and IF 2 as shown 
in Fig. 123, the parabolic simple beam 
moment diagrams are replaced by tri- 

angij||i^ moment diagrams. By a process similar to the one given above, we 
ded 
Moll 



~-t-#M 




+ 


^ ^ ky{l - kP)lP 

1% 


W. 


(11) 

i2 
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Equation (11) is the general equation for the Theorem of Three Moments for 
concentrated loads. 

When several loads are included on any span a term must be added to the 
right hand side of eq. (11) to account for each load. 

To determine the moments at the supports of a continuous beam by means of 
the Theorem of Three Moments, eq. (10) or (11) must be written for pairs of adja¬ 
cent spans beginning at one end of the beam. Thus in Fig. 124 apply the Theorem 
of Three Moments to spans 1 and 2; then to spans 2 and 3; and finally to spans 
3 and 4. In this manner three independent equations are derived. 

t t \ n 1 1 ! 

15 Ic 

S/fmrr / | Spmn ^ | 5p»rt $ | Sppn 4 



I'm. 124. 


Fifj. 12.5. 


From Fig. 124 it can be seen that there are five unknown moments to be 
determined. However, it is generally pos.sible from the conditions of the problem 
to determine values of the moments at the two ends of the span. The number of 
unknowns may then be reduced, becoming equal to the number of condition equa- 
t.ions derived by the application of the Theorem of Three Moments. 

As stated above, the moments at the, end supports may be determined from 
the con<litious of the problem. If the beam is freely supported at the ends, the 
moments at those points are zero. 'When one or both ends overhang the end 
supiwrt, as shown in h’ig. 125, t he end moments 
are determined as for a cantilever beam of the 
same dimensions. If one end of the beam is 
fixed, a; .shown in Fig. 126, the moment at yl 
may bo determined bj' assuming the conditions 
of restraint to be replaced by a .span of zero 
length with a free .support at the ouh;r (Uid of 
this span. On applying the Theorem of Three 
Moments to the given spans and the span of 
zero length, the moment at A is readily 
determined. 

The reactions at the supports may be determined by the jirinciplcs of statics 
as soon as the moments at the supports are known. Similar solutions are given 
in the preceding article. 

lUastrative Problem.—Dotormine the niomoat at tho center support of the beam shown 
in Fig. 115, p. 112, using the Theorem of Three Moments. 

Since the beam carries a coiiccntratcd load, eq. (11) is to bo used. When the moment 
of inertia of the beam is constant, h = / 2 . Since I appears in the denominator of each 
term, it divides out. For the conditions shown, il/i and Jlfa are zero and k = ” 0.4. 

Substituting in eq. (11) wo have 

i20.Wj = -(io)(o.4,)(i - o.4q(:to)* -= - 3,024 

from which 

Ml = -2.5.2 in.-lb. 

The reactions may be determined by statics, as in tho discussion given on p. 113. 

niustrative Problem.—Determine the moment at tho center support of the beam of 
Fig. 119, p. 115, using the Theorem of Three Moments. Calculate the reactions due to 
the given loading. 
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Since the beam carries both uniform and concentrated loads, eqs. (10) and (11) may be 
and written in the following form. Noting that /i - /j for uniform cross-sec¬ 
tion, we have 

Jlfufi + 2Mdh + h) + Mth ~ — i'i (u>tlt’ + urja’) — Wih(l — 

- jrj*.(l - k,H2 - *,)!»•. 

For the conditions shown in Fig. 119, the several terms have the following values: Mo - 0; 
Ml =- 0-. Mi = M(j: li •= 12; li = 18; tci =- 1,000; v» =■ 2,000; IFi = 3,000; IFj •= l,000i 
ki = 0.6; ka ~ 3*3 and 3^. 

Substituting tliese values in the above OQuation, we have 
eOJI/c >= - Ji((l,000)(12)» -1- (2,000) (18)"] - (3,000) (H) (1 - 3i) (12)* 

- (1,000) (}i) (%) (%) (18)* - l,tX)0 (H) (H) ^H) (18)* 

from which finally 

Me = -62,100 ft.-ib. 

To determine the reactions, note that the moment of forces to the left of the center 
support must equal Mc> We then have 

12Ha - (3,000)(6) - (12,U00)(0) -62,100 

from which 

Ra = 2,32.'i lb. 

A moment equation for forces to the right of the center support gives 
Xmn - 1,000(6 + 12J - (36,000)(9) « -62,100 

from which 

lilt «= 15,5r>0 Ib. 

From a summation of vertical forces, 

Ha + Rb 4- Rc “= 3,000 H 12,000 + (2)(1,000) + 36,000 
Solving for Rc we have, 

Rc “ 35,12.'i ll>. 

I S 40 /b. , Illustrative Problem. — Determine the moment 

at the loft end of tho beam of Fig. 114, p. 110, 
using the Theorem of Three Moments. 

Figure 127a shows the given l>eum, restrained 
at the left end and freely supported at the right 
end. In Fig. 1276, the given beam is modified 
by substituting for the wall, a span of zero length. 
I^et Mdy Ml and Mi l>c the moments at the several 
supports. From the conditions of the problem, 
A/i = 0. Assume the beam freely supported at 
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Ha, from which Mo =« 0. Applying oq. (ID, noting that the several terms have the values 
Mo « 0, Mj*0,/i « 0,h =18, Wi = 0, Wi « 540, ki = 0, Aa = = H, and/i =/», 

we have 

(2)(JW'i)(18) = - (540) (H) (1 - h) “ ?3) (18)* 

from which 

Ml = -1,440 

This agrees with the result obtained on p. 110. 

IQustratiye Problem.—Determine the moments and reactions at tho supports of the 
continuous beam shown in Fig. 128. Assume uniform moment of inertia. 

Successive applieatuin of the T'heorem of Three Moments as given by eqs. 10) and (11) 
to pairs of adjacent spans gives the following independent equations: 

20itf-i + GOjWj + lOAf, = -(H) (l,000)(20)' - (10,000) (H) (H) :%) (10)» 

lOitfi + iOM, + lOJf. - -(10,000) (H) (1 - H) (10)* - (H) (600)(10)» 
soil/, + 40Af, + lOilf, - -(W (600)(10)» - (H) (1,200)(10)> 
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Tbe left end of the beam of Fig. 12S forms a cantilever. Hence Mt « —(1,000)00) = 
—10,000 ft.-lb. Since the right end of the beam ie freely supported, Jlfs “ 0. Keducing 
the above condiuon equations to their simplest form, we have 
Mt + 0.167 A/a = -36,250 
Ml + QM, + 2M, » -62,500 
M, + 3M, = -45,000 

On solving these simultaneous equations, the values of the moments are found to be 
Ml = -10,000 Ml = -.35,830 

Ml = -1,446 M, = -10,890 

Mi =0 

All values are given in foot pounds. 

The reactions may be determined from the condition that the summation of moments 
to the right or left of any support must bo equal to the moment given aliove. To deter¬ 
mine El, take moments about point 2, Fig. 128, for the forces to the left, from which 
+20fii - <1,000)(20 -I- 10) - (1,000)(20)(10) = A/a = -35,830 
Solving for Bi, we have Ei == 9,800 lb. 

The other reactions may be determined in a similar manner. In determining Ei and 
Ba, it will be found best to take moments for forces to the right of points 4 and 3. This 
will effect a considerable reduction in the work required. The reactions determined by 
this process are as follows 

El = 9,710 El = 19,730 

B> = 3,620 El ~ 11,030 

B 6 = 4,910 

All values are in pounds. 
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75d. General Methods for Determination of Reactions in Continu¬ 
ous Beams.—-The reactions for continuous beams may be determined directly 
by means of the princiides of statics. This 
method of determining reactions ha-s been adopted 
in the preceding articles. The reactions may also 
be determined from general formulas expressed 
in terms of the moments at the supports. The 
determination of reactions by formulas has some 
advantages over a solution by means of the prin¬ 
ciples of statics. Thus when a formula is used 
any reaction may be determined without reference 
to the reaction at any other support. When the 
principles of statics .are used, the value of any 
reaction is dependent on the reactions at other 
supports. Errors made in the determination of 
any reaction therefore affect the values of reac¬ 
tions at other supimrts. 

A general formula for reactions will now be derived for the conditions shown 
in Fig. 129a. Let the lengths of two adjacent spans be U and h and let wi and Wi 
be the loads per foot on those spans. Figure 1296 and c show the two spans 
removed and all external forces shown in position. The reaction Rj at tbe junction 
of the two spans is 

Ri = V’l -t- V", 

On substituting in this equation values of V'l and F"i determined from eqs. (3 
and (3o) of Art. 73, modified to fit the conidtions of Fig. 129, we have 



P (Mo - Ml) , (Ml - Ml) , wih 

= j - - + - - • +2 


, Will 

+ T 


(12 
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Equation (12) is a general formula for reactions for uniform loads. When the 
beam supports conceiitnited loads, as shown in Fig. 129d, the general formula 
becomes 


Ri = 


{Mo - MO , {Mo - MO 


+ 


h 


+ WJci + Wo{\ - ko) 


(13) 


On substituting in eqs. (12) and (13), the sign of the moment as determined from 
the Theorem of Three Moments must also be taken into account. 

The reactions at end supports in a continuous beam may be determined 
directly from eqs. (3) and (3o) of Art. 73, modified to fit the conditions of Fig. 
129. If Ro represents the left end reaction, we have, for uniform loads. 


Ro 


.M, - ilfo , 

; " 1 “ 


to if, 
2 


(14) 


and for concentrated loads 



Mo 


+ 


(15) 


If Ro represents a right end reaction, wo have, for uniform loads, 

Ro ■- 

Mid for concentrated loads 


, Ml — Mo , v>olo 
U +2 


Ro = + IFod - hO 

h 


(16) 

(17) 


lUustrative'Problem.—Dotermino the rea<5tion8 for the beam of Fig. 119, p. 115, using 
eqs. (12) and (13) and the moments calculated on p. 120. 

The moment at the center support is Me *= —62,000 ft.4b. This moment is repre¬ 
sented by M\ in eqs. (12) and (13). Since the ends of the beam are freely supported, Mf> 
and Afa are equal to zero. To determine the reaction at the centner support of Fig. 119, 
eqs. (12) and (13) may be combined and written in the form 


Ml 




h 2 2 


-b W\k\ 


+ W-M 


- k,) 


The several terms of this equation have the following values: A/i ~Mc =* —62,100, trj « 
1,(X)0. ws = 2,000, Ti'i « .3,000, = 1,000, bi = 0.5, k-z ^ H and ?.<, h = 12, h >= IS. 

Substituting those values in the above equation, wc have 

He; “ +^*"’y”-+('d(].0()0)(12J +(l.j)(2,00())(lS) + (.2,000)(>i) 

-I (l.OOOKSa) + (1,000)(H) 

from which 

He = 35,125 lb. 

The reaction at the left end of the beam may bo detenuinod by combining eqs. (14) 
and (15), noting that Afo 0. Thus 
ri‘> 100 

lU + (b2)(1.000)(12) + (3,000)(H) - 2,325 1b 


To determine the reaction at the right end of the beam, combine oqs. (16) and (17), noting 
that Afa = 0, thus, 

n„ + (H>(2.000)(18) + (1.000)(?^) + Cl,000)(Vs) = 15,550 lb. 


76c. The Theorem of Three Moments, Effect of Settlement of 
Supports on Moments and Reactions.—The formulas of the preceding articles 
are based on the assumption that the supports for the beam are rigid. If, due to 
any cause, the relative elevation of the supports is changed after the beam is 
placed in position, the relation between the intercepts to and f, stated in Art. 76e 
must be modified to meet the actual conditions. 
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Ill Fig. 130 let A, B, and C show the original position of three consecutive 
supports of a continuous beam. Due to settlement of supports, the.se points 
take the positions shown at a, b, and c respectively. Ijct ho, h, and ho respectively 
represent the actual settlement of each support. At point b draw fbd tangent to 
the ela.stic curve. Also, connect points b and c by a straight line and produce 
this line to an intersection at e with the vertical 
through point a. The distance ae shows the 
effect of settlement of supports on the position 
of point a. If the scttieincnt of supports is 
proportional, or equal, ae will be zero and 
settlement will have no effect on the momenta 
or reaction.s. 

For the conditions shown in Fig. 130, we have 

ef _ dc 

li lo 



I'lo. ISO. 


But ej = U — ae and dc = to, where U and h have the values given in Art. 76c. 
I'Toni similar triangles in Fig. 130 it can be shown that 

ae = Qi, - ho) + (111 - hj'- 

It 

On substituting in the above eipiation, the value of ae and values of to and It 
as given in Art. 75c, we derive finally, 

For concentrated load.s 


MJ, + 2.1/,(1, + to) + Mth = -Ififc.d - - Wd:tn - kt){2 - kt)lt* 

- 6A7(*" “ (18) 

For iiniffirni loads 

Mof, + 21/,((, + U] + hi-It = - MCic.f,’ + - ()K/(*""-2 + (19) 


Equations (IS) ami (10) give the Theorem of Three Moments for a beam of uni¬ 
form moment of inertia I when settlement of tiie supports has taken place. 


IKuetrative Problem.—A 15-in. 42.9-lh. I-lxiam sujiported at three points 20 ft. apart 
forms a two-span continuous girder supt>orUng a uniform load of 1,500 lb. per ft. Lovola 
taken at the supports show that settlement of the 8upi>orts has caused the following changes 
in elevation: loft .support 0.010 ft.; center support 0.020 ft.; right support 0.015 ft. Deter¬ 
mine the change in moment at ilie center support due to settlement. 

The rciiuired moment may be dolormined from eq. (19). Since the beam is freely 
supported at the ends, Mq and Afa are zero. The terms in eq. (19) have the following 
values: h = h = 20 ft., 7/:i = t/js == 1,500 lb., E — 30,000,000 lb. per sq. in,; I = 441.8 
in.^, hn - 0.010, hi »* 0.030, and As = 0.015. Substituting these values in eq. (19), 
noting that B and I must be reduced to foot units, wc have 


SOMi - - (|)( 1.500) (20) *(2) 

- (0X30,000.000)(144) (*? **^® 

Ml « -02,100 ft.-lb. 


- 0.030 0.035 

20 ^ ■ . 20 


0.030) 


from wMch 


For a similar beam on rigid supports, the center moment is ^fl = —75,000 ft.-lb. Settle¬ 
ment of supports has decreased the center moment 16 por cent. It is to bo noted that the 
positive moments will be increased to comt>ensate for the decrease in center moment. * If 
in any case, the center moment is entirely relieved, the beam becomes a simple beam with 
positive moment at all points. 
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76/. Continuous Girders on Elastic Supports.—^When a oontinuoua 
girder is supported by posts or columns the relative elevations of the several sup¬ 
ports may be effected by the distortion of these members. These changes in 

elevation have the same effect on moments and 
reactions as a settlement of the supports. 

Figure 131 shows two adjacent spans of a 
continuous beam supported by columns of 
height Ho, Hi and H^ whose areas are Ao, 
Ai, and At. Let Ro, Ri, and Ri represent the 
final values of the stresses in these columns, or 
the reactions at the several points. For the con¬ 
ditions shown in Fig. 131, the deformation of the 



several supports is 


_ RoIIo 

AoEo 


_ RiH, RiH, 

- AiEi “ A tEt 


where Eo, Ei, and Et denote the modulii of elasticity of the material composing 
the several columns. These deformations may be considered as settlements of 
the supports. On substituting these values in eqs. (18) and (19), we have 
For concentrated loads 


MJii -f- 2Mi(Zi -f- la) -\- Mit 


for uniform loads 


6 F/ 


lFiifei(l - 

RiHo RiHi 


.liAoEo liltAiEi 


(ll -t- la) + 


ht){2 - ktW 
RJt 


ItAJS 




( 20 ) 


MJ,i + 2Mi(li + h) + Mala - - (u>,l.» + Wala’) 


— l\FT r (I _L / 1 4. RiHt I . 

liiAoEo hhAiE ^^ MaFjJ 


Equations (20) and (21) give the Theorem of Three Moments for a continuous 
beam of uniform moment of inertia when the beam is placed on elastic supports. 
These equations are written in terms of the moments and reactions at the several 
supports. Values of the reactions, as given by eqs. (16) or (17), may be sub¬ 
stituted in the above equations if desired. However, the resulting equations are 
very cumbersome. An application of the above equations to a problem is given 
below. 


lUuBtrative Problem.—Calculate the moment at the center support and the reactions 
for the continuous beam shown in Fig. 132. 

Since the columns shown in Fig. 132 are relatively small, deflection under load may bo 
expected and the supports considered as elastic. For 
the conditions shown in Fig. 132, the terms in eq. (21) 
have the following values: u>, » ws ~ 2,400 lb. per ft., 

Zi « ia «= 12 ft. «= 120 in., ffo = ffi “ ifa = 8' — A” « 

100 in., Ao » .dt - = 6 sq. in., I ■= 122.1 in.^ E = 

Eo El — Eo •= 30,000,000 lb. per sq. in.. Mo and Ms 
are zero. Substituting these values in eq. (21), using 
inch unite, and reducing the resulting expression to its 
aimplost form, noting that Ro and Ro are equal because of 
symmetry of loading, we have Anally 

Ml - -360,000 - 0.424(flo - Ki) 

The nieictibns may be determined by placing moments about the center support equ^ to 
Ml. Tliwt, using inch units, moments to the left of Ri gives 

X20«. - 1,440,000 - Ml - -360,000 - 0 4248. + 0.424«i 


Ibtml /omT t-tfmm 


'^OOm.par ft-. t’lee.lm.*. 



SAmN co/omnt 


i 

i 

■Artrm-e»firC‘* 
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Rt - 0.00352fii - 8,960 

Flaoing summation of vertical forces equal to sero, we have 
«o + 0.5Si - 24,000 

Solvint; these equations 

Ri - 29,830 Ib. » 9,085 lb 

The moment at the center support is 

Ml = 29,250 ft.-lb. - 351,000 in.-lb. 

For a beam on rigid supports, we find Jlfi = 30,000 ft.-lb. — 360,000 in.-lb.; Bi •• 30,000 
lb. and Rt » 9,000 lb. 


hT It 1. ^ 


Sptw^ 


76$r. Analysis of Continuous Beams by the Method of Elastic 
Weights.*—^To analyze a continuous beam by the method of Elastic Weights, 
consider the several spans as independent 
beams restrained at the ends by the mo¬ 
ments which exist at the supports of the 
continuous beam. Since the tangents to 
the elastic curves for these restrained 
beams which meet at any support must 
have the same .slope, the M/El loads for 
adj.acent spans are connected by the rela¬ 
tion that the conjugate beam shears for 
the ends of beams meeting at any support 
must be equal. 

Figure 133 shows any two adjacent 
spans in a continuous beam, and Figs. 

133 (ft) and (c) show the conjugate beam 
and its loading for these spans. At any support as 1, the conjugate beam end 
shears must be equal, that is r'l = r"i. For the conditions shown in Fig. 133ft 



Spttrt / 

Conjuq^ie Be«m 
tb) 

Fio. 133. 


r', = IWikiliil - ifcoQd + ki) -b g JIf.l. -f JMoIi 


and 


r 1 


ki) -b g Af ilz -b g ilfsfs 


Equating these values, as indicated above, we derive finally 
Mdi -b 2Mi {h -b li) -b Mjii = - Wiki (1 - ft,*) 1,* - WJti (1 


ki) (2 -ki) 


which is the Theorem of Three Moments for beam of uniform cross section under 
concentrated loads. 

On comparing the analysis given above writh the similar solution given in Art. 
76c, using the Area Moment Method, it will be found that the operations in the two 
methods arc practically identical. The same fact will be noted on comparing 
numerical problems. Since the two methods are similar, the solutions given in 
the preceding articles will answer for both methods. 

7£ft. Coefficients for Moments and Reactions for Continuous Beams. 
The solution of prob ems in continuous beams Is greatly facilitated by the use 
of coefficients for moments and reactions at ihe supports. These will be given 
for beams carrying uniform and concentrated loads. 

Uniform Loads .—Figures 1.34A and 134B give the coefficients for moments 
and reactions in continuous beams over several supports due to a uniform load. 

‘ By W, 8 . Ewhb. 
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The values to the left and right of any support in Fig. 134^4 represent the 
shears at these points and the sum of these shears represents the total reaction 
at any support. 

» g 

cU 5T5 Vtg 

6 8 8 


OU 4^0 

to to /o to 

12 3 4 

g?// t7\/S /SVS tS '\/7 

28 28 28 26 28 

t Z a .4 5 

oi/V 28^20 /B\t9 tsftT Is^O 

88 36 3$ 88 28 88 

ci*t €8^33 49t.r/ ^£^83 'TT] 0 

toa t04 tff4 t04 /<M f04 t04 

8€'\7£ 67\-^ ^Tpivt 7t^72 70^87 ^i}d6 ^tO 

t42 /4?. /42 t42 t4-2 t4-2 142 142 

Fig. 134.4.—Shears in continuous beams; supported ends; uniform loads ou all spans; spans 
all equal. Coefficients of (wl)* 



Fio. 134£.—Moments in continuous beams; supported ends; uniform load on all spans; 
spans all equal. Coefficients of (wl^). 

UlustrfttiTe Problem.—Determine the moment and reaction at the second support from 
the left end of a continuous beam of five spans of 10 ft. each due to a uniform load of 1.000 
lb. per ft. 

On the diagram for the 6ve span beam, the moment at the second support is — 0.10,5 
wl* and the reaction is (23 + 20) wl. Hence — (0.105) (1,000)(100) = *“ 10,600 
£t.-lb. andH - (Hs) (43)(1,000)(10) = 11.320 lb. 

Concentraied Loads .—Coefficients for reactions for concentrated loads will be 
given only for a beam continuous over two equal spans carrying a single load on 
one of the spans. To fix the position of the load, it will bo assumed that the span 
is divided into a varying number of equal panels. Coefficients will be given for 
ea<9i load position. If desired, similar tables may be calculated for beams con- 
'taiifi^ a greater number of spans. 
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llEACTlONS KOB A TwcMiPAN CONTINUOUS BeaM 

(lOOO-lb. load on l«ft hand span) 

]<-kl *\l000 

/?/ Rz Rg 


Number of pannln | Values of k 

1 

n. 

i 

- 


; 4(m.25 

\ fisT..*; 

- 93.75 


Vn 

1 51)2. n 

i 481.5 

- 74.1 

3 


1 240.7 

! 851.9 

- 92.0 



J 833 3 

1.333.4 

-106.7 



! 091.4 

307.2 

- 58.0 



1 40(>.3 

087.5 

- 93.8 

A 

H 

KW.O 

1)14.0 

- 82.0 



i,2C.r>,7 

1 ,968.7 

-234.4 



752,0 

290.0 

- 48.0 



510.0 

50H.O 

- 84.0 



304.0 

792.0 

- 96.0 

'* 

H 

12 s. 0 

944.0 

- 82.0 



1,700.0 

2.000.0 

-.100.0 



792,8 

257.7 

- 40.5 



592.0 

471 .5 

- 74.1 


h 

•100.25 

087.5 

- 93.75 

fi 


210.75 

851.8 

- 92..55 



103.0 

000.7 

- 03.7 



2,J35.4 

3,229.2 

~ 304.00 


H 

822.2 

213.8 

- 35.0 


?7 

04K.7 

410.9 

- 65.6 



481.0 

003.5 

- 87.5 



332.4 

703.8 

- 90.2 


"7 

198 2 

889.3 

- 87.5 


«7 

sr. 0 

970.9 

- .50.9 



2.571.5 

3,857.2 

-428.7 


'•H 

844.3 

180.2 

- 30.5 


J-4 

091.4 

307.2 

— .58.0 


3^ 

54 -1.5 

530.1 

- 80.0 



400..3 

087.5 

- 93.8 

8 

'‘s 

279.8 

815.4 

- 9.5.2 


?4 

108.0 

914.0 

- 82.0 


7..jJ 

73.7 

977.0 

- 51.3 



3.008,0 

4.484.0 

-492.0 


1 ' 

801 5 

100.0 

- 27.5 



725.0 

327.8 

- 52.8 



592.0 

481. r> 

- 74,1 


'H 

460.4 

022.8 

- 80.2 



348.4 

747.6 

~ 96.0 



240.7 

851.9 

- 92.6 



145.4 

931.4 

- 76.8 



04.5 

982,2 

- 40.7 



3.444.5 

5, n 1.2 

-555.7 



875.25 

140.5 

- 24.75 


H 

752.0 

206.0 

- 48.0 



031.75 

430.5 

- 68.25 



510.0 

.568.0 

- 84.0 



406.25 

687.6 

- 93.75 

10 



792.0 

- 90.0 • 



878.5 

- 89.25 



128 0 

944.0 

- 72.0 


Ko 

57.25 

985.5 

- 42.75 



3.88X.25 

5,737.6 

-618.76 


Nesative values iudlcate downward reactions. 
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muatrktive PtoMein.— A boom ooutinuous ovor two 12Jt, apaus aupporto the iollowinjc 
loads: Wt hand spun—a 10,000-lb. load 4 ft. from the left end and a 20,00(Mb. load 8 ft. 
from the loft cad. Right hand span—-a :«),000-lb. load at tho (Wiitor of the span. Deter¬ 
mine the reactions at tho supports, using the above table of reactions. 

For loads on the loft hand span use the values for three panels. The 10,000-lb. load is at 
the point and the 20,000-lb. load is at tho % point. For tho load on the right hand span 
use the values for two panels, interchanging values for Ri and «i. Tho results are as follows; 

Loan fti R* 

10.000 a0)(592.6 ) = -l-5,926.0 (10)(481.5) = + 4.815 (10)(-74.1 ) - - 741.0 
20.000 (20)(240.7 ) =+4,814.0 (20)(851.9) =+17,038 (20)(-92.6 ) »■ - 1,852.0 
30,000 (30)(-93.76) = -2,812.5 (30)(687.5) =+20,626 (.30)(+406.25) =. + 12.187.5 


Totals +7,927.5 +42,478 +9,594.6 

Illustrative Problem.—-A beam continuous over two 20-ft. spans supports six 1,000-lb. 
loads. Tho loads aro spaced 5 ft. apart, three loads being carried by the left hand span and 
three by tho right hand span. Determine the reactions by means of tho above table. 

The given loading divides each span into four panels. Hence, use tho values for four 
panels. Tho value of Ri for loads on the left hand span is given by the summation of 
values of Iti as given in the table. For loads on the right hand span the desired left hand 
reaction is given in the table under the values for Ra. The results are as follows; 


ill 7?a Ri 

lioads in left hand span... +1,266.7 +1,968.7 — 234.4 

Loads in right hand span. — 234.4 +1.968.7 +1,285.7 


Totals. +1,031.3 +3,937,4 +1,031.3 


76. Parttally Continuous Beams.—It is frequently tlcakable to consider a 
structure in which the continuity is imperfect. A swing truss bridge on four 

supports, designed with parallel chords 
and very light web members in the 
center span, so that no shear can be 
transmitted between the two inside 
supports, is a structure of this kind. 
Such structures aro called partially 
cowtinmus and their treatment will be 
illustrated by the beam in Fig. 13.5. 

It is assumed tliat bending moment 
but no shear exists in the center span; 
hence Ra == —Rt and the bending mo¬ 
ment M a,t Ji equals the bending moment at C. Since the continuity of the 
beam is broken at if and 0, tho elastic curve is not continuous, but forms cusps 
at these points; and the tangent FG to the elastic curve for Ail at B is not tangent 
to the elastic curve for BC. Similarly the tangent IlG to the elastic curve for CD 
at C is not tangent to the elastic curve for BC. 

Let = Angle ABF, and 0t — Angle DCH, then 8i + 0i = <l> 

The tangential deviations at A and D, being represented as measured above the 
axis of the beam, are considered negative. 

= e,i 

—U = 0il 
li ~h U = — ^l 
EU = Mai 
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Since 

Then 


or 


Therefore 


m - «(i - t)igi)5[H + ‘n - «] + )(|) 


Pl‘ 


(k - k>) + 


Ml* 


EIU = 


Ml* 


Bill + EIU = 


PP 

6 

,,, , Ml* , Ml* „ ,, 
{k — k*) + + „ = —Mol* 

O 


M 


Pl(k - fc’) 
4 + f)0 


Ri = P(l - k) 
E2 ==Pk + 


P(k - k*) 
4 + Oa 
P(k - k-') 

4 4 fio 


«4 = 


P(k - k*) 

4 + 6a 
-P(fc - k*) 

4 + 60 


The Hpiui ill Kij;. 13() coiihists of two restrained beams, connected at mid-span 
in such a way tiiat shear imt 110 bending moment can be transmitted from one 
beam to the other. The span, therefore, represents a different phase of partial 
continuity from that of the previous problem. The principle here involved is 
employed in the design of a ba,scule span 
composed of two leaves connected by a shear 
lock. The principle must be modified, how¬ 
ever, in its application to a bascule span, 
for the leaves do not as a rule have a con¬ 
stant moment of inertia, nor are they in per¬ 
fect restraint at the points of support. 

A constant moment of inertia aud perfect 
restraint will be assumed in finding the .shear 
V on the pin-connection at C, when the beam 
CB supports the load P as shown. The M- 
diagram may be drawn very easily when the 
partially continuous lieam ACB is considered 
as two restrained beams sketched separately, with the shear at C considered as 
a force V, acting upward on CB and downward on CA. The bending moment 
at C is zero. The Af-diagram for CB is best sketched in two parts—the area 
QST representing the bending moment of V, and the area TUW representing the 
bending moment of P. Since the continuity is broken at C, it cannot be assumed 
that the total area of the Af-diagram is zero, although the angle <j> between AD 
and BD is zero. The absurdity of such an assumption is obvious when fc = 1, 
and the load P is at C, in which ea.se it is clear that the Jlf-diagram is a negative 
area throughout and cannot equal zero; neither can the tangential deviation at 
either A or B be equated to zero for a similar reason. 

9 
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Let h represent the tangential deviation for the beam AC and <2 for the beam 
BC, then 

Eih = " (™)( 2 * 00 “ ^*"0 

Whence 

F = (3fr2 - k^) 

COLUMNS 
Bv J. B. Kommers 

A column or strut may be defined as a long compression member. A short 
block under axial compression has the unit stress uniformly distributed over the 
cross-section. This is not necessarilj'^ true for a column because a column tends 
to deflect laterally due to lack of straightness, non-homogeneity of the different 
parts of the cross-sc(!tion, and eccentricity of the load. The Lateral deflection of 
the column sets up bending stresses so that the column cannot carry as much load 
as it could if it were very short. 

The term “slonderness ratio” is used in discussing columns, and is the ratio 
of the length of the column to the radius of gyration. The slenderness ratio of 
practical columns will usually lie between a value of 40 and a value of 12.5. 
Columns with a slenderness ratio greater than about 150 arc spoken of as long 
columns. 

77. Forms of Columns.—The top chords and end posts of bridges are com¬ 
monly made up of channels and plates, or angles and plates. These standard 
shapes may be put together in a variety of ways to produce an efficient column. 
Web compression members are commonly made of latticed channels, latticed 
angles, or combinations of angles and plates. For very large columns the sec¬ 
tions are made up of combinations of plates and angles, which are usually in the 
form of an H-scction with cover plates on the two open sides. 

For the sake of economy it will generally be desirable to have the value of the 
radius of gyration of the column section practically equal with res]:)ect to the two 
principal axes, for the reason that the lower radius of gyration is the one used to 
determine the column strength. 

In order to obtain a column of great strength a compact box-like section is 
more desirable than one having unsupported outstanding legs. On the other 
hand, to obtain a large value of the radius of gyration for a column section the 
material should be placed as far away as is practical from the axis about which 
bending takes place. 

78. Difference Between Column and Beam Theory.—As will be shown in the 
later discussion, it is possible to calculate the unit stress in a column under axial 
load only when it is an ideal long column, and even then the unit stre.ss is known 
only when-the column carries its maximum load. It will be shown that for all 
columns of practical lengths the unit stress existing cannot be calculated, but that 
the design depends upon the use of empirical formulas which have in them certain 



S«c. 1-79] 


GENERAL THEORY 


13]l 


constants determined from actual tests of columns. TMa fact leaves the discus¬ 
sion and design of columns in a much more unsatisfactory state than is the case 
for beams. For all simple cases of beam loading it is possible to calculate the 
unit stress in the beam with a very satisfactory degree of accuracy, and the formu¬ 
las used have in them no empirical constants. 

79. Euler’s Formula for Long Columns.—The discussion of practical columns 
is made much clearer by discussing first an ideal long column which is supposed 
to be perfectly straight and homogeneous, and which carries an axial load. It 
has been found by actual te,sts that such a column, loaded within a certain 
critical load, may be deflected laterally, and will straighten again when the lateral 
push is removed. However, when the critical load has l>een reached, it is found 
that the column will remain deflected when the lateral push is removed. Further, 
it is found that under this critical load the column is in a state of indifferent 
equilibrium, such that the deflection under this load may be varied within quite 
wide limits. Ruler’s formula' determines this critical load. 


1 luFiK. 137.^ consider an idr>al lonK oolumn having round ends. The origin of coordinates is taken at 
the upper end, y being incaKurod horizontally, and x vertically. In the diacussion of the deflection of 
mmpic hcanjM llm fornnila == devidopod (soo Art. 1, Appendix C, p. 582). This formula 

may be applied to all cases of tioxvirc within the clastic limit of the material. In the 
present case the moment at any distance x is —Py. the minus sign being uscfl because 
it can be shown that the second derivative in this case is negative. Therefore 

El 2 - 

Multiplying cadi side of the equation by rly, this may be integrated, and gives, 

izy - 

If the maximxim <lcfleclion at th<; iniddlc of the colutun is culled /, it may be seen tliat 
<<y 




n 

Jr.' 


wlien V /, ^ 
Then 


’ 0, and hence C » pp. 


(lx 


Integrating this given 




-H 


1 

r V 


sin y + C\ 


When f/ «=r 0, X 0, and tlu^rcfore C\ « 
Writing tlie e<|uation in another form. 



Thi.s (Miuation must satisfy the cotnUtion that when x • 


T 

FlO. 137.1. 


( 1 ) 

1. V *" 0. therefore. 


(i;)‘ 


' IT, or a multiple of *• 


This is Euler’s formula for long columns with round ends, and luuoe I 
it may take the form 

A 


. Ar*, 


fill 


<V 

Fio. 137/1. 


fy 


Inserting the value 
of T)givca 


(J) (""■ reprojsentingany multiple 


U rr- / win 


(3) 


If values of x in terms of I arc now substitutcil in eq. (3), using n « 1, a curve is obtained as shown 
in Fig. 137f? (a). Tlin curves obtained for n » 2 and n * 3 arc shown in Figs. 137fl(6) and 137i3(c). 
It is evident that l^g. 137.0(a) shows the weakest ease, and therefore columns with round ends are 
designed on the basis of eq. (2), using n ~ 1. 
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For long columns with round ends, Euler’s formula for the unit load is 



where P = axial load, A = area of cross-section, I = length of the column, r = 
least radius of gyration, = slenderness ratio and E = modulus of elasticity. 
For long columns with fixed ends, the formula is 



It should be noted again that the value of P given by Euler’s formula is the 
maximum load which the column can carry. It is the load under which the 
column will remain in a deflected position. It should also be noted that the unit 
stress which exists under this load is the clastic limit of the material, and that the 

P 

formula does not enable the unit stress to be calculated. ^ as obtained from the 

formula does not mean unit stress, but merely the value, which when multiplied 
by the area, will give the total load which the column can carry. 

80. Ideal Column, Eccentrically Loaded.—In a manner similar to that used 
in deriving Euler’s formula, it can be shown that an ideal column, carrying a load 
having an eccentricity, e, will have a maximum stress. 

/ = J(l + ^’sec 14 ei) 


Here c is the distance to the extreme fiber from the neutral axis about which 
bending takes place, the other notation being the same as before. 

This formula makes clear that there is a perfectly definite relation in this 
case between unit stress, /, and unit load P/.4, which was not the case for the 


I. IP 

Euler formula. When the columns arc short the term sec ^ becomes prac¬ 
tically equal to unity and the unit stress is then equal to iV-d^l -b which is the 


ordinary formula for direct stress combined with bending. 

81. limitations of Euler’s Formula.—Figure 1.38 shows the Euler formula for 
round ends plotted with unit load as ordinate and slenderness ratio as abseiasa. 


A column with one end round and one end fixed is appruxintatfdy represented by the part of the 
column from A to C in Fis. Bubstitutu^ in eq. (2), n >» 2, and replacing I by ^ I gives 

P 




O’ 


(4) 


which is the formula for the unit loud for long columns fixed at one end and round at the other. 

In the same way the column from C to in Fig. 137B(e) may represent a column fixed at both ends 
Substituting in eq. (2) gives 

P 

'bh. case of a column with one end entirely free and the other end fixed is represented by the upper 
lialf of Fig. ]37B(a) and the formula for thU case is 

P tJJ 


(6) 
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A value of 30,000,000 lb. per sq. in. waa used for modulus of elasticity, and the 
curve therefore represents steel columns. If structural steel is being used an uiti* 
niate strength of about 60,000 lb. per sq. in. and a yield point of about 40,000 lb. 
{)er sq. in. may be expected. The curve shows that Euler’s formula gives absurdly 
high values for unit load unless the column has a slenderness ratio of 176 or greater. 
It will be shown later that the results from Euler’s formula should not be used 
unless they are lower than one-third of the ultimate strength. 



Figure 138 also shows the case of an eccentrically loaded steel column, the 
material being loaded up to its yield jwint of 40,000 lb. per sq. in. and theeccen- 
. cc 

tncity being such that = 0.05. The curve makes very clear the effect of eccen¬ 
tricity of load in reducing column strength. Comparing this curve with the 
Euler curve it will be noted that the effect of eccentricity is very great for low 

values of but that for large values of the two curves practically coincide. 

82, Columns of Practical Length.—Thus far only ideal columns have been 
discussed and it has been shown that Euler’s formula cannot be used for columns 
of practical lengths. Furthermore, practical columns are used under quite 
different conditions than have been assumed for the ideal column. Practical 
columns are not perfectly straight, are not likely to have exactly axial loads, are 
not homogeneous, are likely to have initial stresses, and the various parts of 
built-up columns are not likely to act as a unit because of imperfect connections. 
These facts, together with the limitations of Euler’s formula have lead to- the 
development of a number of formulas which have in them constants obtained 
from tests on columns. Most of these formulas have a semi-theoretical basis. 
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83. The Rankine Fonnula.—The voluinu formula developed by Raiikine is 
based upon the assumption that columns fail by a combination of direct stress 

j* 

and bonding. Tlie direct stress A = _^ and the stress due to bending is /a = 
Me Pfe 

-j- = in which P is the load on the column and/ is the maximum deflection 
of the column. The maximum stress is 


/ 


. P + Pfo 

A ^ / 


The assumption is now made that the deflection, /, is proportional to 
just as in the case for teams. Then, 


or, since I — Ar\ 

or 



+ k 


PP 


I 


P ^ f 

'‘-..K'y 


In practice / as well as k are empirical constants which are given such values as 
to make the formula fit the results of column tests, / being dependent upon the 
kind of material, and k being dependent upon the kind of material and upon 
the end conditions of the column. The Cambria Steel Company’s handbook uses 
the following constants for steel: 



i 

Soft steel 



• Medium steel 



1 Square 
! ends 

! Pin and 

1 square ends 

j 

; Pill ends 

Sfjunre 

cikIs 

j Pitt and 
i square ends 

Pin ends 

f 

45,(MK) 1 

1 

45,000 j 

45,000 

r>0,0(W) 

! 1 

j 50,000 j 

50,(MM) 

k 

1 ! 
3(1,000 ; 

.1.. i 

24, (KK) 1 

1 

18,000 

! 

1 

ao,ooo 

1 1 
! 24,000 j 

1 

18,000 


Values of these constants for cast-iron column.s are given in the chapter on 
Cast-iron Columns in Sec. 2. 

84. The T. H. Johnson Straight-line Fonnula.—In 1886 T. H. Johnson* 
proposed a simple type of column formula which has boon widely adopted. He 
found that a straight line tangent to Euler’s curve could be made to fit quite 
well the results from colunm tests available at that time. The formula takes 
the form 



■ Trana. Am. Soc. C. E., vol. ISSO, p. 517. 
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In this formula, also, / and k are empirical constants which are chosen so as to make 
the formula fit the results of column tests. 

The point of tangency of the straight line with the Euler curve is the limiting 

value of ^ for which the straight line formula should be used. For larger values 

of ^ than this limiting value the Euler formula should be employed. It can be 
shown that the point of tangency with Euler’s curve occurs at a point at which 
the ordinate is It can also be shown that the constant/ is dependent upon the 

kind of material and that the constant k is dependent upon the kind of material 
and ujjon the end conditions of the eoluinn. 

The following table gives the values of / and k recommended by Johnson 

for stnictural steel, iind also the limiting vahie.s of 

STKircTtrRAr, Stkkl 


End conditions 

f ! 

k 

j Limit of 1/t 

Flat ends. 

.'•>2.500 

179 

\ 195 

Hinged ends. . 


220 

' 159 

Round cikIh . 

,'■>2,500 

2.84 

123 


t'aluos of these constants for cast-iron and timber columns are given in Secs. 
2 and 4. 

I P 

86. The Parabolic Formula.—^At a value of ~ e<)ual to zero the value of ^ 

from the straight line formula is likely to be too high, and J. B. Johnsonauggested 
that a parabola tangent to Euler’s curve would fit better the results of column 
tests. The formula takes the form 



The following constant.s are recoininended by Johnson for mild steel: 


Milo Steel 

End conditions 

: / ; 

k 

j Limit of l/r 

Pin ends. 

. 42,000 

0.97 

1.50 

Flat ends. 

. 42,(H)0 

0.62 

190 


86. Variation of Straight Line Formula.- A tyjie of formula which has 

come into wide use is one which uses a horizontal line for low values of _ and an 

r 

inclined straight line for the larger values. The American Railway Engineering 
Association formula for working loads is 

^ = 16,000 - 
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P 

This is limited to a value of ^ which most not be higher than 14,000 lb. per 

sq. in., which means that for values of ^ from sero to about 30 the curve used is a 
horizontal line. 

The American Bridge Company u-ses a similar formula for the working loads 
for buildings. 

j = 19,000 - 100^ 

p 

This is limited to a maximum value of ^ of 13,000 lb. per sq. in., and therefore 
for values of ^ from zero to 60 the curve used is a horizontal line. 

T 


BEWDING AND DIRECT STRESS 
By Geoeoe a. IIool and W. S. Kinne 

87. General Nature of the Problem.—In many cases, structural members 
which form a part of a composite structure are called upon to perform the com¬ 
bined duty of tension (or compression) members and beams. Such members are 
said to be subjected to bonding and direct stress. 

A few examples will now be given of what i.s meant by bonding and direct 
stress. Figure 139o shows a simple beam carrying inclined loads. A section of 



T, . > - 

Fio. ISO. F«i. 140. Fm. 141. 


this beam at any point is shown in Fig. 1396. The force E represents the equilib- 
rant of all forces to the left of the given section. This force has been resolved 
into its vertical and horizontal components, as shown in Fig. 1396. By the prin¬ 
ciples of stiitics it can be shown (see also Art. 88) that the force E may be 
replaced by the system of forces shown at the out section of P'ig. 139c. At the 
section in question the beam is acted upon by a direct thrust T and a Ismding 
moment M. The transverse force V represents the shear on the section. Figure 
139 represents a case typical of bending and direct stress conditions. 

Figures 140 to 146, inclusive, show conditions resulting in structural members 
subjected to bending and direct stress. The conditions shown in Fig. 140 are 
typical of a truss member which also acts as a beam to carry either a roof or floor 
load. It may alko represent the case of a tension or compression member 
subjected to bonding due to its own weight. Figure 141 is typical of cases in 
which eccentric connections are used for tension or compression members. The 
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case of a post or column subjeoted to transverse loading is shown in Fig. 142. 
As shown in Fig. 1426, bending and direct stress occur at interior sections. Figure 
143a shows a post or column which supports a load whose line of action does not 
coincide with the gravity axis of the member; Fig. 1436 shows the conditions at 
any section of the member. Fig. 144o shows the top chord of a roof truss where 
conditions made it necessary to support the roof at points between joints of the 
truss. Fig. 1446 shows the top chord member removed with the applied loads 
in position. This is a special case of Fig. 139. In Fig. 145o, the column support¬ 
ing the end of a roof truss also supports an applied load W, due to a crane or 



Fio. 142. Fig. liH. Fio. 144. 


machinery load. The column is subjected to the forces shown in Fig. 1456. 
In Fig. 146, the column carries the load from a knee-brace, thus forming a member 
in bending and compression. Many other illustrations of bending and direct 
stress could also be given, but such cases would be combinations of those shown 
in Figs. 139 to 146, inclusive. 

Problems in the determination of fiber stresses due to bending and direct 
stress may be divided into two main classes: one in which the deformation under 
the applied forces may be neglected; the other in which these deformations may 
not be neglected. Lot Fig. 147a show a post carrying a load P at a distance e 
from the gravity axis of the post. For the conditions shown, the moment at 



(a) (b) (a) (b) (a) (b) 


Fio. 145. . Fig. 146. Fig. 147. 

section x-z is M = Pe. This moment is calculated on the assumption that the 
post is not deformed by the action of the applied load. Now assume that the 
applied load does deform the post, and assume that the full lines of Fig. 1476 show 
the deformed member. Point C, the center of gravity of the section, has moved 
to the position C, and the moment of the load P about C' is M. = P(d -1- e), 
where d is the horizontal distance between points A' and C'. Note that the 
moment for Kg. 1476 is greater than that for Fig. 147o, and the difference in 
moment is due entirely to the deformation of the member. Similar conditions 
can be shown to exist in the cases shown in Figs. 139 to 146, inclusive. 
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Deformations of the nature described above take place in all elastic structures. 
However, there are certiiin classes of construction in which the members are so 
large that the deformation corresixuiding to d of h’ig. 1476 is so small that it may 
be neglected without appreciable error. Members composing a concrete or 
reinforced concrete structure are generally of this nature. In steel structures, 
and to a certiiin extent in timber structures, the members are generally com¬ 
paratively slender, and the deformation corresponding to d of Fig. 1475 is often 
so large that if it is neglected, the stresses determined with deformation 
disregarded would be considerably in error. 

88 . Determination of Total Fiber Stress, Deformation Neglected. 

880 . Homogeneous Materials.—^I.et Fig. 148 represent any section 
of a beam and let E be the equilibrant of all forces to the left of the section 

(conditions similar to Fig. 
^ 1 il .. - 139). Assume that E cuts 

the ])lane of the section at 
a point D which is located 
on one of the principal 
axes of the section. Resolve 
n into its vertical and hori¬ 
zontal components Ev and 
E„, and assume these (.0 be 
apiilied at point 1), as shown 
in Fig. 148a. At C, the 

center of gravity of the 

section, apply two ciiual and 
opi>osite forces each equal to 
Ell. These additional forces 
will not disturb the ciiui- 
librium of the system. From 
statics, the equal and opposite parallel forces Eu (lettered 1 and 2 in Fig. 148) 
form a couple whose moment is 

M - Eue (I) 

The remaining force Eu (lettered 3 in h’ig. 148) acts as a thrust or c.omprc.ssion 
on the section. If this thrust is represented by N, we have 

N = E„ (2) 

The vertical component Ey which acts across the .section, represents the shear 

on the section. Since it is generally assumed that the filler stresses under 
consideration are not affected by shear, no further consideration will be paid to 
this force. Figure 1486 shows the section with the several forces in position. 

The fiber stress at points A and B of the beam section of Fig. 148 is generally 
calculated on the assumption that fiber stress due to the conibined action of bend¬ 
ing and direct stress is equal to the sum of the fiber stresses for bending and for 
direct stre.ss considered as acting separately. The fiber stress due to the thrust 
N is uniform over the section ami its value is 
. w 

(3) 


Fio. 



Tension of B 


where 


f ^ 

stress intensity due to N, and A 


area of section. Figure 148c 
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shows the variation in stress across the section, 
given by Art. 606, p. 22, as 



The stress due to bending is 

(4) 


where fb = extreme fiber stress due to bending; M = moment at section; c = 
distance from gravity axis to extreme fiber; and I = moment of inertia of section 
about gravity axis. For the conditions shown in Fig. 148 (positive moment), 
the stress on the top fiber A is compres.sion and that on the bottom fiber B is 
tension. Figure 148d shows the variation in stress across the section. 

As stated above, the total fiber stress is equfd to the sum of the stresses due to 
bending and to direct stress. At the top fiber A, the total stress is 

These stresses are to l)e added since boih are compression for the conditions 
shown in Fig. 148. At the bottom fiber B, the total stress is 

Bince /« Ls compression and fb is tension, those stre.sses must bo subtracted. 

Equations (f)) and (0) .are somotime.s reduced to a simpler form by the follow¬ 
ing substitutions. lolling / and c represent general values for fA, fn, Ci and Cs 
and using a plus or minus sign, these equations may be expressed by the single 
equation 



From Fig. 148a, it can be seen that Af = Enc = Ne. 
I = Ar^, where r = radius of gyration of the section. P 
the above ecpiation, we may write 



Prom Art. 18, p. 2, 
lacing these values in 

(7) 


Equation (7) gi^'es the same results as obtained by substitution in eqs. (,i) 
and (6). 

From e(i. (0) it can be .seen that the character of the fiber stress at B, F'ig. 
148a, depends upon the relative' value.s of the terms ^ and If ^ greater 


than ^ the fiber stress is of the s.-ime character over the entire section (com- 
pre.ssion for the conditions shown in Fig. 148). F’igure 148e shows the fiber 

stress variation for this case. Wlien^ =-y-" the fiber stress at Bis zero. Figure 

Mci N 

148/ shows the fiber stress variation. If ~y ■ Ls greater than the fiber stress at 


B will be ten.sion, and Fig. 148g shows the fiber stress variation across the section. 

If in any case the equilibrant E of F’ig. 148o. acts in the opposite direction, 
the final fiber stresses given by eqs. (5) and (C) will have the same form. The 
character of stress, however, will be opposite to that indicated for Figs. 148e, 
/, and g. Equations (.5) and (6) are general in nature and may be applied to 
any given case. The character of stress is best determined by inspection. 
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Special Val^las for Rectangular Sedions.^Voi a reetangiJar section of width 
b and depth d, eqs. (5), ((>), and (7) reduce to simple and useful forms. Since the 

d 

gravity axis is at the center of the section, Cj = Cj = 2 ‘ The moment of inertia 

6d’ 

of a rectangle of width h and depth d is 7 = ^ 2 ' Also, the radius of 

7 d* 

gyration of this rectangle is given by the expression r’ = 2 “ “ 12 / W = 


Placing these values in eqs. (5) and (G), we have 



and from eq. (7) 



( 8 ) 

(9) 


For the special case shown in Fig. 148/, where the fiber stress at B is zero, the 
relation between c, the eccentricity of application of Eu, and d, the depth of 
section, may be determined from eq. (9) by placing / = 0 in this equation, and 
using a minus sign. Solving the resulting equation for e, we have 

e = Hd ( 10 ) 

That is, when the distance from the center of the rectangular section to the point 
of application of the force Eu of Fig. 148a is equal to one-sixth of the depth of the 
section, the fiber stress on the more remote extreme fiber is zero. Since a similar 
relation holds when the force Eu is applied at a point on the opposite side of the 
center, it can be seen from Figs. 148c, /, and g that when Eu is applied anywhere 
inside the middle third of the section, the fiber stress on the section is wholly 
compression or tension, dej>ending upon the direction of Eu- This Is the well- 
known middle third rule which is used in the design of ma.sonry structures where 
no tension is allowed on the extreme fibers. From Fig. 147 and Fig. 148g, tension 

Oc 

will exist on the extreme fiber when > 1 , or when Euis applied outside the 
middle third of the section. 

A few problems will now be worked out by means of the equations given in 
this article. Since the effect of deformation is neglected in the derivation of 
the equations used in solving these problems, it will be interesting and instructive 
to solve the same problems by means of the more exact solutions given in later 
articles. The reader may then judge for himself as to the proper method of 
procedure in any given c.ase. 


lUustrative Problem.—A 2 X 12-m. steel eye bar, hinged at the ends and 30 ft. long, 
is subjected to a pull of 240,000 lb. Find the fiber stress at the center of the member due 
to direct stress and the bending due to the weight of the bar. 

For the conditions stated. N «= 240,000 lb.; A 24 sq. in.; 6 >*=2 in.; and d = 12 in. 
The weight of a 2 X 12-in. steel bar is 81.6 lb. per ft. Since the ends are hinged, the 
moment may be calculated as for simple beam conditions. Hence 

•af - Hwi* = (M)(81.6)(30)*(12) = 110,100 in.-lb. 

From eq. (8) 

( N 6M\ [240.000 (6) (110,160)1 

A * ixf* “ L 2^ * '(2j(12)i'~J 
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Therefore 

/top fiber “ 10,000 — 2,295 = 7,706 lb. per sq. in. (tensile) 

/bottom fiber ■“ 10,000 + 2,295 = 12,295 lb. per sq. in. (tensile) 

fflustimtive IProblem.—A portion of a top chord member of a roof truss is illustrated 
in Fig. 149. Find the extreme fiber stresses at the center and at the ends of the member 
for the loads Indicated 

For the conditions shown, N = 30,0001b.; A = (2) (2.09) ■> 

4.18 sq. in.; ctop “ 1.26 in.; cbottom “ 4.00 - 1.26 - 2.74 in.; 
and / = (2) (3.38) = 6.76 in.> 

From the chapter on Restrained and Continuous Beams 
we note that, assuming fixed ends, the positive moment at the 
center is equal to + and the negative moment at the 

ends is equal to —J’gW'l, where W is the centrally applied load 
in pounds and I is the span. Therefore Af = = (J-^) 

(1,600) (7) (12) = 15,750 in.-lb. 

To find the extreme fiber stresses, cqs. (5) or (6) should be used. 

At center of memlmr: 

f j 

Jtop fiber — "I 

N itiu ou.tn/v/ VA , 4 tJW/\^.4 T/ wvv/x 11 • / • \ 

i 790 lb. per 8q. in. (compressive) 



At end of momber: 
r 

Jlo]i fiber ^ 
/bottom fiber ^ ^ 


Me 

30,000 

(15, 

,750) (1.20) 

1 

4.18 


6.76 

Me 

30,000 

(1 

,760) (2.74) 

J 

4.18 


6.76 

Me 

30,000 

05 

,7.50) (1.26) 

1 

4.18 


6.76 

Me 

30.000 , 

(l.'i 

.,750) (2.74) 

1 

- ’4.18 + 


6.70 


FlO. 149. 


10.110 lb. per sq. in. (compressive) 


= fi,240 lb. por sq. in. (compressive) 

* 13,660 lb. per sq. in. (compressive) 




Illustrative Problem.—Figure 150 shows a building column which is subjected to bend- 
i tig stress under wind loads, due to the thrust of the knee brace. I'lnd 
the extreme fiVier stress. 

For the given eonditiona, = 00,000 lb., M = 1,200,000 in.-lb., 
A » 20.00 sq. in., and with the angles placed 14H in. back to back, 
the moment of inertia of the column section, J » 8B4.3 in.^ 

The. extreme fiber stress may be found by using oqs. (5) or (6) 




v~ 






/ 


K ^f<^ 
A^ 1 


fiO,(H)0 (1,200.000) (7^5) 

‘ "20.00 * ■■ 884.3’ 


' 2,310 ± 9,8.50 


Fm. 150. 


Tliereforu the extreme filter stress on the aide of the column adjacent 
to the kiieo brace is 

/ = 2,310 4- 9,850 — 12,100 lb. per sq. in. (compressive) 

On the opitosite aide of the column, the extreme fil>er stress 
/ = 2,.310 — 9,8r)0 = 7,540 lb. per sq. in. (tensile) 


886 . Non-homogeneous Materials.—Reinforced concrete members 
form typical examples of structural units composed of non-homogeneous materials. 
Methods for the analysis of such members subjected to bending and direct 
stress are given in the chapter on “Members Subject to Direct Compression 
and Bending ” in Sec. 6. 

89. Determination of Total Fiber Stress, Deformation Considered.—^As 
stated in Art. 87, the moment at any point in a member subjected to bending 
and direct stress is influenced to some extent by the effect of the deflection of the 
member due to transverse loading. Two methods of analysis may be used in 
determining the total fiber stress in such members. One method, which is approxi¬ 
mate in nature, assumes that the elastic curve of the deflected member is similar 
in form to the curve for a similar member under the action of transverse loads. 
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The moment due to deflection is estimated on this assumption and combined with 
the moment due to transverse loads. The other method, which is exact in nature, 
makes u.se of the differential equation of the elastic curve, derived in Appendix C. 
In the discussion which follows, special attention will be given to the approximate 
method of solution. 

89n. Approximate Solution.—^As stated above, the approximate 
solution is based on the assumption that the elastic curve for the member with 
the direct load removed is .similar in form to the curve when the direct load is in 
place. It is also as.sumed that the deflection and moment under the combined 
loading are proportional to the deflection and moment for a similar member 
subjected only to transverse loading. 

Figure 151 a shows a beam freely supported or hinged .at the ends and subjected 
to a transverse uniform load of w lb. per ft. and a direct iudal tension of N lb. 
At point C, the center of this member, the combined moment is 

.Ifc = "'S - iVA = M/ - Na (o) 

O 


where M/ represents the center moment in a simph; beam under a uniform 
load, and Me represents the center moment due to the combined action of 
direct and transverse loads. 

It has been shown that for a simple beam uniformly loaded, the center moment 

5 

is M — }4 wP and the center deflection is ymax — ' "^’his center deflection 

may be expressed in terms of center moment as follows 


^ 5 wP 


5 P 


48 El 


(>g wP) = 


Ul e’P 
48 Ei 


Assuming deflection and moment due to combined loading to bo proportiomd 
to corresponding values for transverse loading only, wc may write 

M c M c I 'Umax ’A 

from which 

. _Me _ 5 
A 48 

Substituting this value of A in eq. (a), replacing 
Jis by the closely approximate vjilue of l[o, 
and solving for Me we derive, 

Jle' 

" NP (11) 



Me = - - 


1 -b 


lOEI 


In Fig. 151(1, N is shown as a ten.sile stress. 


'■Points of infkefion 

. £ . 

Fio. 152. 


If N is compressive, a minus sign is to be used in the denominator of 
eq. (U). 
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When the ends of the member arc restrained, as shown in Fig. 152, the effect 
of deflection on the moment may be estimated by assuming the iwints of inflection 
to be located as shown. Then 


Me = Me' - N-% 


and 




M^ 


N 


where Me and Ma are the center and end moments due to combined load¬ 
ing and Me' and Ma are corresponding values for a restrained beam when the 

direct stress N is removed. It has been shown that Me' = -|- A" v'P, Ma' = 

and j/e = deflection at C — We may then write A =■ 

1 MaI^ 

UiFI ~ 32 'EI~ Substituting this value of A in the above equations, we 
derive 



il/„ == 

Me' 




^ 32 El 

(12) 

and 

Ma = 

Ma' 




N F 

14- 

^ (i t El 

(13) 


A general equation applicable to the usual loadings and conditions of end 
supports may be written in the form 

, AP (14) 


1 ± C 


El 


where M = moment due to combined loading, M' = moment in member when 
direct load N is removed, I = sp.an length, El — product of modulus of elasticity 
and moment of inertia of section, and C = a constant depending for its value 
upon the loading and end conditions for the member in question. When N is 
tension, use a + sign in the denominator of eq. (14) and when N is compression, 
use a minus sign. 

Values of the constant C are as follows: 

Hinged ends, uniform load (Fig. 151a) (7 = Ifo 

Hinged ends, single concentrated load (Pig. 151/)) C — 1{2 

Hinged ends, two concentrated loads (Pig. 151c) C = >^ 4(3 — 4&) 

Both ends fixed, uniform load (Fig. 152) 

C = M 2 for center moment 
= Hi for cmi moment 
Both ends fixed, single concentrated load 

C — Ha for center and end moments 
One end fixed, other end free, uniform load 
O = Hi for center moment 
C = Hi for end moment 

One end fixed, other end free, single conwntratod load 
0 = Me for center moment 
C = Hi for end moment 



144 STRVCTVnAL MEMBERS ANE CONNECTIONS (See. l-«9a 

Since absolute fixity of the ends of a i-estrained beam is seldom realized in 
practice, most designers use a value C — H a for all cases. 

The fiber stress due to tending and direct stress may be determined from eqs. 
(5), (6), or (7) by substituting in these equations the value of M determined from 
the above analysis. 


nittStratiTe Problem.—A 2 X 12-in. steel eye bar, hinged at the ends, and 30 ft. long, 
is subjected to a pull of 240,000 lb. Find the fiber stresses at the center of the bar due to 
the combined effect of direct stress and weight of the member. 

Use eq. (14) with a + sign in the denominator and C = Ho- For the given conditions, 

N = 240,000, I - 30 ft. = 300 in., E = 30,000,000 and / = Jf’ = ' = 288. 

( 12 ) 

Hence 

1 AV ^ (240,000) (.360)* 

10 El (lO)^^^^’000) (288) “ 


A 2 X 12-in. stool bar weighs 81.0 lb. per ft. Hence A/' = Jgwf* = (H)(81.6)(.30)=(12) = 
110,160 in.-Ib. From cci. (14) 


M 
, 1 A7* 
10 El 


110,100 
i + 6..sob 


81,200 in,-lb. 


Then from oq. (8), 

. (N , 0U\ _ 240,000 (0) (81,200) 

•' \A * bd^ ) ' 24 - (2)(12)* 

and /top fiber = 10,000 — 1,690 = 8,310 lb. per sq. in. 

/bottom fiber = 10,000 4- 1.690 = 11,690 lb. per sq. in. 


These are tensile strossos. On comparing those values with those given on p. 140, it 
can be seen the effect of the deflection is such as to cause a considerable decrease in the 
extreme fiber stresses. Wo therefore conclude that the effect of deflection should be con¬ 
sidered when calculating combined strc,saes in long tension members. 

Illustrative Problem.—Solve tho Problem of Fig. 149 on p. 141, using eq. (14). Assume 
fixed ends. 

For the assumed end and loading conditions, C = in eq. (14). With A — 30,000 

4o 

I “ 7 ft. “ 84 in., E = 30,0()0,()00 and 1 * 6.76 in.*, we have 
1 Nl^ _ ( 30 , 000 ) ( 84 )* 

48* El (48) (30,000,000) (0.70) 


For a central load of 1.5(X) ih. 

M = }sWl « (H)(l,500)(7)(12) = 15,750 in.-lb. 


Then from eq. (14) 


M 


1^750 
1 - 0.0217 


16,KM) in.-lb. 


From oq. (7), using values given on p. 141 and M — 16,1(K) in.-Ih., tho coiiibinod fiV^er 
stressos aro found to bo as follows: 

At center of member: 

/ = ^ + • 

•'top fiber ’ 


•'bottom fiber ^ 
At end of member: 
f 

•'top fiber ^ 
f 

•'bottom fiber a 


Me 

30,000 

(10,100) (i.ao) 

I 

“ 4.18 

■ ""(6.70) 

Me 

30,(100 

(16,100)(2.74) 

/ 

4.18' 

(6.76) 

Me 

30,000 

(10,1OO)(1.2O) 

7 

“ 4.18 

(6.76) 

Me 

30,000 , 

(16,100) (2.74) 

I 

“ 4.18" 

(0;76) 


« 10,100 lb. i>er Hfp in. 
640 lb. j)er !9q. in. 


= 4,170 lb. per srp in, 
1.3,720 lb. per 8<|. in. 


AU fiber stressos are comprossive. 

On comparing these values with those given on p. 141, it can be seen that they are 
practically identical. We therefore conclude that for compression members which are 
reasonably rigid, it is not necessary to take into account the effect of defiection in calcu¬ 
lating, combined fiber stresses. 
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896. Exact Solution.—As previously stated, an exact solution for 
moment and fiber stress due to combined bending and direct stress may be 
made by means of the general differential equation of the elastic curve given in 
Art. 1, Appendix C. To illustrate the general methods, an exact solution will 
be made for a beam hinged at the ends and acted upon by a uniform load of v) 
Ib. per ft. and a direct tension N, as shown in Fig. 151a. 

At any section distance x from the left end of this beam, the moment for the 
conditions shown in Fig. 151o is 

M, = 2 a: - -g- - Ny (16) 

Placing tliis moment in the general equation for the elastic curve, we have 


Let 


N 




wlx 

"2 ” 2 “ 


FA " 
we have 


Substituting this term in the above equation and integrating, 


Cic" + v-jfi-" + 


wlx 


2.V 2N 


w 

'c^'N 


(16) 


To determine the constants of integration note from Fig. I51a that y = 0 when 

r = 0, and that = 0 when x — The constants of integration are found 
to be 


Ct = 


and 


vj 

c^N 
C\ = 


(l + c'') 


C'.c- 


It is evident from Fig. 151a that the maximum combined moment occurs at 
the center of the beam. Let A/, represent this maximum moment. Todeterraino 

M, substitute r = ^ C®)- '1'^'® value of y in e(i. (15) is obtained fromeq. 

(Iti) by substituting r = 2 values of Ci and Cs as given above. I’erforming 
the operations indicated we have finally 

As in the preceding article, tlie combined liber stress may be determined from 
eqs. (5), (6), or (7) by substituting the value of M given by eq. (17). 


lUustrattTe Problem.—Solvo the problem on p. 110, using the exact method as 
given by oq. (17). 

For the given oonditions 

(240,000) (3H0)« 




and 


BI 

r? 


From a table of hypcrbi>lic functions, 

Sech ' 


(30,000,000) (288) 

^ -v/a.OO 0.048 

BO 0.048 « 0.073 


* 3.60 


10 
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From p. 140, 
Then 


Hwl' = 110,160 in.-lb. 

2)] = - 0-073) 

= 80,0C0 in.-lb. 


The exact value of the moment here calculated differs from the approximate value given 
on p. 144 by about 1.4 per cent. This difference between approximate and exact values 
is BO small that wo conclude that the approximate methods of Art. 89o are accurate enough 
for all cases encountered in practice. Simitar conolusione hold also for fixed end members 
whether the direct stress is tension or compression. 


General formulas for moment in members with free and restrained ends sub¬ 
jected to a uniform load and wth a direct stress AHaken as tension or compression 
are given below. In these formulas w — uniform load per unit of length, I = 
AT 

length of member, and c — where N = direct stre.ss and El = product of 
modulus of elasticity and moment of inertia of .section. 

N is Tension 
Beam hinged at ends: 

Center moment 
Beam fixed at cuds: 

Center moment 

End moment 

N is Compression 
Beam hinged at ends: 

Center moment 
Beam fi.xed at ends: 

Center moment 

End moment 

90. Members Subjected to Unsymmetrical Bending.- —In the preceding analy¬ 
sis it has been assumed that the plane of bending coincides with the plane of a 
principal axis of the section. When the plane of bending does not coincide with 
a principal axis of the section, the fiber stress due to bending must be determined 
by the methods of unsymmetrical bending given in the chapter which follows. 
This fiber stress may then be combined with the fiber stress due to direct loading. 
The general formula for fiber stress may then be written 

M ") (IS) 

In this equation, the notation is the same as given on p. loi. 

lUustrative Problem.— A 5 X angle ih HubjtMitod to a compressive stress 

of 15,000 lb., applied through a gusset plate connection, as illustrated in Fig. 153a. Find 
the maximum fiber aAress. 

The -S-polygon shown in Fig. 153?> is constructed and the neutral axis located by methods 
similar to those given in the following chapter on “Unsymmetrical Bending.** OX and OY 
are the principal inertia axes of the section. By measurement it is found that point A is 


% 


-soch;') 


cl 




',( 2'^‘^2 


-■) 


w 

'' 

W’ 


('^/nnsoc !/ - 1 ) 

( 1 - fj cot^) 
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farthest from the neutral axis, hence this will be the point of maximum fiber stress. The 
oiiordinates of point A with respect to the principal axes of inertia are xa ” +1.63, and 
y - +2.61. /» “ 2.25 in.‘, /, •= 11.79 in.*, A = 4.00 sq. in., and e =« 2.21 in. Substi¬ 
tuting in eq. (11) 


/ = " + iW ( —^--—^-' 


N 


+ N 


A 
1.5,000 
' * 4.00 


r (2.25)(2.61) (0.997 ) + (1 1.79) (1.0.5) (0.081) "j 
*(2',25)(11.‘79)‘" 

" aS.OM) (2.21) (2-40) 

26.53 * 


J 


= 3,750 + 9,250 = 13,000 lb. per sq. in. (compresaivo) 



The fiber stress due to bendiuK may also bo determined from the S-polygon of Fig. 1636 
in8tea<l of by eq. (IS). 

From Fig. 1536, S = 3.02. 

Ilonec, 


_ M __ (15,000X2.21) 
■ Sa " ' 3^02 ■ 


9.170 


This is within 1 per cent of the value given in the second part of the equation above. 


91. The Kem of a Section.—In Art. 88 it wa.s shown that for a rectangular 
section, the fiber stress over the entire section was of the same character, com¬ 
pression or tension, when the resultant of 
external forces was applied at a point on 
the i)rincipal axis which is inside the mid¬ 
dle third of the section. The effect of 
bending in planes other than those of the 
principal axes will now be investigated 
by the methods used in the following 
chapter on “Unsymmetrical Bending.” 

Let Fig. 154a show a section of a beam 
acted upon by a force E which is the 
equilibrant of all forces to the left of the 
given section. As shown in Fig. 154a, the plane containing the force F cuts the 
plane of a right section of the beam in the line 0/>, whi<!h passes through the center 
of gravity of the section. Figure 1546 shows a projection of the plane of the 
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right section of the beam. As in Art. 88f the force E may be resolved into a 
thrust T acting at 0 perpendicular to the section and a moment M acting in the 
plane of OD at an angle 6 with the principal axis OX. 

The effect of the thrust is a uniform fiber stress over the entire section equal 


to 



and the effect of the unsymmetrical bending on any fiber, as A, Fig. 1546 as given 
by eq. (2), p. 151, is 

ft = 

\ Itly / 


where 7, and 7, are res|)ectivcly the moments of inertia of the section with resjKsct 
to the OX and OV axes. Values of other terms are as indicated in Fig. 154. 
The total stress on fiber A of Fig. 154 is then 

, . , j. X , lyVA sin e + 7,®.! cos e\ 

/a=/.+/. = ^+il7^ --j 


From Fig. 154, M — EhC = Ne-, and also 7, = and 7, = Ar,*, where A is the 
area of the section and r, and r, are the radii of gyration of the section with resr>ect 
to the F and X axes resi)ectively. Substituting these values in the above equa¬ 
tion, we may write 

f _L ain ® cos 9) I 

/. = ^j_l + .- -J (19) 


Placing/,i = 0 in eq. (19). and solving for e, we have 

g __ _ 

TyVA sin 0 -f Tt^XA cos 0 


( 20 ) 


Equation (20) gives the locus of all points at which the resultant thrust Eu — N 
of Fig. 154 must be applied in order to produce zero stress on fiber A. 

On comparing the value of e given by eq. (20) and the value of S given by e(i. 
(5), p. 152, it can be seen that the two ccjuations are of the same form, but that 
eq. (20) has a minus sign while eq. (5) has a plus sign, and also that eq. (20) has 
terms containing the raditi.s of gyration of the section where eq. (5) has terras 
containing the moment of inertia of the section. Hence, if we divide eq. (5) 
by —A, we obtain eq. (20). 

Since eqs. (20) and (5) are identical in form, it is evident that, with certain 
modifications, the di8Cus.sion of the chapter which follows on S-lines and S- 
polygons may also be applied to eq. (20). 

Thus, by a line of reasoning similar to that given in the next chapter, it can 
be shown that for each extreme point of any section, eq. (20) represents a straight 
line. Any resultant force N =» Eu applied to the section between its center of 
gravity, 0, Fig. 154, and the line represented by eq. (20) will cause a fiber stress 
over the entire section which is of the same character as fiber stress on the 
extreme point in question. If thi.s is repealed for each extreme point of 
the section, a .set of lines may be plotted which correspond to the S-Iines of the 
chapter oA “Unsymmetrical liending.” 

If the several lines plotted from eq. (20) are produced so that lines from adja¬ 
cent extreme points intersect, a closed area will be formed which is known as the 
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kern of the section. A resultant thrust T applied at any point in the kern of a 
Boctiou will cause fiber stresses of the same character at all points of the section. 
The kem of the section corresponds to the jS-i)olygon of the next chapter. 

The coordinates of the points of intersection of the lines forming the kern of a 
section may be determined by the methods given in the chapter on “ Unsyrametri- 
cal Bending” for corresponding points on the S-polygon. However, since eq. 
(20) may be obtained from eq. (5), p. 152, by dividing the latter by —A, where A 
is the area of cross-section, it is evident that the coordinates of the apices of the 
kem of the section may be obtained from the coordinates of the apices of the S- 
polygon for the same section by dividing these values by — A. 

The kern of a section forms a convenient graphical method of determining 
where loads may be placed on a given section without causing changes in the 
character of the fiber stress on the extreme points of the section. It can readily 
be seen that the middle third rule given in Art. 88a is a special case of the analy¬ 
sis of this article. 

Figure 155 shows the kern of the section for a few standard sections. 
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UNSYMMETRICAL BENDING 
By W. S. Kinne 

In certain types of construction it is found necessary to place beam sections 
with their axes of symmetry at an angle to the plane of lo.ading, as shown in Fig. 
156. For the conditions shown, the principal axes of the section and the plane 
of loading do not coincide, as assumed in the cases considered in the preceding 
chapters. Bending of the nature shown in Fig. 156 is known as un,<iymmetrieal 
bending. The brief treatment of the subject given in this chapter is confined to 
cases of pure bending only. 

92. General Formulas for Fiber Stress and Position of Neutral Axis for 
Hnsynunetrical Bending.—The full line rectangle of Fig. 157 shows a right section 
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of a straight beam of uniform cross-section subjected to a bending moment M 
acting in a jdane which passes through the longitudinal asus of the beam, making 
an angle d with OX, one of the principal axos of the section. In the work to 
follow, point 0 will be taken as the origin of coordinates, and the principal axes 
of the section, OX and OY of Fig. 157, will be taken as the cobrdinate axes. 
As the formulas are greatly simplified thereby, the properties of the section will 
be referred to the principal axe.s. These quantities are given directly or are easily 
calculated from data given in any of the structural steel handbooks. 




Let n-n of Fig. 157a represent the position of the neutral axis of the assumed 
section for the given plane of loading, and let a be the angle which the neutral axis 
makes with OX. Angle a and also angle 6 are to be considered as positive when 
measured in a counter-clockwise direction. Figure 1576 shows the fiber stress 
conditions on a line at riglit angles to the neutral axis, assuming linear distribution 
of stress 

Let P, Fig. 157a, be any fiber of infinitely small area o at a distance v from 
the neutral axis. Assuming positive (clockwise) moment, the intensity of fiber 

stress atF is / = —/p', where/i 
is the fiber stress intensity at 
unit distance from the neutral 
axis. The minus sign indicates 
compression, for, as shown in 
Fig. 157, the fiber under con¬ 
sideration is above the neutral 
axis. 

The moment of resistance of 
the section, which is equal to 
the stress on each fiber multi¬ 
plied by its distance from the 
neutral axis is Mh = S/iaa^ 
where S represents the sum¬ 
mation for the entire rectangle. 
But Saa* is the moment of 
inertia of the section about the neutral axis (see Art. 16), which wilt be denoted 

by /». With this notation, Mr = /iI». Substituting for/i its value — -, wehave 



Mr 
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Since the beam is in equilibrium, the momenta of internal and extmial forces 
at any section must be equal. Taking the neutral axis as the axis of moments, the 
external moment in a plane perpendicular to the neutral axis is M sin {6 — a). 
The moment of internal forces is the resisting moment of the section, which is 

given above as Mb — — ^ Equating these two expressions 

/ = _iif 

This expression can be placed in a more convenient form by referring both v 
and /, to the principal axes of the section. From Fig. 167o, v = y cos a — 
* sin a. 'Values of x and y are positive when measured upward and to the right. 
In treatises on Mechanics it is shown that in terms of the principal moments of 
inertia of the section, I, and 7„, the moment of inertia about the neutral axis is 
In — It cos^ a + 7 b sin’ a. Substituting those values in the general equation 
given above 

f — a — ar sin a) sin (S — a) 

^ (It cos“ a + 7„ sin* a) 


To determine the relation between the angles a and e, a summation of external 
moments about any two axes will yield two inde])cn(lent equations from which 
the desired relation can be obtained. Two convenient axes are OX end OY, 
the principal axes of the section. 

For axis OX, using the value of v given above, 

M sin fl = 2 fi<wy = 2/i()/* cos a — xy sin a) a 

But Jlny* is the moment of inertia of the section about the axis OX, which is 
denoted by 7„ and 2a.T7/ is the product of inertia of the section, which is zero 
for principal axes. Then, 

M sin 0 = fJx cos a 

In the same way, for axis f>F, 


M cos « = — JJ, sin at 
Solving these equiitions for a, we have 

tan a = — cot 0 


( 1 ) 


which is the general equation for direction of the neutral axis for bending in any 
given direction. 

Sub.stituting the value of a, as given by oti. (1), in the above expression for/, 
we have 

(lyil sin e + ItX cos 0\ 

"7,7. ^ } 


f- 


-Mi 


which is the general expression for fiber stress at any point in a section of a beam 
due to a moment M acting in a plane at an angle 9 to the axis OX. This equation 
can be made to apply to any itarticular point, as A, Fig. i57a, an extreme point 
of the section, by substituting for x and y the coordinates of the point in question. 
Let these coSrdinates be Xa and y^, and let/a be the resulting fiber stress. Then 


, M e + ItX A cos e\ 
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Since in eqe. (1) and (2), xa, ha, I„ and I, axe constants for any given point in 
a given section, it follows that the direction of the neutral axis and the intenaty 
of the stress are dependent upon the value of 9. For « = 90 deg., eq. (2) becomes 
fA = Mva/L, and eq. (1) becomes, tan a = 0, or, o = 0 deg. Again, for B = 
0 deg., eq. (2) becomes, fA = —Mxa/Iv, and eq. (1) becomes, tan a = infinite, 
or, a = 90 deg. 

It will be noted that tho.se special values of fiber stress are of the form given in 
Art. 606, p. 23, that is, / = M (c/1), where I/c is known as the section nwdvlus of 
the section. Also, the neutral axis in each case is perpendicular to the plane of 
loading. This condition holds true only w'hen the plane of loading coincides 
with one of the principal axes of the section, at which time the other, principal 
axis is the neutral axis, a fact which can be verified by a study of the values of 
a given above. 

Equation (2) can also be written in the form 

- [(M sin e) + (M cos 9) ] (3) 

As shown by the substitutions made above, this expre-ssion is the sum of two 
quantities obtained by resolving the bending moment into its components parallel 
to the principal axes of the section. Then by adding the fiber stresses due to 
these component moments, there is obtained an expres.sion identical to eq. (.3), 
and on tran-sformation, to eq. (2). This offers a simple and easily remembered 
method for the calculation of fiber stresses due to unsyrnmetrical bending. 

93. Flexural Modulus.—In Art. 606, p. 23, it is shown that for bending in 
the plane of a principal axis, the fiber stress in a beam is given by an expression 
of the form 

/ = M{c/l) = 

where for any given section 1/e is a constant quantity known as the section 
modulus. 

In eq. (2), the reciprocal of the expression in parenthesis is seen to be a 
quantity of the same dimensions as the section modulus, but more general in 
nature, as it involves planes of loading other than the principal axes. Let S 
denote this quantity. Then 

/ = M/S (4) 

where 

^ ^ _ « . _ /e\ 

IvVa sin 9 + 7 , 3:4 cos 9 '■ ' 

The expression of eq. (5) is known as Iho flexural modulus of the section. For any 
given direction of loading and for any given point in a section, S is a constant. 
Having given the value of <S for any given conditions, the resulting fiber stress is 
obtained by substitution in eq. (4). 

94. The S-liue.—^For any point in a given section, the values of S as given 
by eq. (5), gives a measure of the strength of the section for bending in any 
direction.- 

From analytical geometry it can be shown that eq. (5) is in the form of the 
5 j>olax equation of a straight line. A convenient graphical representation of the 
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variation in flexural modulus for various planes of bending is thus readily obtained. 
In Fig. 158, the lino C-D shows the variation in flexural modulus for point A, 
one of the comers of a rectangular section. This is known as an S-Iine of the 
section. The vector OE shows the value of Sa for bending moment at an angle 0 
to OX, one of the principal axes of the section. 

It will be found convenient to express the equation of the iS-Iine in terms of 
rectangular coordinates. II y — S sin 0 and 
® = jS cos fl be placed in eq. (5), we have 


y = - 


•X + ; 


1 X Xa 

l,yA ■ va 
which is the slope fonn of- the equation of the 
S-line for point A, Fig. 158. 

96. S-polygons.—Every extreme point or 
corner of a section is liable to become, at some 
time, a point of maximum stress. In order to 
determine graphically which of several ex¬ 
treme points is the one having maximum 
stress, it is nece».sary to plot the iS-lines for 
.all such points. In this way the values of .8 
for the several points can be compared. 

In Fig. 1.58, the line E-G represents the 
.8-line for point H. The equation for this line 
is similar to that for point A, and can be ob¬ 
tained from eq. (6) by substituting xg and ?y«, 
the coordinates of B, in phacc of the corres¬ 
ponding values for A. Thus the recjuired 
equation is 

I X Xb , I X 



2 / = - 


X d- 


(7) 


Km. 158. 


I,yi, ■ yu 

As before, the vector OK repre.sents the value of Sb for bending at an angle 0 
to OX. Eq. (4) shows that the point of greatest stress is the one with the 
leiist S. Since vector OE is sm.aller than OK, fiber A has a greater stress than 
fiber B for the given plane of bending. 

Equations similar to eqs. (G) and (7) can be made up for each extreme 
point of the section. If all these .8-bnes are plotted in Fig. 158, they will 
enclose a figure known as an .8-polygon. Examples of <8-polygons are given in 
Art. 96. 

5-polygons cun be constructed by two different methods. One method of 
construction is carried out by plotting the 5-linea, as given by equations similar 
to eqs. (6) and (7). The .8-lincs for adjacent points of the section are run to an 
intersection, and the resulting enclosed figure will form the desired 5-polygon. 
Another and better method locates the coordinates of the points of intersection 
of adjacent 5-lincs by the methods of Analytical Geometry. This is done by 
solving simultaneously equations such as eqs. (6) and (7) for adjacent extreme 
points of the section. This process is repeated for each pair of adjacent points 
of the section. The resulting coordinates are plotted and connected up to forin 
the complete 5-polygon. This latter method, which is the one used in the work 
to folbw, will now be explained in detail. 
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To determine the coordinates of the intersection of the 5-lines for points A 
and B of Fig. 1.6S, the equations for these lines, as given by eqs. (6) and (7), are 
to be solved simultaneously. Jjet xu and be the coordinates of the point of 
intersection—that is, the valdes of x and y common to the two equations. Then 


_ IvhiB -“Ha) 

Xab ~ ■ - 

x^ya — XsfyA 


Vat 


Jt(xa — Xl>\ 
XAya — XbVa 


( 8 ) 

( 9 ) 


Similar values for pairs of adjacent extreme points will differ only in the subscripts 
of X and y. The resulting values, when plotted and connected up, will form the 
desired <S-polygon. 

Equations (8) and (9) give general values for the coordinates of points of 
intersection of 5-lines. Under certain conditions these equations take on a much 
simpler form. As shown in Fig. 158, extreme points A and B form an edge which 
is parallel to the axis OF, and xa = xn = d. If these values be placed in eqs. 
(8) and (9), the resulting equations arc 


Xah = ly/d CIO) 

and 

2/.i = 0 (11) 

For two adjacent points, as A and N of Fig. 1.58, which form a side parallel to 
the OX axis, Va = Vn — c, and eqs. (8) and (9) become 

Xan =0 (12) 

and 

?/«» = h/c (1.8) 

In cases where S-polygons arc to be determined forsections which are irregular 
in outline, as shown in I'^g. 159, where some of the sides of the section are not 
parallel to the principal axes, OX and OF, eqs. (8) 
and (9) must be used in the detonuination of the 
coordinates of the »S'-pol 7 gon. It is possible, how¬ 
ever, to make use of certain short cuts which will 
greatly simplify the calculations. This is done by 
revolving the axes of reference for coordinates of ex¬ 
treme points through sudi an angle that the side in 
question and the axes of reference will be parallel. 

Suppose that the coordinates of the intersection 
points of the S-lines for adjacent points B and C 
of Fig. 159 are required. Choose a set of coordinate 
axes OU and OF, such that OF is parallel to the 
side C-B. Let <j> be the angle which OU makes with OX, a principal axis of 
the section. This angle is to be considered as positive when measured coimter- 
clockwise. If x and y be the coordinates of any point P with respect to the 
OX and OF axes, and u and v be the coordinates of the same point with respect 
to the OU and OF axes, it can be shown from Fig. 159 that 

y — V cos -|- « sin <l> 

and 

X = u cos <j> — V sin ^ 


Y 
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In these equations u and v are considered positive -when measured upward and to 
the right with respect to the axes 017 and OF. 

Substituting in eqs. (8) and (9) values of x and y as given by the above equa¬ 
tions, using subscripts to correspond to the point in question, we have 
Iy[(u i> — u c) sin_^ + (vb — vc) cos i^] 

(ucvu — uuve) 

and 

liKvn — Vc) sin <t> + {uc — u/i) cos <i)] 

(ucVb — UllVc) 

i 

Since the angle was so chosen that O F is parallel to side B-C, we have Ub 
«c = 6, as shown in Fig. 159. Substituting these values in the above equations, 
we have 

Xbe — -r 


Xbc 


Vbc 


Vbc — + 


cos (j) 
h 

: sin 4) 

I 


(14) 


In using eqs. (14) it is to be noted that the coordinates Xbc and y^c are referred to 
the priiieipid axes of (lie .section, for in deriving the ecpiations given above, only 
the coiirdin.ates of the extreme jKiints of the section were referred to the axes 
()U and ()V. 

In a like manner, the coordinates of the intersection point of the iS-lines for 
points D and of the edge D-G, Fig. 159, parallel to the OU axis, are 

III sin 4> 
d 

. IX cos <j> 

lU, = + 

where d = !■/, ■- vc- 


xj,- = — 


(15) 


In this discussion it has been assumed that C-B and C-D are perpendicular 
sides. If they are not perpendicular, it will be necessary to determine the proper 
value of for each side in order to obtain the desired results. 

When a .section has a re-entrant corner, such as F, Fig. 159, it is quite evident 
that for any given plane of bending the liber stress at F is less than at D. This 
is due to the fact that F is nearer the neutral axis for the plane of bending than is 
D. Hence the /S-line for point D lies inside that for jioint F, whose <S-line will be 
located entirely outside the iS'-polygon for the section. It is therefore necessary 
to draw ,S-lincs only for the outside jioints of the .section, as these points will be 
farthest from the succes.sive positions of the neutral axis, and therefore have the 
least values of flexural modulus. 

A simple and definite teat for the determination of the points for which /Sl-lines 
need be drawn is given by rolling a right lino around the perimeter of the section 
for which the S-polygon is to be drawn. Since the successive positions of this 
rolling line are parallel to succes,sivo positions of the neutral axis as the plane of 
bending varies through all po.ssible angles, it is evident that the points touched 
by this rolling line are those farthest removed from the neutral axis, and that 
they are points of possible maximum stress. It Ls to be noted that in rolling 
around the section, the right line will not cut across the section, which at once 
eliminates re-entrant comers. 
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.P/cme cfmaximum 
STrengih 


•For the section of Fig. 169, a line rolling as described above will touch points 
A, B, C, D, and E. The polygon formed by connecting these points is known 
as the ciTCumscrihing -polygon of the section. 

96. Construction of S-polygons.—^The S-polygons for a few of the standard 
sections used as beams will now be calculated and constructed in order to illustrate 
the principles set forth in the preceding articles. 

96a. S-polygon for a Rectangle.—The .S-polygon tor a 2 X 12-in. 
rectangle will be computed and constructed. Figure 160 shows the section with 
the principal axes OX and OF in position. The principal moments of inertia are 
^ 7, = 288 in.*, and 7, = 8 in.*; and the 

coordinates of the extreme points of 
the section, which in this case are 
also apices of the circumscribing 
iwlygon, are, xa = +1, ys = + 6; xb 
= -f 1, Vb = —0; Xc = —I, yc = 
— 6; and, xa = Vo - +6. 

Since the sides of the rectangle 
are all parallel to the principal axes 
of the section, the coordinates of the 
ajnees of the S-polygon ore given by 
oqs. (10) to (13). For sides A-Ii and 
C-D, which are parallel to the OF 
axis, eqs. (10) and (11) are to be 
used. With 7, = 8 in.*, and d ■= 

= r® = -hi, eq. (10) gives, = -|- ?.f 
= -hS in.^; and eq. (11) gives, -yat, = 0. 
Thi.s ajMix of the /S-polygon is located 
«)n the UX axis, as shown in Fig. 160. 
For side D-C the substitutions are 
similar to those for A-B, differing 
only in the signs of the coordinates of 
It will be found from oqs. (10) and (11) thatXtj = —8 in.’. 


Phn«s 

minimumt 

sf/vng^ 



Fig. HK).—/S-polygon for 2 X 12-iti. roctanglo. 


the extreme points, 
and -y^i = 0. 

Sides A-T) and C-B, which are parallel to the OX axis, require the use of eqs. 
(12) and (13). For side A-I), with 7, = 288 in.* and c — Va = yo = 4-6 in., 
eq. (12) gives x„d = 0, and eq. (13) gives — 4-“®% = 4-48 in.’ From the same 
equations we find for C-B, xa, = 0, and y,6 = —48 in.’ These apices of the S- 
polygon are located on the OF axis, one above and the other below the OX axis, 
as shown in Fig. 160. 

The complete /S-polygon is obtained by plotting the points determined above, 
and connecting by straight lines the points which have a common letter, as, for 
example, points da and ah are connected by a line denoted by o in Fig. 160; 
hkewise, points ah and be are connected by a line denoted by 6. Following this 
procedure for all points, the complete /8-polygon is obtained, as shown in Fig. 160. 

It will be noted that the coordinates of the apices of the /S-polygon, as yta, 
I.J, etc., are equal to the section moduli of the rectangle for axes OX and OF 
respectively. This offers a convenient method for constructing this polygon 
without the use of eqs. (10) to (13). The section moduli can be calculate or 
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taken from the steel handbooks, plotted on the principal axes of the section, 
and the polygon drawn as described above. 

966. S-polygon for a 10-in. 26-lb. I-beam.—^Fig. 161 shows the S- 
polygon for a 10-in. 26-lb. I-beara. As the circumscribing polygon for the I-beam 
is a rectangle, the methods of calculation are exactly the same as given above for 
the rectangular section. The detail calculations will not be given here. All 
data are shown on Fig. 161. 

96c. S-polygon for a 10-in. 26-lb. Channel.—The circumscribing 
polygon for a channel is also a rectangle, but as the axis OF is not an axis of 
symmetry, the resulting 5-polygon will not be symmetrical about the OF axis, 
as in the case of the rectangle and I-beam. 

For a 10-in. 25-lb. channel, /, = 91.0 in.'*, I, 
= 3.4 in.‘; xa = 4-2.27, yx = -1-5.0; xb - + 
2.27, jiu = —5.0;a:c = —0.62, ijc = —5.0;and, 
x„ = — 0.62, ya = -f 5.0. (All coordinates in 
inches.) 

Y 




Kio. 101.—iS-p(»lygori for a 10-in. 2r».‘l-Ib, Fig. 162.—.S’-polyRon for a 10-in. 25-Ib 
1. channel. 

Substituting these values in cqs. (10) to (13), the coordinates of the apices of 
the 5-polygon are found to be 

= 1-3.4/2.27 = 4-1.49 in.» 

y ab ~ 0 

Xbe — 0 

Vb, = -91.0/5.0 = -18.2 in.’ 
x.d = -3.4/0.62 = -5.48 in.’ 

Vcd = 0 
Xda — 0 

Vid = 4-91.0/5.0 = 4-18.2 in.’ 

These values when plotted give the 5-polygon of Fig. 162, on which all data are 
shown. 
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9«rt. S-polygon for an Angle Section.—The /S-polygon for a 6 X 
3M X angle will be computed and constructed. In the case of angle 

sections, the steel handbooks do not give directly the principal moments of inertia 
of the section. The moments of inertia given are those for the gravity axes of 
the section [OU and OF of Fig. 163). By the application of a few well-known 
principles, the location of the principal axes and the values of the principal 
moments of inertia are readily determined. 

Figure 163 shows the angle section with the gravity axes OV and OF in posi¬ 
tion. The moments of inertia for these axes are /„ == 9.99 in.* and /„ == 4.05 

in.* Moments of inertia for principal axes 
are not given directly. However, the 
minimum radius of gwation of the section 
is given; this is a properly of the minor 
principal axis of the section. From Art. 
18, / = Ar^, where A = area of section, and 
r = radius of gyration. For the section 
in question, A — 4.0 sq. in., and Ty = 0.75 
in. Then, /, = (4.0) (0.75)' = 2.25 in.* 
The value of /„ tlie moment of inertia 
for OX, the major principal axis of the 
section, can bo determined from the well- 
known relation connecting the moments of 
inertia for principal and other axes, which 

is; /, + 7„ — -t- As /, is the only 

Pm. 163.-S-poWh.r a 5 X S.li X h,we: 

0.99 + 4.05 - 2.25 = 11.79 in.* These 
values may also be calculated from eqs. ( 11 ) and (12), p. 579, Appendix IJ. 

The value of the angle between the principal and gravity axes, angle XOU of 
Fig. 163, may be determined from eq. (15) p. 580. If <j> denote this angle, wo have 

tan 2<j> — j —j 

1 y lx 

which may also be written 

__ 2.Tty _ 

tan <>- ±’V( 7 .-‘ 7 ,)'' + 4 J.l 

In these equations, J ty — product of inertia of the section, as dchned in Art. 6, 
Appendix B. To determine for the angle section of Fig. 163, divide the 6 gure 
into two rectangles ABFG and EGDC. The coordinates of the centers of gravity 
of these rectangles with respect to the origin at 0 arc given on Fig. 163. Then 
J,y = (3.0)(0.5)(1.41)(1.09) -t- (5.0)(0.5)(O.fi(i)(0.84) = 3.69 in.* 
Substituting in the first of the above equations, 

♦ 7.38 _ 

tan 2 d. - - 4 05 _ 9.99 - ^ 

From the second equation 2 <j> = 51° — 12' and d> = 25° 36' 

_ 7.38 

- 5.'94 ± \/(5.94)*-f (4)t3^9)'' 
d> = 25° 36' 



' tan d> 


- 0.479 
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The gravity and principal axes are shown in their relative positions in Fig. 103. 
Values of tan ^ for angle sections are given in the Cambria rolling mill handbook. 

As shown in Fig. 103, the sides of the circumscribing polygon, ABODE, are 
not parallel to either of the principal ax(» of the section. The coordinates of the 
apices of the S-polygon are to be calculated by eqs. (8) or (9); or, by rotating the 
axes of reference as explained by Fig. 1.59, eqs. (14) and (15) can boused. As 
the latter method is the simpler, it will be used here. 

Axes OU and OV are parallel to sides A-B, C-D, D-E, and E-A of the 
circumscribing pol}'gon, and will be used as the new axes of reference. The 
angle (j) is seen from Fig. 163 to be 25 deg. 36 min. 

For side A-B, which is parallel to the OV axis, cq. (14) is to be used. With 
0 = 25 deg. 36 min., 7„ = 2.25 in.^ and ua — vb = 2.59 in., we have, 


^ah — 


(+2.25) (0.902) 
2..59 ' 


+0.784 in.'’ 




(+11.79) (0.432) 
2.59 


+ 1.97 in. 


In jdotting these points it must be remembered that Xoi, and ijai, are referred 
to axes OX and OY, the rotation of axes of reference having been made only with 
resjiect to the extreme points of the section. 

Side D-E is also i)arallel to the OV axis, and eq. (14) is to be used, which gives 
(+2.25)(0.902) ^ _ 

'■ -0.91 

(+11.79) (0.432) , 

y,i. = -O.Ql ■ -5.00 m.’ 

Sides A-E and D-C tire, jjanillel to axis OU. Substitution in eq. (15) gives 
(-2.25) (0.432) 

1.66 


Xa, ~ 


- - 0..5S6 ill.’ 


and 


-+0.291 in.’ 




(+n.79)(0.902) 

-3.34 


= -3.18 in.’ 


The side D-C of the circumscribing polygon is parallel to a pair of rectangular 
axes shown by OR and OT in Fig. 163. These axes make an angle of 33 deg. 40 
min. with the gravity axes, or 8 deg. 4 min. with the jirincipal axes of the section, 
as shown in Fig. 163. This angle can be calculated, or scaled with a protractor 
from a large layout of the section. Since the axis OR is in the fourth quadrant 
with respect to the axes OX and OY, 


= (.360° - 8°4') = 351 dog. 56 min. 

Using eq. (14), with as above and b = 1.51 in., as shown on P’ig. 163, we have 
(+2.25) (0.990) 

1.51 


tCbe — 


= +1.48 in.’ 


(+11.79)(-^0.140) 

1.51 


-1.09 in.’ 


Plotting these points with respect to the OX and OY axes, and connecting the 
proper points, the complete AS-poIygon is obtained as shown in Fig. 163. 
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96c. S-polygons for Z-bars and T-bars.—^I’wo rolled secUous wldch 
are used occasionally as beam sections are the Z- and T-bars. /S-polygons for these 
sections are shown in b’ig. 164. The detail work of calculating these polygons will 
not be given, as the methods are similar to those used above. 

Figure 164a shows the /S-polygon for a 6 X 3K X J-^-in. Z-bar. The 
codrdinates of the apices of the S-polygon, referred to the principal axes of the 
section are: 

*. 1 , = —0.000 in.’, i/o6 = -f-8.60 in.’; Xbe — -fO.848 in.’, ybc = 4-4.38 in.' 

x.i = 4-1.89 in.’, y =0; x^t — —1.89 in.*, y„f = 0; 

x,( = —0.848 in.’, y,/ = —4.38 in.’; Xi, = -fO.OOO in.’, yt, = —8.56 in. 


4 

\ 



Fio. 1G4. Tig. IGG. 


Figure 1046 shows the /S-polygon for a 4 X 4 X l 2 -in. T-bar, for which the 
coordinates of the 6-polygon are: 

Xat, = 0, yah = —2.02 in.’; ** = 0, y* = 4-4.83 in.’; 

Xed = -1-1.40 in.’, ycd — 0; x.; = —1.40 in.’, y,/ = 0; 

Xhe = -1-1.69 in.’, j/ic = —1.71 in.’; !«/ = —1.09 in.’, j/a/ = —1.71 in.’ 

97. Solution of Problems in Unsymmetrical Bending.—Problems in unsym- 
metrical bending can be solved algebraically by the use of eqs. (1) and (2), or 
by semi-graphical methods involving the use of 6-polygons. A few simple prob¬ 
lems will be worked out to show the general methods employed. 

In problems involving the determination of fiber stress in a given beam section 
under bending in any direction, the desired result is generally the maximum fiber 
stress and the fib^r on which it occurs. A complete solution of this problem 
can be obtained by two methods. In the first method, the stresses are computed 
for all extreme fibers of the section. On comparing these values, the maximum 
can readily be determined. By the second, and better method, the neutral 



Sec. 1-07] 


GENBRAL THEORY 


161 


axis of the section is located on a large scale layout of tire section. From this 
sketch the fiber most remote from the neutral axis is determined by inspection, 
or by scaling if necessary, and a fiber stress calculation made only for this fiber, 
thus giving the required maximum stress intensity. 

lUttStrative Problem. —A 10-in. 25-lb. channel section is used as a beam to support a 
moment M acting in a vertical plane. Figure 105 shows the position of the channel and 
the direction of the plane of bending with respect to OX and OY, the principal axes of 
the section. The solution will be carried out for both of the general methods outlined 
above. 


Algebraic Solution. —The moments of inerti-a of the section, as given by the 
steel handbooks, arc: 7, = 91.0 in.'", and 7„ = 3.4 in.< The coordinates of the 
extreme points of the section are: xa = +2.27, j/.i = +5.0; Xb = +2.27, ya = 
—5.0; xc — —0.02, i/c = — 5.0; and, xu = —0.02, tjo = +5.0. (All coordinates 
in inche.s.) 

P’rom eq. (2), with 9 = (iO deg., as shown in h'ig. 105, and with the coordinates 
given above, we find for point A , 

. ,.|(+3.4)(5.0)(0.800) + (91.0)(2.27)(0.50)1 +14.72 + 103.8 ,, 

. (91)(3.4) 309.5 ^.^ 

/a = -0.3835'I7 

The minus sign indi(\ates that the fiber stress is compressive. 

For fiber 71, substitution in e(|. (2) involves the same quantities as for A, 
except that yj, is negative. The first term in the numerator of the above expres¬ 
sion then becomes negative. Using the same form as given above, we have 


//( — — 


-14.72 + 103.8 ,, 
309.5 


-0.2875.17 


In the .same w'ay, we have for jxnnts C and I) 


fo 

fo 


-M- 


,'“(+.3.4)(-5.0)(0.S06) + (91.0)(-a02)(0.5)1 
(91) (3.4) 'J 


and 


fo + 


-14.72 + 28.20 
309.5 


+0.0435547 


The plus signs indicate tensile stresses. 

On comparing the calculated values, it will bo found tJiat fiber A has the 
maximum fiber stress, and that the stress intensity is 0.383547 lb. per sq. in., 
compression. 

Proceeding with the second method of solution outlined above, we find from 
eq. (1) that the angle between the axis OX and the neutral axis for the given plane 
of bending is . 


tan a 


(-91.0) (cot 60°) 
■ 3.4 


(-91.0)(0.5774) 
" 3.4 


-15.46 


from which, a = 93 deg. 42 min. In Fig. 105 the neutral axis, as located by this 
angle, is shown in jiosition. It is evident by inspection that fiber A is most 
remote from the neutral axis. A single sub.stitut.ion in eq. (2) for fiber A 
gives the desired result. The calculations are as given above for point A ; they 
will not be repeated. 

11 
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Solution by Means of an S-polygon .—On Fig. 166 there is given a solution of 
this problem by means of an ;S-polygon. The <‘?-polygon is constructed from the 
calculations made in Art. 96 and shown on Fig. 162. 

From eq. (4) of Art. 93, the fiber stress at any point Ls / = M/S, where S 
is the flexural modulus of the section. As explained in Art. 94, the value of S 
for any point in the section is the distance measured along the plane of bending 
from the origin to the intersection of the plane of bendmg and the 5-line for the 
given point. These intercepts are shown on Fig. 165, each with a subscript 
corresponding to the point for which the value of S is given. Then from eq. (4), 
the fiber stresses are: Ja = M/2.C0 = O.'ASbM, fa — Jlf/3.50 =• fc = 

M/T.IS = 0.139M, and/c = Af/23.05 = 0.04.35M. 

The character of fiber stress is not given directly by the ^-polygon. To 
determine the character of the fiber stress, locate the position of the neutral axis, 
as shown in Fig. 165. For positive moment, all points below the neutral axis 
will be under tensile stro.ss, and jjoints above the neutral axis will be under com¬ 
pression. Thus in the case under consideration, points A and B are above the 
neutral axis and are under compression, while C and D are below the neutral axis 
and are under tension. These results are checked by the algebraic solution given 
above. 


Illustrative Problem.—A 5 X 3t^ X M-m. angle with the longer leg vertical carrie.s a 
moment ilf acting in a vortical plane, as shown in Kig. ICO. Required the intensity of 
tho maximum fiber stress and the fiber on which it occurs. 

This is the angle section for which the S-polygon is calculated in Art. 96 anil shown 
on Pig. 103. Tho principal moments of inertia of the section are; 7, — 11.79 in.*, and 
/, = 2.25 in.* In Fig. 166 the principal axes OX and OY are shown in position. 


Uane of 
Oerxf/ng, 
Grayifyaxeo 


Algebraic Sohdiun .—The fiber of nuiximum stress intensity will bo determined 

by plotting the position of the neutral axis on the angle section. I'^om oep (1), 

with 9 = 115 deg. 36 min., as shown on Fig. 106, we have 

(-11.79) (cot 11.5° 36') , . 

tan a — - = + 2.51, or, « = GS deg. 17 nmi. 

The position of the neutral axis is shown on Fig. 166. It will be found that fiber 

C is most remote from the neutral axis, and is 
therefore the fiber of maximum .stress intensity. 

The coordinates of point C must be referred to 
the principal axes of the section, OX and OY, in 
substituting in eq. (2). This information is not 
given in the steel handbooks. It can be obtained 
by scaling from a large scale drawing of the 
section, or it can be calculated by means of the 
formulas for rotation of the axes of reference given 
for the conditions sho^vn in Fig. 159 of Art. 96. 
The values of u and v to be used in the formulas 
of Art. 95 can be found in the steel handbooks, 
for OV and OF arc the gravity axes of the sec¬ 
tion. Then for uc = — 0.41, vc = —3.34, and 
we have, yc = (-3.34) (0.902) - (0.410) (0.432) = - 
and, xc = (-0.410) (0.902) + (3.34) (0.432) = -1-1.07, both values in 
inches. Calculated and scaled values were found to chock. 



Pm. 160. 

= 25 deg. 36 min 
3.19, and, ac = ( 
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From the 5-polygon of a rectangle shown in Fig. 160, Art. 69, it can be seen that for 
bending at an angle of 60 deg. with the axis OX, hbers A and C have values of 5 which are 
equal and smaller than those for D and B. It is evident, then, that it is neooseary to draw 
only tbs 5-line for point A in order to determine the proper section. 

In Fig. 167 the S-lines for several rectangular sections are shown. The 6 X 10-in. 
section is too small, for the S furnished by the section is not equal to that required by the 
moment. The 6 X 12-in. section is a little too large, but as beams usually come in even 
inch sisoB, it will be adopted. 

Before this section is finally adopted, the assumed weight must bo checked up. At 

4 lb. per ft. board measure, a 6 X 12-in. section will weigh (12 X = 24 lb. per ft. 

As the weight assumed in the calculations was 25 lb. per ft. a revision is not necessary. 

98. Investigation of Beams.—^An important problem in the investigation of 
the relative value of the various rolled sections when used as beams is their 
moment carrying capacity. By means of the S-polygons of the sections, a direct 
comparison can be made. Thus, if it bo required to determine the relative 
moment carrying capacity of an I-beam and a chamiel of the same depth and 
weight per foot—as for example, a 10-in. 25.4-lb. I-beam and channel—wc can 
refer to the iS-poIygons for those section.s. p'igurc Kil gives the .S’-polygon for a 
10-in. 25.4-Ib. I-beam, and Fig. 102 gives the .S'-polygon for a 10-in. 25-lb. channel. 

These polygons are drawn to the same scale so that the relative strength of 
the two sections is proportional to their sizes. It can be seen at once that the 
advantage is in favor of the I-beam section. In the same way, any sections can 
be compared by this method. 

Another problem of considerable importance is the determination of the planes 
of greatest and least strength for any given section. In this way it is possible b) 
place a section in such a position that its idaiie of greatest resisting moment 
coincides with the plane of the bending moment, and the section is used to its 
greatest advantage. It is also possible to avoid loading a beam in the plane of its 
least resisting moment. 

From eq. (4) of Art. 93, it can be scon that the fd)or stre-ss varies inversely as 
the value of S. Therefore the plane of greatest strength is the one with the 
largest S, and the plane of least strength i.s the one with the smallest S. The 
values are measured as shown by the vector OK of Fig. 1.5S. 

The ]>lane of greatest strength in bending of the rectangle, I-beam, and channel 
sections, as shown by their >S’-polygons, (see Figs. 160,161, and 162) is in the plane 
of the OY axis. By an inspection of the -S'-polygons, it c.an be seen that the plane 
of least strength is perjjendicular to the .S-lines, for on these planes the values of 

5 arc a minimum. There will bo four such planes for the rectangle and I-beam 
sections, one for each iS'-linc. For the channel section there are two planes of 
least strength, one perpendicular to the .S'-linc a and another perpendicular to 
5-line 5. 

The angles which these pianos make with the axis OX can be determined from 
a large scale drawing of the section by means of a protractor. The angles can 
also be determined by means of a proposition of Analytical Geometry which 
states that when a line is perpendicular to a given line, the .slope of the perpen¬ 
dicular Ls the negative reciprocal of that of the given line. Thus from the equation 
of the 5-line for fiber A, as given by cq. (6), Art. 94, the slope of the perpendicular 

+ T E”' the rectangle of Fig. ICO, we find from the data given in Art. 

11 
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fl6a. that the angle between the OX axis {uwl the plane of least strength, as deter¬ 
mined from the above equation, is 

tan of slope = + X % = +0.167, or slope angle = 9 deg. 30 min. 
This plane is shown in position on Fig. 160. 

The determination of the planes of greatest and least strength of the angle 
section, for which the S-polygon is shown in Wg. 163, is not as simple a matter as 
for sections of rectangular form due to the unsyrnmetrical form of the S-polygon. 
From an inspection of the /S-polygon of Fig. 163, it is evident that the angle section 
has its greatest strength as a beam for the plane of loading for which the fiber 
stresses, and hence the values of S, for fibers A and D arc equal. This plane can 
be located by trial by means of a straight edge and a pair of dividers. It can also 
be located by means of eq. (5) of Art. 93. If values of S, as given by eq. (5) for 
fibers A and D, be equated and the resulting expression be solved for 5, the result 
will be the desired plane of greatest strength. Performing the operation indicated 
above, we have 


tan 0 = 


Is Xa + XJ) 
iy Va + 2/0 


For the angle section whose /S-jxdygon is showm in Fig. 163, xa 
+2.60; % = +0.59, i/,, = -3.40; h = 11.79, and /„ = 2.25. 
equation 


tan 6 = 


11.79 
2;25 ■ 


1.61 +0.59 
2.60 - 3.40 


= +14.40 


= +1.61, Ua “ 
From the above 


or, = 86 deg. 2 min. This plane of loading is shown in position on Fig. 163. 
The plane of least strength is determined by methods similar to those used for 
the rectangle. It is shown on Fig. 163. 

In the above discussion the planes of greatest strength have been located and 
arc shown in jx/sition on a few of the sections in general use as beams. To secure 
the best results, it is evident that the section should be so placed that the plane of 
bending and the plane of greatest strength coincide. It is not possible, however, 
to realize these ideal conditions in all cases. This is due to the fact that the 
methods of attaching the beam section to its sup¬ 
ports determines the position of the beam. Thus 
beams supported on a sloping surface mast usually 
Ix) set with their faces perpendicular to the support¬ 
ing surface. 

When an angle section is used as a beam, it 
should be placed as shown in Fig. 168o, for iis shown 
by the S-polygon, this position is very close to its position for greatest strength 
for bending in a plane which is vertical or nearly so. At the same time, attach¬ 
ment to the supporting structure is readily made. 

Z-bars are seldom used as beam sections, as it is difficult to obtain them except 
in large quantities. From the /S-polygon for this section. Fig. 164a, it can be 
seen that for the position shown in Fig. 1686, the section is advantageously 
placed for bending in a vertical plane. 

The T-bar, as shown by its /S-polygon, Fig. 1646,^ does not form an ideal 
beam section, due to the fact that the fiber stresses on the extreme fiber of the 
stem are much greater than those on the flange. In any case it is desirable that 
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the section be pbiced with the stem down. The upper, and wider face, is then in 
compression, which incrcasos the lateral stiffness of the section. 

In some types of roof covering, T-bars closely spaced, are used to support 
tile or short span slabs carried directly on the T-bars. The stem of the T is 
placed up, the bottom flange forming a support for the title. From the discus¬ 
sion given above, it can bo seen that the T-bar is not well placed in this type of 
construction, for the narrow stem of the T is in compression, and is liable to foil 
due to insufficient lateral support, unless low working stresses are maintained. 
The material is then not used to as great advantage us in the other sections 
considered. 

99. Tables of Fiber Stress Coefficients for Beams.—The variety of conditions 
encountered in problems in*unsymmotrical bending renders it impracticsil to 
attempt any very extensive tabulation of fiber stros.ses in beams. Kach ca.se must 
be worked out by means of the general equations or the >.S’-i)olygon methods given 
in the preceding articles. Wheire iS-polygon methods are to be used to any great 
extent, it will save time if the <S-polygons of standard sections be jilottod on 
tracing cloth, or some transparent material. The roiiuired S can bo plotted on 
a sheet of paper, as explained in the illustrative problem, p. 163. By laying the 
plotted /S-polygons over the required S, and shifting lo different sections, the 
desired section can readily be determined. 

There is, however, one very important and frequenthv encountered condition 
of unsymmctrical loading for which tabulations of fiber stress cun be made. The 
ease referred to is that of loading in a vertical plane on scctiims inclined at an 
angle to the vertical. 

Table 1 gives coefficients for T-bcams; Table 2 gives values for channcLs; and 
Table 3 gives values for angles. The fiber stress in any case is obtained by multi¬ 
plying the moment, Jlf, by the coefficient given in the tables. 'I'he sketch shows 
the conditions for which the values are given. These tables were taken from 
articles by R. Fleming, which appeared in the Eng. Her.., March 3, 1917, and in 
the Eng. News-Hec., Feb. 27, 1919. 


I pr/rca/ 
Y Ming 



Table 1.—Fujek Stress Coekpioients, Bendino Moment 
Duk to Vkutical JvOauing on I-beams 


I-boam 

section 

0 

r* ■ 

2 

jntfih of 

3 

e-In. 12.6-lb. 

1 

0.138 

0.212 

0.284 

0.352 

7-m. 16.3-lb. 

0.097 

0.153 

0.208 

0.2G0 

S-in. 18.4-lb„ 

0.070 

0.114 

0.157 

0.190 

9-in.21.8-lb. 

0.053 

0.088 

i 0.121 

0.1.53 

1040.85.4-lb. 

0.041 

0.009 

0.090 

0.122 


0.028 

0.050 

0.071 

0-091 


roof in iuclies per foot 


4 

6 

0 

7 

8 

0.415 

0. 473 

0.520 

0.573 

0.614 

0.308 

0. 353 

0.303 

0.430 

0.461 

0.234 

0.268 

0.300 

0.328 

0.352 

0.183 

0.210 

0.235 

0.257 

0.277 

0.140 

0.168 

0.188 

0.206 

0.222 

0 . no 

0.127 

0.143 

0.157 

0.170 
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Table 2.—Fiber Stress Coefficients, Bendino Moment 
Dub to Vertical Loading on Channels 


' Pitch of roof in inchca per foot 

Channel j _ _. _ , 


auction 

0 


' 2 

3 

4 

5 

C 

7 

S 

(V-in.8.2 -lb. 

0.231 

0. 390 

0. 557 

0.709 

0.851 

0.982 

1.101 

1.207 

1.301 

7-in.9.8 -lb- 

0.1C6 

0. 21»6 

0.422 

0.542 

0. 655 

0.758 

0.852 

0.935 

1.010 

8-in, ll.S-lh. 

0. 124 

0.228 

0. 330 

0.427 

0.517 

0.000 

0.076 

0.743 

0.804 

ft-in. 13.4-lb. 

0. 095 

0. 180 

0.203 

0.342 

0.415 

0.483 

0.545 

0.600 

0.650 

10-in. 15.3-lb. 

0.075 

0. 145 

0.2H 

0.279 

0.340 

0.397 

0.448 

0.494 

0.535 

12-m. 20.7-lb. 

0.017 

0. 09 \ 

0.141 

0.184 

0.225 

0. 203 

0.298 

0.329 

0. 357 



Table 3.—Fiber Stress Coefficients, 
Bending Moment Due to Vertical 
Loading on Angles 


AukK^ Beciion, 


Pitch of roof in inches per foot 



inches 

i 0 

1 1 

I ^ 

3 

1 

5 

0 

7 

8 

2K X 2 X H 

! 3 40 

1 

1 3. 30 

3.11 

2.88 

2.08 

2.40 

2.30 

2. 14 

2.01 

2H 

X 2 X fu 

1 2.01 

2.70 

2.01 

2.41 

2.22 

2.04 

1.90 

1.78 

1.67 

3 

X 2H X K 

1 2.33 

2. 22 

2.10 

1.98 

1.85 

1.71 

1.60 

1.49 

1.38 

3 

X 2H X K« 

1.89 

1.S3 

1.73 

1.03 

1.51 

1.41 1 

1.30 

1.24 

' 1.15 

3M X 2H X >1 

1.80 

1.09 

1.00 

1.4« 

1.35 

1.22 

1.15 

1.06 

1.12 

m X 2H X 

1.47 

1.39 ; 

I.3J 

1.22 

1.14 

1.02 

0.90 

0.89 

0.93 

4 

X 3 X 

1. or. 

1.00 

0.94 

0.88 

0.81 

0.75 

0. 69 

0.05 

0.06 

4 

X 3 X « 

0.92 

0.87 

0.81 

0. 75 : 

0.70 

0.63 

0. 59 

0. 55 

0.52 

5 

X 3H X 

0. 08 

0. 0.5 

O.OI 

0. 50 

0.51 

0.47 

0.43 

0.41 

0.48 

5 

X 3H X H 

0.00 

0. 57 

0. 53 

0.48 

0.43 

0.40 

: 0-37 

0.35 

0.41 

6 

X 4 X H 

0.41 

0.38 

0. 35 

j 0.32 

0.29 

0. 27 

0. 25 

0.27 

0.30 

C 

X 4 X Mo 

0. 35 

: 0.33 

1 0.31 

1 0.28 

0. 25 

1 

0.23 

0. 22 

0.23 

0.20 


100. Variation in Fiber Stress Due to Changes in Position of the Plane of 
Bending.—The iS’-polygon shows in a striking manner that small changes in the 
position of the plane of loading cause relatively large changes in the fiber stress 
on a given point in the section. This variation in position of the plane of loading 
may be due to a variety of causes. The deflection of the beam under loading may 
tend to twist the section about its longitudinal axis, thus changing the position of 
the plane of bending from that assumed in the design. In the case of wooden 
beams, warping of the timber may have a similar effect. To counteract these 
effects, the beam should be held rigidly in line by some form of lateral support. 
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Bridging in wooden floor construction is one method of providing this lateral 
support. 

• The effect of a small change in the position of the plane of loading will now be 
shown graphically by means of an S-polygon. Figure 169 shows a portion of the 
S-polygon of a 10-in. 25.4-Ib. I-beam, data for which are given in Art. 966. A 
comparison will be made of fiber stresses for bending in the plane of theOFaxis, 
^ and for bending in another plane 1 deg. away from the first 

plane; that is, for e = 90 deg. and 89 deg. respectively. By 
scale from Fig. 169, we have Si — 24.4 in.’ for 9 = 90 deg., 
and Si — 21.3 in.’ for o = 89 deg. The resulting fiber 
stresses are:/i = 0.04099il/, and ft = 0.04795M. These 
values differ by 14.6 per cent of /i. Values of S are also 
indicated for bending planes at 6 and 6 deg. from the axis 
OY. At this place the stre.sses differ by about 7.5 per 
cent. 

It can bo seen by comparing the calculated values 
given above, and also by inspection from Fig. 169, that 
this percentage is a maximum for planes of loading near 
the OY axis. 

An exact mea.sure of the change in fiber stress can be 
determined by differentiation of cq. (2) of Art. 92. 

Thus 

7„?/4 cos e — ItXA sin 



df = 


hh 


-) 


do 


In this expression df is the change in fiber stress on a fiber 
A, coordinates xa and Pa, due to a very small change do in the position of the 
plane of bending. This angular change do is to be measured in radians (a 
radian is 57.3 deg.). 

The percentage change in fiber stress is given by dividing df by the value of/ 
for the given O. Then 

Percentage change in fiber stress = y 
_ ItVA jcos 0 — hxA sin 0 
iyPA sin 0 + lyXA cos ( 

As stated above, tliis rate of stress change is a maximum for a loading plane at the 
OY axis. With 9 = 90 deg., the above equation becomes, when 9 is expressed 
in degrees. 


do 


/7,a:.i\ 

/ do \ 

\I,yA.} 

V57.3; 


As an application of this equation, consider the case solved graphically in Fig. 
169. For a 10-in. 25-lb. I-beam, 7, = 122,1 in.’, 7, = 6.9 in.*, xa = 2.33 in. and 
ya =* 5.0 in. Then 

Percentage change = df/f ■■ 

< = 14.4 per cent 

It will be noted in the above equation that the predominating factor is the ratio 
of priniapal moments of inertia, IJIy. For sections in which this ratio is large— 
thati4>n narrow deep sections the fiber stress increase is large for a relatively small 


/ 1 \/122.1\/2.33\ 
1,57.3A 6.9 A 5 .O 0 J 
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change in tbp direction of the plane of loading. To avoid this effect, beam sections 
should be chosen from rolled shapes or rectangular sections which have consider¬ 
able lateral rigidity. If narrow sections must be used, they should be thoroughly 
braced to prevent overturning. 

It is also interesting to note the change in position of the neutral axis due to 
changes in the plane of bending. Tliis effect is best studied by means of eq. (1), 
Art. 92. For the beam section considered above, suppose, as before, that the 
plane of bending is 1 deg. from the axis OY, or 0 = 89 deg. in eq. (1). Then 

♦ n » (-122.1)(0.01746) 

tan a — —(/»//„) cot 0 = g g .- 

tan a = - 0.309, or, a = 180° - 17° 10' 

It will be noted that a 1-deg. change in the position of the plane of bending causes 
a l7-deg. change in the position of tlie neutral axis. 

Table 4 gives the jjercentage change in fiber stress and the corresponding 
change in the position of the neutral axis due to a l-<leg. change in the direction of 
the plane of bending from the 0 Y axis of standard I-beam and channel sections. 
Those values were calculated by the methods given above. 


Taj)i.e 4.—Percentaoe Increase in Fiber Stress and Chanoe 
IN Position op Neutral Axis tor a One-Decree 
Chance in Direction of Plane op Bending 


Pkjneof 

/(XxYmg 

G-89'> 




Change in 


ftpction 


Incrcaae in 
fiber stress 
(per cent) 

slope of neu¬ 
tral axis 

er 

(decrees) 

20-iii. C5.4-lb. I-beam. 

41.S 

22.8 

30® 10' 

IS-in. 54.7-lb. I-bciim . . 

37. 5 

21.8 

33® 15' 

15-iii. 42.f)-lb. I-bcain. - . 

30. 2 

19.3 

27® 50' 

12-in. 31I-t>eani. 

22.7 

10.5 

21® 35' 

10-iii. 25.4-)b. I-beuin .. .. 

17.7 

11.4 

17® 10' 

9-iii. 21.8-lb. 1-beani . ... 

10.4 

13. 8 

10® 0' 

8-in. IK.4-Ib. I-bcain . 

15.0 

13. 1 

14® 40' 

V-in. ir>.3-lb. I-boam. 

13. 5 

12.3 

13® 20' 

(i-in, 12..5-lb. l*beam. 

11.8 

11.5 

11® 40' 

15-m. 33.9-!b. channel. 

38.1 

23.2 

33® 40' 

12-m. 20.7-lb. channel. 

32.8 

21.4 

29® 50' 

10-in. l.'».3-lb. channel . . . 

29. ] 

19.0 

27® 0' 

9-in. 13.4-ll>. chtiimol. . . . 

26.3 

18.5 

22® 26' 

8-in. 11.5-ll>. channel .... 

24.8 

18.2 

20® 35' 

7-in. 9.S-lh. channel. 

21.5 

10.5 

20® 35' 

G-in. 8.2-lb. ehitiinel. 

IS.G 

15.2 

18® 0' 


101. Deflection of Beams Under Unsynunetrical Bending.—The amount and 
direction of the deflection of a beam subjected to unsymmetrical bending is often 
desired. To determine the desired deflection, the bending moment can be resolved 
into its components parallel to the principal axes of the section and the deflection 
determined for these component moments by means of the usual formulas for the 
case in question. The required resultant deflection is equal to the vector sum of 
the component deflections. 
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Suppose the rectangular section of Fig. 170 is subjected to bending in a plane 
at an angle 0 to axis OX due to a uniform load of to lb. per foot. Required the 
amount and direction of the resulting deflection. 

As the components of moment parallel to the axes OX and OY are proportional 
to the components of the applied load for these same axes, the deflection parallel 
to the axes can be written from the deflection formula for uniform loading, which 



is, d = 3 g 4 ^'/ ®cc. 1, Art. 636). I’or the component of load parallel 


to the OX axis, wo have from the above formula 

. _ 5 ID cos B 
•'■"384’a’ 

and for the load parallel to the OY axis, we have 

, _ 5 I* w sin_9 
' “ 384 ■ ■ I, 

where d, and d, are the components of deflection for the OX and OY axes 
respectively. 

The vector sum of these deflections is 


d = (d.'* + dy^)^‘ 

where d is the desired deflection. Substituting the above values of d» and d,, 
we have 


. _ 5 CO.S* 6 + Iy'‘ sin* 

384'A’V IrH/ ) 

From Fig. 170a the angle which the resultant deflection makes with axis OX is 

tan ~ ® 


( 16 ) 


(17) 


As this expression is the negative reciprocal of that given in eq. (1), Art. 92, it 
can bo seen that the direction of deflection is peri)endicular to the neutral axis 
for the given plane of bending. 

If the loading conditions differ from those assumed in the above analysis, it 


' t 5 f' 

is onfy necessary to change the value of the constan* ^ of eq. (16) to meet the 

r«qiwed conditions. 
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The amount and direction of deflecUon can a\«o’De determined % «tap\nca\ 
methods which ate based on certain properties of the ehlpse. 'E.nnaW can 
be written In the form 


5 11)1* 1 

m e^d’ 


where D = 


cos* e + I,* sin* I 


This value of D can be shown to be the equation of an ellipse with major and 
minor axes /, and I„. Figure 170 b shows the D-cllipse for a rectangular section. 
The vector D, measured as shown in Fig. 1706, gives the denominator of the 
above equation for loading on the given plane. 

As stated above, the direction of deflection is perjiendicular to the neutral axis. 
The neutral axis can be located by means of the inertia elhpse of the seotion. A 
complete discussion of the inertia ellipse will be found in advanced works on 
Mechanics, to which the reader Ls referred. 

Figure 170c shows the inertia ellip.so for a rectangular section. It is con¬ 
structed with major and minor axes equal to the radii of gyration of the section for 
the axes OX and OY. To locate the neutral axis, draw through point 0 a line 
parallel to the plane of bending. Draw a-a, any chord of the ellipse parallel to 
the plane of bending. Bisect this chord, and through its center point draw a line 
n-n which pas.se.s through the point 0. This Unc is parallel to the direction of the 
neutral axis for the given direction of bending. This construction is based on the 
fact that eq. (1) expresses the relation w'hich exists between the conjugate diam¬ 
eters of an ellipse. 

A line perpendicular to n-n gives the direction of the desired deflection, as 
shown in Fig. 170c. 
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STEEL SHAPES AND PROPERTIES OF SECTIONS 

1. Steel Shapes.—The steel used in structures is in the form of single pieces, 
or combinations of two or more pieces, to which the general term shapes is applied. 
The procedure in the manufacture of these shapes consists of the following opera¬ 
tions: (1) smelting iron ore and producing pig iron; (2) converting the pig iron 
into rectangular prisms of steel, called imjots; and (.3) rolling the ingots to the 
desired shapes. The shapes u.sed in building construction are: Square and round 
rods or bars, flat bars or ftiUs, plates, angles, channels, 1-bcams, H-sections, zees 
and tees. Hat members 6 to 7 in. wide and less are usually designated as bars 
OT fiats; over 6 to 7 in. wide are designated as plates. Zees and tees are not now 
used to any great extent. Zees have been u.sed extensively tor ccdiimns but are 
rapidly becoming obsolete. Il-scctions are designed for use a.s colu)nn.s. 

The process of rolling I-beams, channels, angles, etc. is in general as follows: 
The ingots are brought to,a uniform temperature in the soaking pit, and then are 
taken out and passed several times through a set of rolls, called blooming rolLs. 
These rolls give to a piece only the general shape (rectangular, flat, or square) of 
the finished product. The next step is to pass the steel through the roughing 
roUs, and then the piece is passed to the finishing rolls where the final sluqjing 
takes place. The pieces, still very hot, are then passed on bj* movable tables 
to circular saws where they are cut into required lengths. 

The method of increasing sectional area of standard .shai)es is shown in Fig. 1. 
For example, suppose it is de.sired to roll ch.annels or J-heams having the same 
depth, but different thicknesses of web. The.se sections are 
always rolled horizontally and the increase in thickness of web 
is accomplished by changing the distance between the rolls, the 
effect being to change the width of flange as well. T’hus, two 
beams with the same height but different weights differ simjily 
by a rectangle as .shown. It will be seen, also, that for an 
angle with certain size of logs the effect of increasing weight is to change slightly 
the length of legs, and to increase the thickness. 

Bethlehem beam, girder and Il-sections are shaped by four rolls instead of the 
two grooved rolls used for manufacturers’ standard shai)es. The use of so many 
rolls makes possible a variation of height as well as width, and both are increased 
with additional weight in If-sections. 

Plates when rplled to exact width, the width being controlled by a pair of 
vertical rolls, are known as universal mill or edged plates. Plates rolled without 
the ^dth being controlled have uneven edges and must be sheared to the correct 
wid|h. Such plates are known as sheared plates. 

172 



Fio. 1. 



Sec. a-21 DESIGN OF STEEL AND CAST-IRON MEMBERS 17Sl 

The properties of the standard shapes manufactured by the different steel 
companies are the same. The standard shapes of the Assoc, of Am. Steel Mfrs., 
are rolled by aU mills, but each company also has its own list of special shapes. 
These special shapes, which are different for the different mills, are not as likely 
to be in stock as the standard shapes. 

Standard I-beams are rolled in depths from 3 to 24 in. and standard channels 
from 3 to 15 in. The different depths of standard I-beams are: 3 to 10 in. con¬ 
secutively, then 12 in., 15 in., 18 in._, 20 in., and 24 in. For channels, 3 to 10 
in., consecutively, then 12 in. and 15 in. For each depth of I-beam and channel, 
there arc several standard weights. 

Minimum sizes of steel shapes are more likely to be found in stock and are the 
most efficient for resisting bending con,sidering the weight of material used. The 
rolls are made especially for these sections and the heavier sections for a given 
depth of beam are obtained by spreading the rolls as e.xplainod above. 

I-beams and channels, 15 in. and under, and angles 6 in. and under, take the 
base price. Heavier .sections are charged for at a higher rate, usually 10 c. per 
100 lb., above base price. 

2. Properties of Steel Sections.—^The fundamental properties of sections may 
be said to be: Sectional dimensions, location of the center of gravity, and the 
moments of inertia about the various axes. The distance from the center of 
gravity to the most stressed fiber c; the section modulus s; and the radius of 
gjTation r, follow from these. The methods of finding the properties of sections 
are given in Section 1 and Appendix B. 

To facilitate the work of the de.signer, properties of steel sections are published. 
The facility with which a designer can fin<l and use the.se proj)erties, which are 
given in mannfaclurers’ handbooks and elsewhere, has much to do with the 
amount of work which he can accomifiish. 

Beams. - -The steel manufacturers’ handbooks give very complete tables of 
properties of sted beam section. Uniformly loading l-lieams, eliannels, and 
angles should be selected from the tables of B,afe or allowable uniform loads. 
These tables can also be ad;ipted for other loadings, such as for a load concen¬ 
trated at the colder, in which case a beam should be .selected which will carry 
twice the load, uniformly distributed. For a number of load concentrations, 
approximately ciiual in amount and siiacing, the load may be considered as 
uniform. 

For irregular loadings on I-beams and channels the moment and shear should 
be computed and the tables used which give the allowable resisting moment and 
shear of the various shai>es. If desired, however, the beams may be designed by 
computing the .section modulus and selecting the proper size of beam from the 
tables of proi)ertio.s. Angles, tees and other miscellaneous shapes used as beams 
must usually be designed by use of the section modulus, as few tables of Side 
loads or re.sisting moments and shears arc given for the.se shapes. 

Bethlehem beams and girders differ from the manufacturers’ standard sec¬ 
tions rolled by other manufjicturers. The beanrs have heavier flanges, and, 
where moment is the consideration, they .are lighter for the same strength than 
other sections. Their webs are lighter than in standard sections. Bethlehem 
girder sections are, for their depths, the strongest sections rolled. They have 
nearly twice the carrying capacity of the manufacturers’ standard section for the, 
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same depth, but they are uneconomical where there is room for a deeper section. 
Tables of uniform loads for Bethlehem sections are given in Bethlehem Hand¬ 
book. The common properties are also given. 

Built-up steel beam properties usually have to be computed with the proper¬ 
ties of the component parts as a basis. Some properties of the more common 
plate-girder -sections are given in the principal steel handbooks. 

Colutnns. —I-beams are occasionally u.sed as columns. Their projxjrties will 
be found as noted under beams. The only rolled steel column section in common 
use is the H-.sootion. The Carnegie Co. rolls 4-, 5-, and 0-in. H-sections; and the 
Bethlehem Co. rolls 8-, 10-, 12- and 14-in. H-sections in a largo range of weights. 
The properties of various built-up columns of pairs of channels, both latticed 
and with cover plates, and of plate and angle sections are given in the steel 
handbooks. 

There are silso patent columns such as Hally columns^ and c.ast-iron columns 
for second-class construction or light loads, whose properties are given in books 
issued by the manufacturers. 

Struts and Ties .—In the design of struts and ties, it is found convenient to 
have tables giving the v.aluos of the radius of gj^ration r, and also tables giving 
net areas deducting rivet holes. The principal steel handbooks give values of r 
for jjairs of different angles back to back, and also the not are.as for angles. It 
should be noted that the minimum r for a single angle is not about an axis parallel 
to either leg. This minimum r is given in the tables of the jirojicrties of angles. 

STEEL BEAMS 
By C. R. You no 

3. Stress Conditions to be Met.—In order that a steel beam ma}- be able to 
perform the service required of it satisfactorily, it must be secure against failure 
by bending, flange buckling, vertical or horizontal shear and web crippling. At 
the same time it must not deflect to such an extent as to endanger or damage 
dependent construction. By carefully selecting the tyiK! of section to be 
employed, large economies may often be offc(deil in meeting each of the above 
tendencies to failure. Where bending moment and tendency to exces.sive deflec¬ 
tion are of paramount importance, the selection of be.ains possessing heax-y 
flanges and large depth in relatioji to area will be found in the interests of econ¬ 
omy. If the beam be without lateral support for a long distan<;e in relation to 
its width, the selection of a broad-flanged type is de.sirable. Where .shear and 
the accompanying tendency to web crii)pling are large, it may be prudent to 
select relatively shallow beams with heavy web.s which do not require stiffening 
or reinforcing. To meet any stress condition, it is most desirable to utilize, where 
possible, single rolled sections, of standard rather than special type, and so obviate 
the relatively expensive procedure of building up a section from several shapes 
and plates. 

4. Proportioning for Moment.—In selecting a rolled .section, such as an 
I-beam, channel, afigle or tee for the resistance of a given bending moment, it is 
convenient to employ the flexure formula f/c — M/I in the form S = M/f, 

* The X^tUy Column Co., New Vork And Cbicaffo. 
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where iS, known as the section modulus, = l/c. Having found the required 
sec^tion modulus »S by dividing the computed bending moment by the permissible 
liber stress, all that is netajssary in designing for moment is to find from a book 
of tables a section having a section modulus at least as great as that required. 
It should be remembered, however, that adequacy for moment is by no means a 
guarantee of entire safety. 

Illustrative Problem.—If the pormissiblo bending atroaa on a steel beam which is sub¬ 
jected to a bonding moment of HO,000 ft.-lb. is 16,000 lb. per sq. in., suggest a suitable 
section. 

Caro must bo taken to express the l>cnding moment in the formula in inch-pounds, 
since the unit of length involved in the permissible fiber stress and in the tabulated section 
moduli is the inch. 

(H0,000)(12) ^ 

' 1 ( 1,000 


An oftonomical section would be the Carnegie supplementary 10-in., 22.4-Ib. I-beam 
for wdiich the .section modulus = 22.7, or a Bethlehem 10-in., 23.5-Ib. I-beam with a 
section modulus ~ 24.6. The standard 10-in., 25.4-lb. I-!>cam with a section modulus 
of 24.4 would al.so sufih'e. Relative pounfl prices and availability would govern the choice, 
provision being made of course for shear, web crippling and flange buckling (see Arts. 16> 
17 and 16 respocti vely). 

Illustrative Problem. —If a girder of span, consisting of one 18-in., 54.7 lb. I- 

l>earu, is to be loaded by two otiual concentrated loads at the third points (including the 
weight of girder), and the permiasibic flexural strjiss = 16,000 lb. per sq. in., find how 
great eacli of the cf>Ticeiitrated loa<!s may .safely Iw, so far us i;cnding is concerned. 

If y* be one of the concentrated loads, the maximum moment =» (P)(7)(12) « 84Pin.-lb. 

Moment of resisLamte of scclion, or its capacity to resist moment 
M == S/ = (H8.4)(1G,000) « 1,415,000 iu.-Ib. 

Ilonco 


1. II.’>.000 
S4 


lo.sr.o lb. 


Greiit sfiving in time in proportioning beams for moment maybe effected by 
using the tables of flexural capacity for rolled sections in the handbooks. By 
using these tables it is possible to And verj' easily the necessary size of rolled shape 
to carry a given uniform load over a given .span, or to find the carrying capacity 
of a given beam over a given span. 

Tables of safe loads per foot of span given in the handbooks have the merit 
that the safe bending capacity for any prai'ticablc sjian may be found by dividing 
tlie safe load jicr foot, or the coefficient of .strength as it is sometimes called, by 
the span. The correctness of this is evident from the formula for the total safe 
load on a uniformly loaded beam, 

n = f 

where I — the span in inches and S .and / are as previously defined. The capacity 
of .spans of a fractional number of feet may bn found in this way without 
interpolation. 

Illustrative Problem.—What is the total safe load in pounds of a 7-in., 15.3-lb. I-beam 
of 9.37-ft. span at a pormissiblo bending stress of 10,000 lb. per stp in.? 

From Cambria, the coollioiont of strength, or allowable load for a span of 1 ft. = 110,410 
lb. 

Safe load for stipulated span, 

... 110,410 

“ 9.37 “ 


11,7801b. 
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In tables of capacity, the weight of the beam is included, so that if the super¬ 
imposed, or not load is desired, the weight of the beam mu.st be deducted from 
the quantity taken from the tabhw. 

6 . Economic Section for Flexure.—In most cases it is more economical for 
the resistance of moment, so far as the beam itself is concerned, to select a section 

of the minimum weight available 
for a given dejjth than to use an in¬ 
termediate or a maximum weight. 
The addition of area to a section 
that comes from thickening the 
web and widening the flanges an 
equal amount, as is done in wide¬ 
ning the rolls to produce the 
heavier weights of I-lmams and 
channels, is much less effective in 
increasing the betifling capacity 
than would he the .addition of 
area by incrciising thi^ dejUh. 
For a rectangular section the sec;- 
tion modulus increases as the 
Depth of beam in inches square of the deidh and as the 

Fia. 2.—Comparison of flexural cITiriency of Oar- first power of th(? width. A somo- 
negie I-beams of minimum and maximum weights. apjdies to vari¬ 

ations in width and depth of rolled .sections. From Fig. 2 it is seen for (hirnegie 
r-bcam.s: (1) that the section modulus per square inch of socfional area is in 
every case greater for the minimum weight than for the maximum weight beam 
of the same depth, and (2) thafi this (piantity gradually increases with the depth 
of beams. It Ls, therefore, economical of .steel, so far as moment is concer ned, to 
utilize the deepest practicable section.? available. 

Illustrative Problem.—Compare tho bending capacities per square inch of .area of the 
following standard I-treams: ir»-in., 45-lb.; I.5-in.. .55-lb.; 18-in., 48.2-lb.; and 18-in., 54.7-lb. 


Beam 


IS-in., 4.')-lb... 

15-in., 65-Ib... 

18-in., 48.2-lb 
18-in., 54.7-lb 

It ie thus evident that by increasing the depth of licams from 15 to 18 in. with little or 
no change in weight, the bending capacity per unit of area or volume is increased at least 
82 per cent and that the efficiency of an 18-in., 48.2-lb. I-bcam although 12.4 per cent 
lighter than a 15-in.,'S5-lb. is 38 per cent greater. 

Formerly, only the so-called “stand.vrd” sections of I-beams were to be had, 
but in 1902 in Germany and in 1908 in America the rolling of broad-flanged beams 
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ou the Grey mill began. The Bethlehem series of beams brought out at the 
latter date was designed to have the same bending strength as standard sections 
then existing but with generally 10 per cent less weight. This result was attained 
by thinning the web and widening the flange, thus dispensing with what was gen¬ 
erally unnecessary shear material and adding it in the flanges where it was useful 
for the major requirement, the bending moment. In recent years the rolling 
of Carnegie "supplementary” beams has made available a highly economical 
beam so far as flexure is concerned. Care must be taken in using these beams, 
as also in using Bethlehem be-ams, to see that the safe stresses in shear and web 
crippling are not exceeded I'.scse Arts. 16 and 17). 

6 . Relative Efficiencies of Beams and Channels.—In selecting a rolled 
section for a given duty, the resi)cctive advantages of the I-beam and the channel 
should be studied. The fact that I-beams have a larger percentage of their 
area in the flanges than have channels .and a smaller percentage of their area 
in the web, would indicate the superiority of the I-beam for flexure and the chan¬ 
nel for .shear and web crippling. If then, the governing stress is a flexural one, 
the I-be.'im i.s host, but if it is shear f)r web cripifling, the channel is best. 

The truth of this will be evident from the comparative figures for representa¬ 
tive beams and channels listed in Tabk; 1. In the second column the amount of 
section modulus ])er .s(iuare inch of each I-beam Is seen to be greater than that 
for the (dia,nn(!l with which it is mo.st naturally compared. On the other hand, 
in the third (ioluiun it is seen that the j)ercentage of shear area is higher for chan¬ 
nels than for the corresponding I-benm.s. As is explained in Art. 16, it is as.suraod 
that the entire shear is resisted by the web, taking its area as the depth of the 
be.am tl multiplied by the web thickness. 


Taulu 1.—llKLA i'n K I'cem iial ani> She-aiung Eiticiencies oe Typical I-Beamb 

AND Channels 


Section 

Section modulus per 
Kfjuare inch of total 

Slieariiip; area per 
square inch of total 

s 

arf.iaf , 

A 

dl 

area> , 

.4 

cS-in. 11.5-lh. channel. 

2,41 

0.523 

8-in. 18.4-lb. I-beam. 

2.60 

0.405 

KMfi. 15.3 lb. chajinel. 

3. Of) 

0..538 

lO-in. 2.5.4-lh. I-beam. 

3..30 

0.420 

10-iri. 35.0-lb. channel. 

2.24 

0.798 

lO-in. 35.0-Ib. I-beam. 

2.86 

0.581 

12-in. 20.7-lb. channel. 

3.55 

0.557 

12-in. 31 .8-lb. I-bcam. 

3.89 

0.453 

15-in. 33.9 Ih. cbannol. 

4 22 

0.607 

15-in. 42.9-lb. I-bcam. 

4.72 

0.492 

I5-in. 55.(Mb. channel. 

3..55 

0.757 

15-in. 55.0-11). I-bcam. 

4.22 

0 OOO 


7. Location of Neutral Axis of Punched Beams.—When hole.s are punched or 
drilled through the flanges or web of a beam on the tension side of the neutral 
axis, some diminution of bending capaeity is thereby brought about. It is 
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customary to assume that if holes on the compression side are filled with rivets, 
no reduction of strength is occasioned. Such could not be assumed, however, for 
holes filled with loosely fitting bolts. 

Before the effect of holes on the tension side can be calculated accurately, 
it is necessary to determine the position of the neutral axis of the punched beam. 
If it be assumed that this axis is at the center of gravity of the right section passing 
through the rivet holes in. question, the moment of inertia and section modulus 
of the net sect on must then be computed about that axis—a time consuming 
operation if many cases have to bo considered. 

There are reasons, however, for believing that the position of the neutral axis 
does not change greatly by reason of the insertion of a few holes on the tension 
side even though they be spaced at the minimum pr.acticable distances apart. As 
the deformation of the beam, and hence the stress variation in it, dci)cnds upon 



Fio. 3.—Kffttf.t of lioUts on Iciision siUo t>f Iteams on posiJitui of neulral iixis. 


the gross r.ather than on the not section, the position of the neulral axis is likely 
to be affected more bj^ the gross section between the rivet tiole.s than by the net 
section through them. In ordiir to show the small inovomeut of the neulral axis 
that results if the predominance of the gross section be given due weight, con¬ 
sider the two extreme cases shown in Fig. .3: One a 2-1-in., 7!t.!>-lb. I-beam with throe 
horizontal rows of 1-in. holes in the lower half of the web and two row,s of holes 
of the same .size in the tension flange, the web and flange holes being ojjposite; 
the other a 0-in., 12..')-lb. 1 beam with a line of Jlf-in. holes along the (tenter lino of 
the web and two lines of holes in the tension flange, the holes l)eing oppo.silc. 
Assume a longitudinal spacing of 3 in. in the first case. Fig. 3a, and of 2 in. in 
the .second ca.se. Fig. 36. 

That no important change in the position of the neutral axis is brought about, 
even in the-case of such extreme punchings as those shown, seems iwobable when 
one considers the small diminution of volume brought by the insertiouof the holes. 
The volume of the holes in a 3-in. longitudinal section oi the 24-in. I i.'l 2..')(i cii. in. 
or 3.7 per cent of the gross volume of the section. If the moment of the volume 
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of the holes be taken about the neutral axis of the gross section and be divided by 
the net volume of the 3-in. section, the upward shift of the neutral axis 
is found to be 0.32 in. For the 6-in., 12..5-lb. I, the lo.ss of volume of a 2-in. 
length of beam brought about by the puncjhing shown in Fig. 36 is 6.1 per cent 
of the gross volume, and the movement of the neutral axis would be 0.14 
in. If the neutral axis is assumed as located at the center of gravity of the net 
sectional area througli a transverse line of holes, this eccentricity would be 
respectively 0.90 and 0.5.5 in. for the two beams of Fig. 3. 

.lust where the neutral axis actually lies at a reduced section it is impo.ssible 
to .say, but no doubt it is somewhere between the two extreme positions found, and 
rather nearer the neutral axis of the gross section than a con.sideration of net 
sectional area .alone would indicate. Since in the examples the .arrangement of 
rivets is an extreme one and the beams s(!locted are of minimum-weight sections, 
in which the effect of i)unching is relatively important, the change in position of 
the neutral axis brought about by i)unching cannot be gre.at in the average case. 

In any accurate investigation of stress conditions at a cross .section a knowl¬ 
edge of the extreme possible position of the neutral axis is of as.sistaiioe. To show 
the. alteration in position of the neutral axis brought about by an arrangenumt 
of rivet holes as severe as is likely to be commonly encountered in average 
practice. Table 2 h;is been comimted. The figures therein contained are based 
on the extreme a.ssiimption that the neutral axis depends only on the extent and 
dtsiiosition of the net sectional area at the transverse section in question. Two 
oi)posi(e holes of a diana'ler ecpial to the size of t he maximum permissible rivet or 
bolt j)lus 'h in. arc iissiimed to be kxaited in one flange only. The sections are, in 
general, the minimum .‘ind maximum weights of darnegie and Hethlehcm I-bemns 
and Ik'thlehcm girder beams. From the right-hand column it is seen thatthe 
al(.(wation in position of the neutral axis is, in relation to the depth of the beam, 
a maximum for the .shallowest and lightest beams and a minimum for the deepest 
and heaviest ones. It ranges from 10.5 per cent for a .’l-in., 5.7-Ib. I to 2.2 [wr 
cent for a 30-in., 200-lb. Hethlehera girder beam. The shift is, in gemwal, greater 
for the lighter weights of .any depth of beam than for the heavier weights of the 
same de[)th. With the aid of this tabic it is casj’ to determine the shift of the neu- 
tnil axis for any rolled beam with two maximum holes in one fl.ange. If there be but 
one hole in one flange, the shift in [)osition of the neutral axis ranges from .about 
45 to 4<S per cent of that for two hole,s in one flange, the former figure applying 
to veiy shallow, light beams and the l.atf.er to dec]) and heavy ones. An .average 
of 47 i)er cent may be safely taken. 

8. Proportioning of Ihmched Beams.—If it be assumed that the neutral axis 
of a punched beam passes through the center of gravity of the area of the reduced 
section, the capacitj' of the beam, even considering rivet holes in the tension side 
only, may be calculated in the same manner a.s the capacity of an un|)unched 
beam from the formula M = SJ. The section modulus is to be taken for the net 
section, being equal to the net mmnent of inertia divided by the distance of the 
extreme fiber from the neutrid axis. i‘’or an icssigned working stress, the capacity 
of th(! beam is con.se(iiiently reduced in the same ratio as the reduction of s(!ction 
modulus. 

This reduction is brought about bj' two cau.ses. l'’irst, wdiile the (Icjdh of the 
tensile ixtrtion of the section is increased, its area is reduced, since the diminution 
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Table 2.—Maximum Alteration in Position of Neutral Axis of Rolled 
Beams and Girders Caused by Two Opposite Holes in One Flange 
Note: For one hole in one flange, take 47 per cent of the “shift” figures given 


Section, 
Standard and 
(jarnegie 
I-beams 

(in.) (lb.) 

Dia. of 
holes = 
dia. of 
n)aximuin 
rivet -h 

K in. 

Shift 
of neu¬ 
tral 
axis 

(in.) 

Ratio 

of 

shift 

to 

depth 
of I 
heani1 

Section, 

Bethlehem 

I-beams 

(in.) (lb.) 

Dia. of 
holes = 
dia. of 
maximum 
rivet -f 
H in. 

Shift 
of neu¬ 
tral 
axis 

(in.) 

i 

; Ratio 
of 

shift 

to 

depth 

of 

; beam 

.1 X 

5.7 

0.50 

0.32 

1 

0.105 

10 X 

23.5 

0.875 

0,56 

0.050 

3 X 

7.5 

0.50 

0.23 

0.075 

10 X 

28.5 

0.875 

0 46 

0,046 

4 X 

7.7 

0.625 

0.39 

0 099 

12 X 

28.5 

0.875 

0,58 

0.048 

4 X 

10 5 

0.025 

0.27 

0.068 

12 X 

36.0 

0.875 

0.,59 

0.049 

5 X 

10.0 

0.625 

0.45 

0.090. 

15 X 

38.0 

1.0 

0.75 

0,050 

X 

14.75 

0.625 

0.28 , 

0.057i 

15 X 

71,0 

1.0 

0.69 

0.040 

6 X 

12.5 

0.75 

0.52 ; 

0.086, 

18 X 

48 5 

1.0 

0.75 

0,042 

(i X 

17.25 

0.75 

0.35 

0.059 

18 X 

59.0 

1,0 

0,60 

0.031 

7 X 

15.3 

0.75 

0.48 

0.069 

20 X 

59.0 

1.0 

0.75 

0 0;58 

7 X 

20.0 

0.75 

0.35 : 

0.050: 

20 X 

82.0 

1.0 

0.61 

0 032 

8 X 

17.5 

0.875 

0.56 

0.0701 

24 X 

73,0 

1.0 

0.80 

0 033 

8 X 

18.4 

0.875 

0.63 : 

0,078! 

24 X 

84,0 

1.0 

0 75 

0.031 

8 X 

25.5 

0.875 

0.50 i 

0.063 

26 X 

90 0 

1.125 

0.90 

0.0.34 

9 X 

21.8 

0.875 

0.60 : 

0.076’ 

28 X 

105.0 

1,125 

0.90 

0.0:42 

9 X 

35.0 

0.875 

0.40 ' 

0.045 

30 X 

120.0 

1.125 

0..S9 

0.030 

10 X 

22.4 

0.875 

0.54 : 

0.054 

Betlileheni 




10 X 

25.4 

0.875 

0.64 , 

0.064 

girder beams 




10 X 

40.0 

0.875 

0.39 . 

0.039 

8 X 

32.5 

10 

0..38 

0.048 

12 X 

27.9 

0.875 

0.60 

0.050 

9 X 

38,0 

1.0 

0.39 

0.043 

12 X 

.31.8 

0.875 

0.68 ^ 

0.056 

10 X 

44.0 

1.0 

0.42 

0.042 

12 X 

55.0 

0.875 

0.50 

0.042 

12 X 

55.0 

1.125 

0.52 

0.043 

15 X 

37.3 

0.875 

0.55 : 

0.036 

12 X 

70.0 

1.125 

0.,50 

0.042 

15 X 

42.9 

0.875 

0.70 i 

0.046 

15 X 

73.0 

1.125 

0.56 

0 037 

15 X 

75.0 

0.875 

0.54 i 

0.036. 

15 X 140.0 

1.125 

0.38 

0.025 

18 X 

48.2 

1.0 

0.67 i 

0.037 

IS X 

92.0 

1.125 

0,60 

0.0:53 

18 X 

54.7 

1.0 

0.90 i 

0.050 

20 X 

112.0 

1.125 

0.61 

0.031 

18 X 

90.0 

1.0 

0.70 i 

0.039 

20 X 

140.0 

1.125 

0.63 

0.031 

20 X 

05.4 

1.0 

0.82 

0.041 

24 X 120.0 

1.125 

0.71 

0.029 

20 X 100.0 

1.0 

0.70 1 

0.035. 

24 X 140.0 

1.125 

0.05 

0,027 

21 X 

60.4 

1.0 

0.69 1 

0.033 

26 X 

150.0 

1.125 

0.77 

0 030 

24 X 

74.2 

1.0 

0.72 ; 

0.030 

26 X 

160.0 

1.125 

0.67 

0.020 

24 X 

79.9 

1.0 

0.94 1 

0.039 

28 X 165.0 

1,125 

0.79 

0.028 

24 X 

115.0 

1.0 

0.82 I 

0.034' 

30 X 

180.0 

1.125 

0.71 

0.024 

27 X 

<J0 0 

1.0 

0.79 : 

0.029| 

1 

30 X 200.0 

1.125 

0.06 

0.022 
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of section caused by the rivet holes is greater than the increase of section due to 
tlie ujjward shifting of the neutral axis. In the second place, the compression 
iireu is lessened, as will be .seen from h’ig. 4, and the maximum stress developed 
on the extreme compressive fiber, if the main¬ 
tenance of a plane section be assumed (as 
usual), will be only 

+ c) 

where ft - extreme fiber stress on tensile side; 
e = distance from center of gravity of gross 
section to extreme tensile fibers, and c — shift 
of neutral axis towards com))ression side due to 
insertion of holes. In the case of, say, a 24-iu., 

79.9-lb. T, with two Iioles in the tension flange. 





1 -^ 

1 

1 

■ i 

1 


, t Nf>uirtv Axf' 

Nft 5ec*!on || ■!■ 

of oroAS Section^ ! 

1 

i 

i , 

I 

- 




ft- 


( I•> — 0 04\ 


('’lo. 4.—lletlnclion in wfirkinti: 
stress on extreme eoniiiressivo 
filx'r tluo to effect of holes on 
tension side. 


The caleiihitioii of the iiioment of resistance of 
a typical section on tlie assnmijtion tiuit the neutral axis pajsses througii the 
gravity axis of the net section will illustrate the jirooeclure necessary for exact 
analysis. 


Illustrative Problem.—Compute the safo moment of resistance of a lo-in., 73-lb. 
Rothleliem girder beam with two 1-in. rivets through one flange. / = 16,000 lb. per sq. in 
Assume the neutral axis to pass through the center of gravity of the net section. 

Statical moment of two 1 V.^-in. hohbs through metal of flange taken al>out 

axis Lltrough center of section fl.ptl.I2r>)(0.r>.S>'0(7.ir») ^ 11.10 in.® 

Shift of neutral axis ~ statical moment of holes -h net area of s<‘Ction ■=- 


().•>() in. above center of web. 


n.io 

21 4i} - (2)U-l-'>)(0.<iSM ' 

Moment inertia of net section alxnit center of gravity of net section is 

id 


I + .1 


/d - 0 , \ ^ 
, +<■) 


where I moment (>f inertia of gross section about its own gravity axis, A — gross area 
f)f section, c - shift of neutral axis; a = area of two holes; d — depth of beam; (/ -= thick¬ 
ness of l>eam flanges at rivet lines, or grip. This is 

cii.iuxo.'-.o)’ - i.-wP'' *’ + o..5(;y =■ 707.7 

Section modulus of reduced section - 71)7.7/(7.Ti -f 0.5G) = 99.0, as comparcal with 
117.8, the section modulus of the gross .section, a rcdu<*tion of 16 per cent. 

Safe moment of rosi.stanee = *.S/ = 99.0(10.000) = 1,.580,000 in.-lb. 


9. Net Section Modulus.—Obviously the aocuraic computation (,f tlie section 
modulus and moment of resistance of a punched beam on the .siipiiosition that the 
neutral axis is at the center of gravity of the net .section is too laborious a task to 
be often undertaken. To obviate this Labor, Tatile S has been computed, fl’his 
give.s generally for the minimum and maximum weights of Ciarnegio and Bethle¬ 
hem I-beams, Bethlehem girder beams and standard channels, tlie percentage of 
gross section modulus dovelojied with holes in the flange.s. The holes are .' ji in. 
larger than the m.aximum rivet or bolt specified for the section considered in the 
handbooks. In the case of beams, the puncliings assumed are one hole in one 
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flange or in each flange, and two opposite holes in one flange or in each flange. 
For channels, one hole: is a8.sumed in one or in each flange. 

In order lo apprecitite the relation of the reduction of se(^tion iuodulu.s on the 
above hyjrothosis to that obtained on the assumption that the neutral axis does 
not move, the percentage reductions for unsymmetrical punchings on the latter 
basis have been listed parallel with the others. The grip, or thickness of the 
flanges at the rivet lines has been taken at the fractional values given in the hand¬ 
books, and the moment of inertia of the holes about their own gravity axis has 
been neglected. Since the error involved in the.se assumi)tions is unimportant, 
and may be offset by the selection of somewhat different g.‘igcs from those 
assumed, thi.s procedure is justifiable, the more so because of the uncertainty 
as to just where the neutral axis actually does lie. The diameters of the holes 
have been taken as the dianioter of the rna.ximum rivet or bolt plus Js in. 

From a study of Table 3 it is evident that the percentage reduction of section 
modulus brought about bj' punching of the flanges is groafest for shallow, light 
beams and diannels and least for dee]), heavy ones, ranging, in the case of f.vvo 
holes in one flange, from 4].() fo 10.2 per cent. I'’or beams of a given deiith, the 
reduction is, in general, greatest for the minimum weight beam and least for 
the maximum weight, \\diere the punching consists of but one hole in one flange, 
the jiercentage reduction is very nearly oue-half of that occasioned by two holes 
in one flange only. 

Where the jmncliing is sjnnmetrical —that i.s, the satne number of holes are 
taken out of each flange—-the uncertainty rcsj)ecting the position of the neutral 
axis disappears and the comimtation of net section modulus is therebj' greatly 
simplified. From the table, the fact a])j)Oars that the percentage loss in .se<’tion 
modulus is only slightly' more with one hole out of each flange than with one hole 
out of one flange only. Thus, the jrercentage of gross section modulus develoi)ed 
in a 9-in., 21.S-11). I with one 7,s-in. hole out of one flange is ,S4, assuming the neu¬ 
tral axis at the gravity axis of the net seidioii, whiTe:is with one hole out of e.ach 
flange it is 81.4, thus showing lo.sses of Ki and l.S.O ja.r c(ait r(wj)ectiv(!ly. Al¬ 
though the loss of area in the second cas(5 is double that in the first case, the. loss 
in section modulus is only as l.IO f o 1. Tlu! same gen(‘ral prin(!ii)los apfdy if two 
holes are taken out of one flange and two out of each flange. The greater weaken¬ 
ing accompanying unsymmetrical ])unehing, desj)itc the fact that there are only 
half as many holes, is due to the important effect of the shifting of the neutral 
axis. 

The importance of the alteration in position of the neutral axis brought iibout 
by punching is further exhibited in the relation of the relative percentages of 
gro.ss .section niodulu.s develojied on the assum|)tion (I) that the axis moves, (2) 
that it i.s stationary. In the latter case the reduction is overywhorc less. Thus, 
for a Bethlehem 18-in., 48.,5-lb. I, with two holes out of one flange, the relative 
percentages arc 81.7 and 89.2. If the neutral axis were to take up a position 
based wholly on the net area through the punched section in que.stion, the com¬ 
mon as.sumi)tion of sta tionary' axis would be seriously in error. It leads to reduc¬ 
tion,s in section modulu.s that are only from 55 to 05 per cent of what they should 
be if the assumption of a shifting axis holds. The first figure .applies to the 
shallower and Ughter sections and the second to deep and heavy ones. A close 
approximation to the net section modulus on the basis of the shift theory can be 
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Tabl* 3- —Uncobkbcted Percentage op Gross Section Modulus Developed 
BV Beams and Channels with Holes in Flanges 


(in.) au.) 


Diameter 
of holes “ 
flianietcr of 
maximum 
rivet + 

H in. 


J'crc<'ntas<‘ of grons tioctioii modulus (h'velopeil 


NVutral axis at renter 
of Kruvity of net 
seeliou 


l)ne iioie 
in one. 
nance 


‘ Two \n>\<-s 
ill one 
! ftanco 


Neutral axis at center 
of gravity of gross 
section 


Standard and 
Carnegie 


I-b 

arris 




3 X 

5.7 

0. 50 

78.8 

58 4 

3 X 

7.5 

0. 50 

Ho. 2 

07. H 

4 X 

7.7 

0. 625 

80. ft 

01. 1 

4 X 

10 5 

0. 625 

86 0 

70.3 

r. X 

10.0 

0.1525 

82. S 

IVl. 1 

T) X 

1 1.75 

0, 625 

8<*. <» 

73.0 

ft X 

12.5 

0. 75 

82. 2 

61 4 

C X 

17.25 

<1.75 

8ft. 1 

72. 3 

7 y 

1.5 3 

0 75 

85 0 

70. 1 

7 X 

2(» 0 

0. 75 

88.0 

76.2 

S X 

17. 5 

O.S75 

8.5. 8 

71.2 

8 X 

IK. 4 

0.875 

83 9 

67.3 

8 X 

25. 5 

0.875 

85. 1 

70.7 

0 X 

21. H 

0.875 

81.0 

67. 6 

0 X 

35. 0 

0. 875 

88.8 

77. 5 

10 X 

22. 1 

0. 875 

88. 7 

76 S 

10 X 

25. 4 

0. K75 

86. 2 

72.4 

10 X 

40 0 

0. 875 

90.2 

80.0 

12 X 

27.0 

0. 875 

89,4 

7S. 1 

12 X 

3I.X 

0 K75 

87.4 

71.7 

12 X 

55. 0 

O.R75 

89 8 

79.3 

ir> X 

37. 3 

0.875 

91.7 

83.2 

ir> X 

42. 0 

0.875 

89.4 

78. 5 

jr> X 

75.0 

0 875 

91.0 

82. 1 

18 X 

48. 2 

3.0 

91.5 

82, 0 

18 X 

54.7 

1.0 

.88. 5 

76.8 

18 X 

90.0 

1.0 

00. 7 

81.4 

20 X 

65.4 

1.0 

90. 5 

80. 5 

20 X 

100.0 

1.0 

91.2 

82.5 

21 X 

«0. 4 

1.0 

92. 0 

84.5 

24 X 

71.2 

3.0 

92.8 

85. 1 

24 X 

79.9 

1.0 

90.8 

81.7 

24 X 

115.0 

1.0 

02.0 

83. ft 

27 X 

90.0 

1.0 

03.0 

85. 8 

nethlchem 




I-benms 




10 X 

23.5 

0. 875 

88. 7 

77. 5 

10 X 

28. 5 

0. 875 

00. 5 

80.4 

12 X 

28. 5 

0.875 

89.8 

70. 5 

12 X 

36.0 

0.875 

89. 5 

70. 0 

15 X 

38.0 

I.O 

80.2 

78. 4 

15 X 

71.0 

1.0 

90. 0 

80. 0 

18 X 

4K. 5 

1.0 

90. 8 

81.7 

18 X 

59. 0 

1.0 

92. 0 

84. 1 

20 X 

69.0 

1.0 

91 ft 

83 1 

20 X 

82.0 

I.O 

02. 5 

85. 2 


One lioie i 

Two lioies \ 

One, hole 

Two holes 

in Giie ■ 

in one 

hi each i 

in each 

ftangc { 

1 

flange 

i 

^ flange 

flange 

80.0 

78, 0 

1 : 

78.0 

50. 0 

00. 1 

80.2 

80.2 

ftO. 4 

89.0 

78.0 

78.0 

5fi. 0 

00. 5 

81.0 

81.0 

62.0 

89 6 

79.2 

70.2 ; 

58.4 

91.7 

83. 4 

S,2.4 ! 

60.8 

SO. 8 

79. ft 

70. ft 1 

59.2 

91.5 

83.0 

S3.0 ! 

66.0 

91.5 

8:i.n 

83.0 1 

66. 0 

92. ft 

1 8,-.,;; 

! 85.2 ! 

70.4 

91,9 

' 83.8 

83. 8 j 

67.0 

00.4 

! 8(1.8 

80.8 j 

61.6 

01.0 

1 82.0 

82.0 1 

ft4.0 

00.7 

1 81.4 

81.4 1 

02.8 

02.0 

85.8 

R.'>. 8 j 

71.0 

93.3 

i 86.0 

8ft. 6 1 

73.2 

91.0 

! 88.8 

83.8 i 

67. ft 

03.7 

87.4 

87.4 ] 

74.8 

03.6 

■ 87.2 

87.2 I 

74 4 

‘»2 5 

, 85.0 

8.5, (1 1 

70.0 

03. 5 

87.0 

87.0 ] 

74.0 

05 0 

1 90.0 

90.0 j 

80,0 

03.8 

: 87. 6 

87.fi j 

75.2 

04. 4 

SS 8 

88. 8 

! 77.6 

01.8 

1 .89.6 

80. 

79. 2 

03. 0 

; 86.0 

86. 6 

72.0 

01.2 

88.4 

88.4 i 

76. 8 

04. 1 

88. 2 

88. 2 

1 7.-.. 4 

04. 5 

80.0 

80.0 

1 7K.U 

95. 2 

1 90.4 

00. 4 

I 80. 8 

95. 6 

: 01.2 

91 2 

j 82. 4 

01.4 

88.8 

88. 8 

77. 6 

05.0 

j 90.0 

90.0 

80.0 

95. 6 

! 91.2 

91.2 

82. 4 

93. 8 

; 87.6 

R7. C. 

75. 2 

94.4 

. 88.8 

KS.tt 

77. 6 

91. 1 

1 88.2 

88.2 ! 

70.4 

94.0 

. 88.0 

88.0 

; 76.0 

03. 7 

! 87.4 

87.4 

74. S 

04.2 

; 88.4 

88. 1 

76 8 

0 1.6 

; 80.2 

80. 2 

78.4- 

05 2 

00. 4 

00. 4 

80 8 

' 05.0 

90 0 

00 0 

1 SO 0 

95. 6 

{ 91.2 

01.2 

; 82.4 
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Table 3 (Continued) 



, 

f Percentage of gross section modulus dovolope<i 

Section 

1 Diameter 

1 of holes *= 
(lianioter of 
maxitnutii 

Neutral axis at ccnt<5r 


Neutral axi.s at cente 

r 


of gravity of net 
section 


of gravity of gross 
Kection 


(in.) (Ih.) 

1 H in. 

One hole 

! Two holes 

One hole 

Two holes One hole 

1 Two lioles 


' 

in one 

1 in one 

ill one 

1 in one 

til each 

j in each 



flange 

1 flange 

flange 

1 flange 

1 flange 

j flange 

Bethlehem 

I'beams 

24 X 7H.0 

i 

02. 5 

81.9 

95. 5 

j 

i 

91.0 

j 91.0 

82.0 

24 X 8-/.0 

! 1.0 

02.8 

85. 7 ! 

95. 7 

01.4 

1 91 4 

82. K 

26 X 00.0 

l. IL*.") 

02. 0 

84. J 

05. 3 

00. 6 

90. (i 

81.2 

28 X 105.0 

1.123 

02. 0 

85. 3 

95.6 

91.2 

91.2 

82.4 

30 X 120.0 
BethleJmm 
Rirder bcanis 

1.12.7 

93.2 

8(). 4 

95. 9 

91..S 

91.8 

83.6 

«X 32. r» 

1.0 ; 

00.3 

80.5 

9 1 5 

89. 0 

89. 0 

78. 0 

1) X 38.0 

1.0 

01.0 

82. 1 1 

95.0 

90 0 

90 0 

80.0 

10 X 44. 0 

1.0 

91.4 

82. <; 

95. J 

90 2 

90.2 

80 4 

12 X 

1.12.1 ! 

91.0 

82.2 

95. 0 

00 (J 

90 0 

80, 0 

12 X 70 ,0 

1.12.'. 

91. .5 

S!>. 

05.0 

90 0 

90.0 

80 0 

lA X 73.0 

1 I'l.i 

92.0 

SI. 9 

95. 5 

91 0 

91 0 

82 0 

ir» X 140.0 

1.12.-. ■ 

91.0 

SK.r, ' 

9(5. 7 

93 1 

93. 1 

86 H 

18 X 02.0 

I. 12.'. 

92. S 

8.5. 5 

9.5, 9 

91 8 

91 8 

83. 6 

20 X 112.0 

1. 12.A 

93. .3 

86. 3 

96. 1 

92. 2 

92 2 

HI. 4 

20 X 140.0 

1.J2.' 

93. 5 

86. 4 

96. 1 

92. 2 

92 2 

81,4 

24 X J20.0 

1. 12.'-. 

93 5 

86. 8 

96. 2 

92 1 

92. 1 

81 X 

24 X 140.0 

1 i2r. 

94. 1 

SS 0 

96. 5 

93.0 

93.0 

86.0 

20 X JoO.O 

i.i2r. . 

93. r, 

86. 0 

96. 2 

92. 1 

92. 1 

84. S 

26 X 100.0 

1. 12."> ! 

91 3 

88.0 

96. 7 

93. 1 

93 .1 

8(5. H 

28 X lfi"*.0 

1.12o 

93. 7 

87. 4 

96. 3 

92. (5 

92 6 

85 2 

30 X 180 0 

1. 12.' 

91. 5 

89 O 

96 8 

93 6 

93. (5 

87 2 

30 X 200.0 

1. 12.'. 

95. 0 

89. 8 

97. 3 

91.2 

!)l.2 

SS..1 

Stnmlard 

ClwiIUH'l.s 








3 X 4 J 

0.02.’. 
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77.8 


80.0 


72 0 


4X .’5,4 

0 02.'. 

71. 1 

: 

82 (> 


(5.5 2 


4 X 7. -jry : 

0 02.'. 

74. 8 


83. 5 

; 

67.0 


R X (1 7 1 

0. Ct'jr, 

75. 4 


85. S 


71.6 


A X 11.. A ; 

0.02.', 

85. 0 


89. 7 

' 

79.4 i 


6 X 8.2 ; 

0. 7r> 

76. 7 


8.5, 4 


70.8 j 


6 X ir.. F, ! 

O. 7.5 

82. 5 


88.4 ! 

1 

7(5 S j 


7 X 0.8 i 

0 7.". 

75.8 


85. 1 


70.2 


7 X 19.7.'5 ; 

0.7.5 

81.4 


89.2 i 

1 

78. 4 ' 


8 X 11. .'5 

0..87.‘. 1 

75. 3 


85.0 

i 

70.0 1 


8 X 21.2A , 

0.87.5 ; 

82. 5 


88 5 ; 

i 

77. 0 


0 X 13,4 1 

0.87.5 ! 

75. 6 


85.2 1 


70. 4 


9X 2.'5.0 j 

0.875 ! 

82. 8 


88. 8 


77.6 


10 X 1.'>.3 1 

0.87.5 ; 

7H.4 

, 

86.0 


73.8 


10 X 33.0 ; 

0.875 j 

87. 5 


01.4 


82. K 


12 X 20.7 1 

/ . 0 

79.0 


87. 1 


74.2 


12 X 40. 0 i 

1,0 i 

84. 5 


80. 7 


79.4 


ir» X 33.0 1 

1.0 

83. 4 


89.7 


79.4 


I.*) X S.A O 

1.0 

87. 5 


91.8 

i 

83. 6 
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made by computing the percentage of gross section modulus developed on the 
basis of the stationary axis theory and then reducing it by multiplying it by a 
factor less than one. An examination of Table 3 shows that this factor should 
range from about 0.75 to ,0.08 depending upon the size of the beam and whether 
there are one or two holes in each flange. 

Where the diameter of the holes is less than the maximum permissible diam¬ 
eter, or the diameter assumed, the percentage loss of section modulus may, with 
sufiicient accuracy be assumed as bearing the same ratio to those tabulated in 
Table 3 as the new diameter of hole does to the diameter assumed in the table. 

Illustrative Problem.—Find tlie iMirccntagc <if gross section modulus developed in a 
Beihlchom 18-in., 50-lh. T-bcain with htilos for two rivets ojiposite oaeli other in the 

tension flange. Assume that the neutral a.vis is at the renter of gravity of the net section. 

KfTertive percentage of gross serlion modulus with two 1-in. holes (from Table 3) =» 
84.1, and Ih'uco loss of gross scetion modulus — lo ') per cent. 

0 875 

1.,<>8S of s(fct ion moflulus with two 7^-111. liolcs iusUtad of tw«> 1-iu. h«»l<'s -- ^ (15.0) =* 

13.0 per cent. 

Pen-eutago of sfjrt.ion moflulus cfTf'ctivo - 80.1 per cent. 

Since the moiuenl. of iTiortia of a portion of the section increases approximately 
as tbo squiiro of the distance of its center cif gr;ivit,y from the neutral axis of the 
beam, and since at the suiiie time holes through the flangC! remove a larger area 
of metal, flaiiKC holes have very niiich greater effect in reducing the bending capa¬ 
city than web holes liave. No material error is committed by neglecting the 
weakening effect of the latter so far as moment is concerned. An example will 
suflicc to .show this. 

Illustrative Problem.—Determine the reduction of bending capacity, of a 9-in., 21.8-lb. 
1-boam with two Js-io htiles opposite each other in the tension flange and one JiJ-in. hole 
in tlie web 2 in. out from the neutral axis wiili its etmtor on the right section through the 
fljingo holes. Assume the neutral axis to bo at the center of the web. 

Gross iS of 9-in., 21-S-lb. I = 1S.9 

Area of two flange holes, the grip of licani being In. = (2)(0.875)(0.o) — 0.875 sq. in 
DiBt.'incc of ciuilor of gravity of flange lioles from neutral axis — 4.5 — 0.25 = 4.25 in. 
Moment of inertia ot twf> hoh-s al)out axis llireugh center of web, neglecting their moment 
of inertia about their owji gravity axo.s — (O.S 75 )( 4 . 25)2 = 1,5.S. 

Area of wel) hole = (0.875)(0.290) -- 0.25 sq. in. Aiqiroxiniato moment of inertia of 
hole = (0.25) (2ji^ = 1.0. 

Section mo<luli of 3 holes = (1.5.8 4- 1.0)/4.5 = 3.7, hence not section modidus ~ 
IS.9 —3.7 - 15.2, or 19.0 per cent less thfin the git>sf» section mod»i!us. 'I'lus represents 
the itMliKdion of l>ending capacity caused by tin* holes. 

Tht? relatively small weakening caused by the wob Iiolc indicato.s that but little error 
would bo committed by neglecting web holes. 

10. Correction of Approximate Section Modulus.—In m.aking calcuhiUons 
respecting the bending strength of beams on tiic basis of the fixity of the neutral 
axis, it should be assumed that an originally plane cross-section does not remain a 
plane during flexure, but resolves itself into two ])Ianos int-erse<‘ting at the neutral 
axis, as shown in Fig. 5tt. This involves greater extreme fiber stress at the 
tension edge than at the compression edge in order that the total tension, 7',6n 
the punched half of the beam may equal the total compression, C, on the com¬ 
pression half, as shown in Fig. 5e. Dividing the total moment of resistance into 




two parts—‘that contrihiited by the; tensife peertion of the crossseotioo, JA, Und 
that contributed by the compression portion, Me, we have 

M = M, + Me^ L (1) 

c c 

where f, and fe are the extreme fiber stresses on the tensile and the compressive 
faces respectively, and h and 7, are the moments of inertia of the corresponding 
halves. In computing the total moment of resistance on the l>a.sis of this theory, 
therefore, it is incorrect to assume, as is commonly done, that for beams of the 
same depth—that is, with//c constant—^it varies directly with the net moment of 
inertia. Change in the number and arrangement of holes not only affects the 

value of /i, but also the value of the coefficient of 7„—that is,'^'. A reduction 

c 

of 20 per cent in the moment of inertia of the tension half, therefore, brings 



about a reduction of total moment of rosi.stancc of more than 20 per cent. If 
there were no holes, the moment of resistance would be 

J17 = M, + Afe = ■^.7, + '^7, (2) 

r c 

but the punching not only reduces the first term of the right-hand member by 
20 per cent, but the second terra in the ratio of fr/f. 

The reduction of flexural strength, .a.ssunung the neutral axis to remain fixed 
in i) 0 .sition, may be computed for the gonera.l case of an I-beam with hole.s in one 
flange by substituting an etjuivalent rectangle for each flange and calculating the 
necessarj'- increase in extreme fiber stress on the tension face as compared with 
that on the compression face in order that compensation m.ay bo made for the 
effect of the holes. Let/, = extreme fiber compre.ssive strc.ss and/, — extreme 
fiber tensile stre.ss. If the equivalent section of the beam be as shown in Fig. 6ft, 
h being the clear distance between flanges and d the depth of the beam, the total 
compression may be written 



where A/ = gross area of one flange and A„ = gross area of entire web. 
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The total tension may in like manner Ije written 





where A/ = net area of one flange. 

Equating the total compression and the total tension, there results the relation 

By taking account of the reduced value of h compared with half the moment 
of inertiii of the unpunched beam, or with Ic, and also of the lesser value of the 
rati<j j,/c as compared with/,/(■, as given by Formula (.‘5), the net moment of 
resistance in rigid accordance with the arbitrary assumption of fixed neutral axis 
may be found. 


Illustrative Problem.—Calculate the percentage reduction of the moment of resistance 
of an IS-in., 54.7-11). 1 with two l-in. bolos in one flange, assuming the neutral axis 
as at the center of the wob. 

Moment of inertia of one-half the gross section * 307.8. 

Moment of inertia of two l-in. holes through flange material = 

(li)(l.)(0.75)C8.G2r>)“ =r 112.0. 

Not moment of inertia of tension half cif beam. It = 397.8 — 112.0 285.8, or 0.72 /«. 

The gross area of one flange (taking its average thickness) = 4.15 sq. in.; the net area « 
2.77 s<j. in., the web urea = 7.04 sq. in., the average flange thickness 0.691 in., and the 
value of h/d =■ 0.924. '’I’lion. the ratio 

A ^ (2.77)(I.f)24) X f0.r,)(7.04)(0.924) _ 

A ■ (4.15)(1.924j + (0.5) (7.04) ((L924) 

Formula (1) becomes for the case in point 

M ^‘A).721. 4- 0.77 
c c 

or, since Ic — ^'2 /, or, half the grosn moment of inertia of the entiicbeam, 

M = (0.30 + 0.38.5) =• 0.745^'^ 

c c 

or 74.5 i>er cent of what the moment of resistance of the gross section would bo with an 
extreme fiber strc.sH on both upper and lower faces equal to the maximum permissible 
stress A. 

Comparing this with the efficiency of the same beam, when computed on the assumption 
that the neutral axis is at the cenl<‘r of gravity of the net section, it is found by consulting 
Table 3 that in the latter case it is 70.8 per cent, or somewhat higher than is obtained in 
accordance with the arbitrary assumption that the neutral axis is fixed at the center of 
gravity of the gross section. The latter must, therefore, be in error on the side of 
severity. 

To compare the efficiencies developed in accordance with the two common 
assumptions upon which Table 3 is bjised with that found by the method illus¬ 
trated in the last problem, efficiencies have been listed for a number of typical 
beams and girder beams in Table 4. These beams are assumed to have two 
maximum holes in one flange. 

The efficiencies tabulated in column A are the same as those in column 4 
of Table 3 for the same beam.s and are based on the neutral axis being at the cen¬ 
ter of irravitv of the net section. Those in column B are based on the neutral axis 
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being at the center of gravity of the giws section, and take into account in accord¬ 
ance witli tiie method illustrated in the la.st ])robleni, tlio fact that /„ must be 
less than/i. 'J’he efiiciencies in coJunin •■ire ciilcidjitcd on tJic assumption tfiat 
the neutral axis is at the center of gravity of the gross section and that the fiber 
stress/( exists at both comjTOSsive and tensile extreme fibers. The figures corre¬ 
spond to tliose in column 6 of Table 3 for the same beams. 


Tatilk 4.- tJonnKCTEi) FwiXtm.Ai. Efficiency of Ti'I’icai. I-Be.4Mk with Two 
Maximum Hoees in One Flanoio 


T'lceai.'iae 

capaeit,; 



j l>iarn. 

1 Noutral 

Sizo of boaiu, 

I of 

1 axis n-t 


! 

center of 


1 

1 

j^ravity of , 
iK't section 

(in.) (Itf.) 

(ill.) 

.■t 

Siaadanl 

f-heams 

i 


0 X 12.,'') 

! 0.7r> 

04.1 

0 X 17,2.5 

! 0.75 

72.,3 

12 X .31.8 

; 0.875 

74.7 

12 X 5.5.0 

■: 0.875' 

79,3 

18 X .54.7 

; 1.0 

70.8 

IS X 90.0 

1 1.0 

81 ,4 

24 X 79.9 

1 0 

81.7 

24 X 115.0 

i 1 .0 

8.'! 0 

Bethichein 

! i 

, 

l-bcains i ; i 

12 X 2S 5 

i 0.875 : 

79.5 

IS X 18 5 

; 1.0 

81.7 

24 X 73.0 

i 1.0 , 

84.9 


Bi‘tlile,fiein 

■ 


gilder beams 



12 X 65,0 

1.125 

82.2 i 

18 X 92.0 

1.125 

.85,5 : 

24 X 120.0 

1.125 

,80,8 

30 X 180.0 

1 125 

89.0 - 


gr(».s.s ucMini 


V doveJoped 

(ooffiident 



“7^'” by 

Methftd ( 

Neutral axis at 

w'hieli 

results 

ceoti'r of fji'jwily 

tnelhod “C” 

Jidjustc'd 

of gro.ss section 

results am 

by eoefli- 

fr < fl /,• ^ ft 

to b(! 
multiplied 

; ci(‘nt K 


01 1 

79.() ; 

0 90 

71 0 

08 5 

s;! (1 ; 

0.90 

71.5 

71.9 

sr,.o 

0 95 

80 S 

77.0 

K7.0 

0.95 

■82.0 

74.4 

Sti 9 

0 95 

81.8 

79 0 

sx.i 

0 95 

84.0 

78,9 

NS S , 

0.95 

84 4 

81.3 

90.0 ; 

0.95 

85.5 

70.0 

NS. 2 

0.95 

83.0 

78 8 

SO. 2 1 

0.95 

81.0 

82.8 

91.0 : 

! 

0.95 

80.4 

80 0 

90.0 ’ 

0.95 

85 5 

83.0 

91.8 ' 

0.95 

87 2 

8.| 8 

92 1 

0 95 

87 0 

80.8 

9:i.o 

0.95 

89.0 


It will be seen from this table that if the. resistam^c of the beam were develojied 
in the manner assumed in calculations by method H, that the efficiency would be 
less than if the neutral axis were to shift l.o the center of gravity of the net section, 
which is in itself, according to the princijile of least work, an indication th.at the 
axis does shift, and that the efiiciency cannot be. lower than given by method A. 
It probably does not shift to the center of gravity of the not .section by reason of 
the influence of the gross section on either side of the holes, but it is reasonable 
to assume that it shifts to a mid-position, so that the actual efficiency developed 
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is neither so low as methods AotB would indicate nor so high as method C would 
indicate. Since th(! empli )ymeut of the latter method greatly facilitates comimta- 
tion, it is recommended that in supplomonliiig Table 3 it be followed and a correc¬ 
tion applied to give results between those given by method A and by method 
C. If, for beams G in. deep and less, the efficiency found by method C be 
multiplied by the coefficient O.GO ami, for beams ov<!r G in. deep, including rolled 
girder beams, it be multijilied by 0.9."), the efficiencies so oV)tained will probably 
be very close tf) those actually developed. In the last column of Table 4 the 
efficiencies found for certain typical beams by this procedure are given, affording 
a comparison with those obtained by methods A, B and C. For a gre.atcr re¬ 
finement of design than is obtained by the usual arbitrary assumptions, it is 
recommended that for unsymmetrical jninchings the quantities in the fifth 
and sixth columns of Table 3 bo employed, niultiplying them first by the 
approj>riat.e coefficients K from Table 4. 

The .same correcting coefficient may be aj)plie(l without material error to 
beams having only one hole in the tension flange or to beams having reinforcing 
pl.ates riveted on the flanges. 

lUustraGve Problem.— A Hcthlctiom 2S-in., girder tjeaiii has two Its-iii. holes 

opposite each otlier in its loiision llaiiKC. Hslimate the probable ufficiciicy. 

Ciro.-s niooioot of iia-rtia of girder Is-aln — 

Mtaiient of io(.rtiu of two hohis. arsoiniiig fixed axis fmetho.l C) = (2)(1.1SS)(1.125) 
(12.41)'*' — 4S0, Net inoaieTit of inertia — l’,,.'ir,2.7 — ■ISO - (i.0S2.7. 

It the eorreetioii factor be O.O."), as auKKC.st.u<l in Table 4 for sections of this depth, the 
probable eflieieney is 



Tliis result, may be oiitained rcadilr- from Talile it, if a\'ailable, by multiplying the 
eGieh'iicy tdr'en for this U'am in colnnin 0 by the factor O.tf). 

11. Limiting Longitudinal Position of Flange Holes.—Wliere flange holes are 
located in imreinforced rolled beams at points rcinofc from the center, no atten¬ 
tion need bn i)ai(l to Ihe weakening effecl produced by them. Within a certain 
distance from the center of a beam symmetrically hauled, and from the iwiint of 
maximum moment of a beam unsymmetric.-dly loaded, tlie reduetiou of section 
modulus .should be eomputc(l in aeconlaiici! with one of the methods given above. 
Tlie exact ])o.sition of this critical point depends on fho nidtire of the distribution 
of the loading and on the end conditions. For the common ctiscs of sinijile beams 
uniformly hnided, loaded at the third-points, and lo.aded at the center, the 
diagnirn of Fig. G, similar to one suggested by Henry Kcrcber in Engineering 
Neien-Beenril, IMtiy 12, H)21, j). StlO, will be fotiiid helpful. By mean.s of the 
curves there given it is po.ssible to dctt'rmino directly tlie point in the spfin length, 
with respect to the centi'r, at which a given fnictioii of the sradion modulus 
provided at the jioint of maximum moment would Ire iienui.ssible. If it be de.sire(I, 
for exainj)le, to place two holes in the tension flange of a .symmetrically-loaded 
beam at a stat.e<l distance from the <'ent(‘r, the ratio of the net section modulus at 
the holes to the section iikhIuIus at tlio center may be found by the inetliods 
already described or by t he use of tables, find a reference to the airpropriale curve 
will show whether this reduced section modulus would suffice at the proposed 
location of the holes. 
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In cases where plates are riveted to the flanges of rolled beams for purposes of 
reinforcement, it is very convenient to be able to discover readily if the nM. sec¬ 
tion of the beam at the point of cut-off of the plates is adequate. 

lUuBtrative Problem, —An 18-in., 48.2-lb. I-beam of 21-ft. span carries a uniformly du^- 
tributed load. * It is desii^ to drill two 1-in. holes in the bottom flange at a point 3 ft. 
from the center. Is this permissible? Assume the neutral axis at the center of the web 
and apply the adjusting factor 0.95 recommended in Table 4. 

From Table 3 the percentage of the gross section modulus deA^eloped on the asaunjption 
made is 89.6 per cent. This corrected — (0.95) (0.890) — 0.852. 



soefion modu/uiy 

3eC^fon mo^ufos pomf of momenf 

Pio. 6.—Proportion of maximum provided section modulus required at various points 

of span. 

On the curve for uniformly distributed loading in Fig. 0 find the point whore the vortical 
through 0.852 on the horizontal axis intersects the curve, and directly opposite to the loft 
is found 0.20f. The holes may, therefore, not be located closer to the center than (0.20) (21) 
« 4.2 ft., and hence the proposed location is not permissible, without reinforcement of the 
section or use of a heavier beam. 

12. Reinforcement of Beams for Bending.—Occasionally through the desire 
to utilize a rolled section that chances to be on hand for a bending moment in 
excess of its normal capacity, or iu order to keep the construction especially 
shallow, or to strengthen an overloaded beam already in position, a beam is 
reinforced for flexure by the addition of a plate or plates to each flange. Such 
procedure is only practicable where the shear requirement does not also demand 
reinforcement. The bending capacity of the beam is thereby increased in direct 
ratio to its increase in section modulus. To determine this increase, the moment 
of inertia of the plates on the compression flange, considered as unpunched, plus 
the net moment of inertia of the plates on the tension flange is added to the gross 
moment of inertiii of the original section less the moment of inertia of the holes 
through the tension flange. The total net moment of inertia divided by the 
distance to the extreme fiber of the reinforced beam will then give the net section 
modulus. In making this computation it is most convenient to consider the 
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neutral axia as at the center of gravity of the gross area and then apply whatever 
correction is deemed reasonable for the section under consideration. 

Allowance for rivet holes on the tension side of the beam should be for the 
most unfavorable arrangement likely to be adopted. A saving in section may, 
however, be effected by staggering the rivets in the two gage lines of the flange, 
since for the, large spacing obtaining at the point of maximum moment, one 
flange hole only need then be deducted. While web holes on this critical section 
should also in strict accuracy be considered, it is generally unnecessary to do so 
unless there be several of them. If for any reason flange holes are opposite as 
they will be at the ends of the {date, allowance should be made for two holes in 
computing the section modulus. 


cf~n<^rt^e ptff^ 


liiustratiire Problem.—Calculate the moment of rosistauce of a 12>iQ., 31.8>lb. I (Fig. 
7) with one 6 X plate riveted to each fliiuge by Ji-iu. rivets, staggered in two lines. 

Permissible flexural stress =» 16,000 lb. per stj. in. 

Gross moment of inertia of I-boam — 21/i.8. 

Approximate moment of inertia of two uiipunchod plates = 

(2)(6)(0.375)(6.19J* = 372.4. 

Total gross I = 388.2. 

Moment of inertia of owe hole through tension flange, including 
plate, the grip of the I4.>eam being in., is 

(1}(0.875)(0.94)(5.91)2 - 2S.8 

Net monionl of inert ia of Kuctiou » 388.2 — 28.8 = 360.4, and 
adjusted net section modulus (0.9.5) (369.4)/0.375 — 63.6, applying 
the correction factor 0.96 reconunended in Art. 10 for sections 
over 0 in. in depth. 

Moment of resistance = 53.0 (10,000) — 858,000 in.-lb. 



J^'io. 7.--Croas-8ection 
of reinforced I-beam. 


It should be remembered when calculating the .section modulus of parts of a 
compound section that this quantity is the moment of inertia of the part under 
consideration about the neutral axis of the compound section divided by the 
distance from the neutral axis to the extreme fiber of the total assemblage of 
{)arts existing at the seedion con.sidered. If, for exanqile, a 12-in., 31.S-lb. I with 
section modulus of 3(5.0 is used in a reinforced beam or box girder with one H-iu- 
plate on each flange, tlie gross section modulus of the beam in the assemblage is 


(i.OO 

(5.50 


(36) 


33.2. 


13. Length of Reinforcing Plates.—Because of the lessening moment near 
the ends, it is unnecessary to carry the reinforcing {dates the full length of the 
beam. They should end, theoretically, at the points nearest the center where the 
net section modulus of the unreinforced beam is sufficient for the moment require¬ 
ment. If the total loading is uniformly distributed, tbe {wsition of these points 
may be found readily by either graphical or analytical means. 

Since for a beam carrying a uniformly distributed load, the moment varies as 
the ordinates to a parabola with vertex at the center of the span and axis vertical, 
the required section modulus must vary in precisely the same manner, given a 
constant working stress in flexure. The truth of this is evident from the formula 

„ M 
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It is possible, therefore, to plot, iis has been done in Fig. 8 , a curve of required 
section modulus at each point of the half span and, to superimpose on this, a 
diagram of provided section modulus. Such diagram may be prepared for any 
system of loading, although that of Fig. 8 is for uniform loading. The maximum 
ordinate S represents the required net section modulus of the reinforced beam at 
the point of maximum moment, and the depths of the various strips required to 
cover the area beneath the curve of required section modulus represent the net 
section moduli of the punched beam .and the successive flange plates with respect to 
the total cross-seotion existing at the point. The minimum length of these strips 
required to cover oomidetely the area mentioned may bo ea.sily scaled from the 
diagram. The theoretical length, x, of any flange plate is twice the scaled dis¬ 
tance from the center of the span to the point where the inner (lower) horizontal 
bounding line for the appropriate strip cuts the curve. To this length a certain 
addition is made, for rciisons set forth below. 

If it happens that by reason of staggered rivet spacing in the central portion 

of the reinforcing plates (or 
for .any other cause), the net 
section modulus, .s-j' of the 
primiiry beam i.s less near 
the ends of the flange plates 
(where the rivets will be 
opposite each other) than 
the net section modulus, Sa, 
near the center, the upper 
horizontal bounding linos 
for the succc.s.sive strips 
should be jogged down in¬ 
side the end of the first (out¬ 
side) flange plate, as shown 
in Fig. 8 . For ajjproxi- 
matc work the net section modulus of the beam m.ay be taken as the same 
throughout—that is, at the least value—and the jogging of the horizontal bound¬ 
ing lines thereby obviated. In general, the strij) representing the net section 
moduhi.s of the pair of outside flange, plates will be wider than is actually required 
to cover the remaining area of the diagram, but this does not affect the graphical 
determination of length of the outside flange plates. 

To determine the theoretical lengths by analytical means, let g"’ 2 *> etc., 

Fig. 8 , be the required half lengths of the flange plates numbered consecutively 
from the outside. Ijet the actual effective section moduhis of the punched beam 
at the center be .S 3 with respect to the maximum section and at the ends of the 
flange plates be .ss' with respect to the beam section alone. Ijct Sa be the actual 
effective .section modulus at the center of the sp.an for the two flange plates in 
immediate contact with the punched beam with respect to the maximum section, 
and Si' be 4he corresponding quantity at the ends of these plates writh respect to 
an assemblage consisting of the beam and these two plates. Let Si be the required 
net section modulus of the two outer (first) flange plates with respect to the maxi¬ 
mum section, and Sj' be the required net section modulus of these plates at their 



Fig. 8.—Determinatioti of length of fluriKO iiltileK for 
reinforced steel beams. 
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It is possible, therefore, to plot, as has been done in Fig. 8, a curve of required 
section modulus at each point of the half span and, to superimpose on this, a 
diagram of provided section modulus. Such diagram may be prepared for any 
system of loading, although that of Fig. 8 is for uniform loading. The maximum 
ordinate S represents the required net section modulus of the reinforced beam at 
the point of maximum moment, and the deptlrs of the various strips required to 
cover the Area beneath the curve of required section modulus represent the net 
section moduli of the punched beam and the successive flange irlates with re.spect to 
the total cross-seotion existing at the point. The minimum length of these strips 
required to cover completely the area mentioned may be easily scaled from the 
dhigram. The theoretical length, x, of any flange plate is twice the scaled dis¬ 
tance from the center of the span to the point where the inner (lower) horizontal 
bounding line for the appropriate .strip cuts the curve. To this length a certain 
addition is made, for reasons set forth below. 

If it happens that by reason of staggered rivet .spacing in the central portion 

of the reinforcing plates (or 
for any other cause), the net 
section modulu.s, .s's' of the 
priimiry beam is less near 
the ends of the flange plates 
(where the rivets will be 
opposite each other) than 
the net section modulus, .ss, 
near the center, the upper 
horizontal bounding lines 
for the succes.sive strips 
should bo jogged down in¬ 
side the end of the first (out¬ 
side) flange plate, as shown 
it. Irig. 8. For approxi¬ 
mate work the not section modulns of the beam may be taken .os the same 
throughout—that is, at the least value—-and the jogging of the horizontal bound¬ 
ing lines thereby obviated. In general, the strij) representing the net section 
modulus of the p,air of outside flange plates will be wider than is actually required 
to cover the remaining .area of the diagram, but this does not affect the graphical 
determination of length of the outside flange plates. 

To determine the theoretical lengths by analytical means, let etc., 

Fig. 8, be the required half lengths of the flange plates numbered consecutively 
from the outside. Let the actual effective section modulus of the punched beam 
at the center be Ss with respect to the maximum section and at the ends of the 
flange plates be sj' with respect to the beam section alone. Let sa be the actual 
effective section modulus at the center of the span for the two flange plates in 
immediate contact with the punched beam with respect to the maximum .section, 
and Si btf the corresponding quantity at the ends of these plates with respect to 
an assemblage consisting of the beam and these two plates. Let Si be the required 
net section modulus of the two outer (first) flange plates with respect to the maxi¬ 
mum section, and s/ be the required net section modulus of these plates at their 



Flo. 8.—Determination of leiieth of fliiiige plates tor 
reinforced steel be.ains. 
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ends. Let S be the total required net section modulus at the center of the rein¬ 
forced beam. The relation of th(ao quantities will bo clear from Fig. 8. Then, 
since the curve BD is a parabt)la 





I. 


In a similar manner the length of any plate may be derived; thus, 

Xn 




-f- Ss' -h . . . 
S 


To ensure that the reinforcing plates arc able to take stress at the points 
where they are first needed, they should be carried past the points of theoretical 
ending a distance sufficient to accommodate at least two transverse rows of rivets. 
The addition of 9 in. at each on<l of the flange plates will make this possible, for 
the close spacing of rivets usually adopted at the ends of the reinforcing plates, 
('/loser spacing at the ends of the plates than at the center is desirable since the 
increment of flange st ress iier lineal inch of girder is greater near the ends than 
near the center, and since it is well to transfer stress to the flange plates as near 
their ends as possible in order that they may be fully and uniformly stressed at 
the i)oints where they are most needed. 



Illustrative Problem.—Determino the theoretical .and practical lengths of the reinforc¬ 
ing plates in the problem of Art. 12, if the span is 2.'> ft. 

Net section modulus required at center, with one %-in. flange hole out = 53.6. 

Effective section modulus of 12-in., 31.8-lb. I with two J^-in. holes out of tension flange, 
aeeording to Table 4 ■=• (0.808)136) = 29.1. 

Required net section modulus si', of two plates to satisfy requirements at the ends o^ 
those plates = 53.6 — 29.1 = 24.5. 

Theoretical length of flange plates required, 

X ^h' =^. 25 ft. 

By making the plates 18 ft. long, or a little more than 0 in. longer at each end, two rows 
of rivets, 3 in. apart, miiy bo driven outside the theoretical ix>int of cut off and at the same 
time sufficient end distance allowed for the plate. The relation of the plates to the primary' 
beam may be seen in Fig. 9. 

13 
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14. Rivetiiig of Reinfordng Plates.—For the adequate attachment of the 
plates to the primary beam, enough rivete should be employed to develop between 
the ends and the center of the span, the total stress that exists in the plates at that 
point. It is sufficiently accurate to assume that the extreme fiber stress obtains 
over the entire net cross-section of the plate at the span center, although at the 
fibers nearest the neutral axis, the intensity of stress is somewhat less than at the 
extreme fibers. The total force to be developed between the end and the center 
of a tension reinforcing plate will, therefore, be the net area multiplied by the 
stipulated extremarfiber stress. On the compression side the area of the plates will 
not be reduced bf^ rivet holes and hence if the plates be the same as on the tension 
side, the average stress over the plate .section will be lower, but the total force 
to be provided for will be the same. The number of rivets found for the tension 
side will, therefore, apply also to the compression side. So few are they in rela¬ 
tion to the length of the plates generally needetl that the actual spacing is usually 
dictated by practical requirements such, for example, as that rivet spacing in the 
line of stress must not exceed 16 times the thickness of the outside plate nor 6 in. 
in any case. 

Illustrative Problem.—Determine the correet rivet spacing in the reinforcing plates of 
the preceding problem, if the safe shearing and tearing stresses on rivets arc 10,000 and 
20,000 lb. per sq. in. respectively, and the spacing in the line of stress must not exceed 16 
times the thickness of the reinforcing plate, nor C in. 

Net section of one 6 X J<-in. plate = [6 — 1(0.87.5)](0.375) = 1.92 sq. lu. Hon.ce 
safe tensile strength *= (1.92) (16,000) *= 30,700 lb. 

Least value of ^ 4 -in. rivet bearing on ^^-in. plate or ^f<«in. flange of beam is the single 
shear value ^ (0.44) (10,000) = 4,400 Ib. 

Number of rivets required in one plate from end to center to develop stress at center = 
30,700/4,400 7. This would give an average spacing of about 1)«^ ft. oven though the 

rivets are staggered, and hence the rule that the spacing must not exceed 16f « (16)(9ii) » 
6 in. becomes operative. Beginning at a point 3 in. on each side of the center line, the 
rivets will be staggered 6 in. apart for 7 ft. 6 in. and then a closer spacing will be used for 
the remaining distance, as shown in Fig. 9. This closer spacing is desirable since the 
increment of flange stress per lineal inch is mutdi greater near the ends of the girder than 
near the center. 

16. Proportioning for Flange Buckling.—In proportioning beams for bending 
moment, it is unsafe to use without reduction, the permissible extreme fiber stress 
given in specifications if the compre.ssion flange is unsupported laterally for a 
dLstanco .exceeding about 10 or 15 times the width of flange. This source of 
weakness arises from the fact that the compression flange acts in some measure 
as a column and, like a column, tends to fail by buckling sidewise between points 
of lateral support. It is not free to do so, however, to the same extent as a 
column, by reason of the fact that both the web and the tension flange tend, with 
an effect that depends largely on the depth of the beam and the web thickness, to 
hold it in a straight line. If the web is very deep and thin, it obviously could 
afford relatively small support to the compression flange and could transmit but 
little support frojn the tension flange. 

The compression flange differs from a column also in the manner of loading. 
A column receives its loading at one point, or a group of points, near the top. 
If the load be concentric, there is, then, neglecting the buckling stress, a uniformly 
distributed stress over the cross section from one end to the other. The com- 
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pression flange of a beam, however, receives its loading at innumerable points 
from one end to the dangerous section, or if it be a restrained beam, from the 
point of inflection to the dangerous section. 

Early efforts to formulate rules for reducing the permissible flexural stress 
to compensate for the buckling tendency in compression flanges were based upon 
unsatisfactory experimental evidence, as was pointed out by R. Fleming in an 
excellent discussion of the subject in Engineering News, April 6, 1916. 

The Pencoyd rule, adopted in the Bethlehem, Jones & Laughlin, Phoenix and 
several other handbooks was based more on judgment than on actual tests. As 
will be seen from Table .'), no reduction of bending strength is^'Toquired by this 
rule where the ratio of unsupported length to width of compression flange does 
not exceed 20. A reduction of 10 per cent for each additional 10 flange-widths 
of length is recommended up to 70 flange-widths where the table stops. This 
rule is the most lenient in common use. 

18 000 

A basis for the Cambria formula, p = - - > given in Table 5, was 

1 4- - 

^ .'{,0006* 

found by considering the top flange a strut of rectangular cross section of width 
6, sufficiently supported by the w'eb and tension flange to warrant a fiber stress 
of 18,000 lb. per sq. in. for short lengths. Applying the Rankinc formula for 

fixed ends, p — — replacing r* by * »the Cambria formula was 

1 4. . —t ... 

^ 36,OOOr* 

derived. According to this formula, a fiber stress of 16,000 lb. jier sq. in. would 
be attained at a value of = 19.37 and therefore no reduction is necessary with 
ratios of loss than approximately 20 flange-widths. 

The Carnegie formula, recommended since 1913, p = 19,000 — 300^ is an 

approximate application of the column formula p = 19,000 — 100^ to the com¬ 
pression flange, considering it as a rectangle. Reduction begins at 10 flange- 
widths and no beam is allowed to have an unsupported length exceeding 40 
flange-widths, a restriction of greater severity than had till that time been cus¬ 
tomarily imposed. 

Two characteristic reduction formulas for railway bridge work are; the 
American Railway Engineering Association formula, p — 14,200 — 200 ^ and the 

Canadian Engineering Standards Association formula, p = 16,000 — 200 No 

maximum allowable value of ^ without reduction is specified in either ca.se, but 

beams of greater length than 20 ft. without lateral support are not allowed. 
The first is included in Table 5 for purposes of comparison, although it is intended 
only for plate girder flanges. The second applies to ei'her. 

R. Fleming recommends in Engineering News-Record, Feb. 24, 1921, that 
the permissible flexural stress for beams over 10 in. deep, and for plate girders 

without cover plates, be p = 19,000 — 2.50 while for beams 10 in. deep, and 
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under, and for plate girders with covers, p = 19,000 — 225 ^ is recommended. 

If the compression flange is rigi<lly held at the ends, the length to be taken is 
the span. 

A valuable study of flange buckling made by H. F. Moore was reported in 1913 
in Bulletin 68 of the University of Illinois Engineering Experiment Station, 
h'rom theoretical considerations and from a study of all avjiilable tests, Mr. Moore 
concluded that the ultimate fiber stress for steel I-beains not restrained against 
sidewise buckling of the compression flange, is given by the formula/i = 40,000 

— 60 where/i = extreme fiber stress in lb. per sq. in. computed by the usual 

flexure formula, I = span of beam in inches, r' = radius of gyration of the I-sec- 
tion about a gravity axis parallel to the web, and m = a coefficient dependent 
uijon the end conditions and method of loading, being an equivalent column 
length. Values of rn vary from 1.0 for a cantilever beam with an end load to 0.25 
for a fixed-ended beam with a mid-point load. For a simple beam with uniform 
load, it is 0.667, while for a simple beam with a single concentrated load at any 
point of the .span, it is 0.50. 

From th(( above formula for ultimate flexural stre.ss, it is possible to derive 
a wo7-king formula witli a fairly satisfactory basis in actual experimental results. 
If r' be coresidered a.s equal to 0.20 />, which is a very close average value, and the 
maximum listed value of m be taken, that is 1, then the formula for ultimate 

buckling strength becomes /, = 40,000 — 300Applying a factor of safety 

of 21 2 —a reasonable on<! in column design and sufficiently severe in the present 
case if m bo taken at its extreme value of 1—there results the working formula p 

= 10,000 — 12o|- The test results indicate that such a formula should be applied 

for all ratios of up to the arbitrary limit for the ratio set by good practice. It 

is recommended that the latter do not exceed 50. 

In Table 5 the j)ennissible stres.ses on compression flanges given by the for¬ 
mulas discussed above are listed for values of from 15 to the upper limit allowed. 

From this it is seen that for .short unsupported lengths, disregarding the A.R.E.A. 
formula which applies to plate girders only, the C.E.8.A. formula is the most 
severe, while for long lengths the Carnegie formula is the most severe. In the case 
of the A.R.E.A. formula, considerable weight was given to recent experimental 
evidence of low strength of short length columns and to the fact that the top 
flanges of through plate girder spans may be indifferently braced. In view of 
Moore’s investigations, the low values given by the Carnegie formula for liigh 
width ratios appear unwarranted. In the case of the recommended formula, 
the necessity for applying the reduction to beams without lateral support for all 

values of from zero to 50, might appear to be severe for beams with width ratios 

deour 10 or 15, for which some formulas permit the sjiecified working stress w'ith- 
nut reduction. In practice, however, if a beam is supported at intervals of less 
than 10 or 15 times the flange width, it is likely to be supported continuously, 
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by flooring or other construction furnishing effective restraint against lateral 
buckling, and justifying the employment of the full working stress. 

To apply the recommended formula when using tables of safe capacity of 
beams based on an extreme fiber stress of 16,000 lb. per sq. in., the tested loads 
may be multiplied by the following reduction factors: 


1 ' 


1 


1 

Reduction factor 

b 

Reduction factor 

0 

1.000 

30 

0.774 

10 

0.924 

35 

0,737 

15 

0,887 

40 

0,700 

20 

0.850 

45 

0.662 

25 

1 

0.812 

m 

\ 

0.625 


Illustrative Problem.—A 20-in., C5.4 Ih. girder of 21-ft. span carrieH a loud of 20,000 
lb. at each of the third points. If the concentrated loadH be considered as ineludiug the 
weight of the girder and there bo no lateral restraint l>etweeii the twf> points of loading, 

express an opinion as to the safety of the girder if p = 10,000 — 120 

Moment = (20,000) (7)(12) = 1,680,000 in.-Ib. 

Extreme fiber stress « M/S = 1,680,000/116.0 « M,40O 11). pt^r stp in. 

Permissible stress by formula 

p = 16,000 - (120)(84)/0.2r> *= 14,300 lb. per stp in. 

\b this is almost exactly equal to the existing stress the beam is safe. 

lUostrative Problem.—If the total capacity of an IS-in., 60-lh. I, 17 ft. in span, 
is listed in a handbook as 58,700 lb. with a fiber stress of 16,(K>0 Ih. per sq. in., find the safe 
capacity assuming that the beam is without lateral support between its bearings, p » 
I 

16,000 - 120^* 

Width ratio, ^ = (17)(12)/6.0S7 = 33.5 

Interpolating in the table of reduction factors, above, 7 t.8 per cent of the tabular load 
should bo regarded as safe, or (0.748)(58,700) — 4.‘l,ii00 Ib. 

Wherever a beam mast be employed with any considerable portion of its 
length without lateral support, it is advantageous in order to reduce the flange 
buckling stress to select a section with a relatively wide flange. By so doing a 
liigher permissible flexural stress may be used than for beams with narrower 
flanges and an important economy effected. 

Care must be taken not to assume a beam as supported against lateral buck¬ 
ling unless the lateral restraint is known to be effective. Separators between the 
webs of I-beams cannot be regarded as fully supporting the compression flange, 
particularly if they be of the gas-pipe type. Tie rods and sag rods have small 
value in preventing the compression flange from buckling under overload. 

16. Proportioning for Shear.—When a rolled beam or channel is proportioned 
to be sufficiently strong in flexure, it will generally be adequate also for both 
vertical and horizontal shearing stresses, so that there is usually no necessity of 
investigating the shearing capacity of the beam. If, however, the span of the 
beam be short in relation to its depth and it is loaded to capacity in bending, 
the shearing stresses may be excessive. Such beams should consequently be 
investigated for shear. 
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Analysis of the internal stresses in a beam' shows that the intensity of either 
the vertical or the horizontal shearing stress at any point on any cross section 
may be expressed by the formula 


V 


QV 

It 


( 1 ) 


where Q — the statical moment of the area as one side of the point considered, 
about the neutral axis; F = total vertical shear; 7 = moment of inertia of the 
section; and < = thickness of section at the 
point. It has also been established that for 
an I-section, by far the greater part of the 
total vertical shear is resisted by the web and 
that no material error is committed by con¬ 
sidering that the web resists all of it. 

16o. Vertical Shearing Stress.— 

While for many purposes it is sufficiently 
accurate to assume the total vertical shear to 
be uniforml 3 ' distributed over the web, con¬ 
sidering the web area to be the extreme depth 
of the beam multiplied by the web thickness, 
the error involved, which is on the side of 
weakness, must be offset by the use of a low 
working stre.ss in shear. In cases of clo.se 
designing or inve.stigation of seriously over¬ 
loaded beams, the design for .shear should 
be on the basis of the correct theory. stresH at uoutral axis of an I-boam. 



Illustratiye Problem.—Find iho maximum intensity of the shearing stress on the web 
of a 12-In., 28.5-lb. Hethlohem I-beani of 12-ft. span carrying a total uiiifonnly distributed 
load of 32,000 lb., and compare it with the average stress as.siiining the total shear to bo 
xiniformly distributed over the web. 

As the maximum stress will bo at the neutral axis, Q ia to be taken for half the cross- 
sectional area. 

Q for flange roctunglo (Fig. 10) = (0 12)(0.33)(5.835) — 11.80 
for 2 flange triangles = (2.035)(0.30)(5.57) = 4.90 

Q for half web « (5.07)(0.25)(2.835) = 4.02 


Total statical moment =» 20.72 

Moment of inortia, 1 of beam 216.2 

End shear = 32,000/2 = 16,000 lb. 

Shearing stress, horizontal or vortical, at neutral axis 
(20.72)00,000) 

*’ (216.2) (0.2.5) 

.\s8umiug the total shear as uniformly distributed over the wob 

16,000 rooou 

" ( 12 )( 0 . 2 r.) 

Tho actual stress is, therefore, 15.0 per cent in excess of the average. 


“ 0,130 lb. por 8(|. in. 


To simplify the design of beams for shear by the accurate formula, Table. 6 
has been prepared. It contains for a wide range of rolled I-beams, girder beams 
and channels the following quantities: 

* See Seo. 1. Art. 91. 
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Table 6.—Rexation op Teub Maximum Shearing Stress to Average Shearing 
Stress for Rolled Beams, Girders and Channels 

Q 

Maximum stress, I'm = V 


Average stress, Wa = ?,• V 
at 




Statical 





Statical 






moment 
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; 

moment 



Excess 

Section 

of H 
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of Vm 


of H 

Q 

t 

of Vn 

(in.) 

(lb.) 

gross ivrea 

about 

It 

di 

over Va 
(per 

(in.) (lb.) 

gross area 
about 

H 

dt 

over vm 
(per 
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i 20 y 90.0 

133.4 

0.098 

0.083 
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28 X 105.0 

167.0 

0.083 

0.072 

16.2 

I>l)oaniK 





30 X 120.0 

204.2 

0,072 

0.002 

16.9 

3 X 

5.7 

0.90 

2.20 

1.96 

15. 3 

Bethlehem 





3 X 

7.5 

1. 16 

1.15 

0.96 

20.3 

girder beams 





e X 

12. 5 

4. J 

0.83 

0.73 

13.9 

8X 32.5 

16.4 

0.50 

0.43 

14.9 

6 X 

17.25 

5 2 

0.43 

0.30 

19.6 

9 X 38.0 

21.7 

0.42 

0.37 

14.2 

7 X 

15.3 

5.9 

0.66 

0.57 

14.9 

10 X 44.0 

27.8 

0.37 

0.32 

13. 5 

r X 

20.0 

7.2 

0.38 

0.32 

19.8 

12 X 55.0 

41.0 

0.26 

0.23 

14.3 

8 X 

37.5 

8.1 

0. 63 

0.57 

11.5 

12 y 70.0 

51.0 

0.21 

0.18 

15. 0 

8 X 

1S.4 

8.2 

0. .53 

0.40 

14.8 

15 X 73.0 

67.5 

0.18 

0.16 

14.8 

8 X 

25.5 

10.3 

0.28 

0.24 

20.1 

15 X 140.0 

125.8 

0.10 

0.083 

18. 5 

0 X 

21.8 

10.8 

0.44 

0.38 

14.9 

18 X 92.0 

101.3 

0.13 

0.12 

14.6 

n X 

35.0 

15.2 

0. 19 

0.15 

23.0 

20 X 112.0 

134.7 

0.10 

0.091 

14.8 

10 X 

2.5.4 

14.0 

0.37 

0.32 

15.0 

20 X 140.0 

160.4 

0.090 

0 ()7H 

15.3 

10 X 

40.0 

19.4 

0. 17 

0. 14 

22.8 

24 y 120.0 

172.9 

0.090'0.079 

14.9 

12 X 

31.8 

20.8 

0.28 

0.24 

15. 6 

24 X 140.0 

201.2 

0.080 0.070 

14.7 

12 X 

55.0 

32.5 

0.13 

0. 10 

21.8 

26 X 1.'4).0 

229. 6 

0.071.0.061 

15. 7 

15 X 

42.0 

34.3 

0.10 

0. 16 

16.2 

26 X 160.0 

248.8 

0.070'0.06I 

14.9 

15 X 

75.0 

.55. 7 

0.093 

0.077 

21.4 

1 28 y 165,0 

271.9 

0.063|0.054 

16.0 

18 X 

54.7 

51.6 

0.14 

0.12 

10.9 

30 X ISO.O 

317.1 

0.0.56!0.048 

15.9 

18 X 

90.0 

83.0 

0.083 

0.070 

18.6 

30 X 20(K0 

353. 3 

0.0.52 

p 

o 

16.0 

20 X 

65.4 
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0.10 
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3.6 
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0.68 

18.0 
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23.6 

14.1 

0.46 

0.40 

15.0 

7X 19,75 

6.1 

0.30 

0.23 

29.8 

10 X 

28.5 

15.0 

0.30 

0.26 

18.2 

8 X 11. .5 

4.8 

0.67 

0.57 

18.4 

12 X 

28.6 

20.7 

0.38 

0.33 

15.0 

8 X 21.25 

7.6 

0.28 

0.22 

28.7 

12 X 

36.0 

25.9 

0.31 

0.27 

15.4 

9 X 13.4 

6.2 

0.57 

0.48 

18.3 

15 X 

38.0 

34.0 

0. 27 

0.23 

15. 3 

9 X 25.0 

10,1 

0.23 

0.38 

28.4 

ir> X 

71.0 

62.9 

0.15 

0.13 

18.7 

10 X 15.3 

7.9 

0.49 

0.42 

18.2 

18 X 

48.5 

49.2 

0.19 

0.17 

10.8 

10 X 35.0 

15.2 

0.16 

0.12 

31.3 

18 X 

59.0 

56.3 

0.13 

O.U 

15.0 

12 X 20.7 

12.7 

0.35 

0.29 

21.0 

20 X 

59.0 

68.0 

0. 15 

0. 13 

15.9 

12 X 40.0 

21.2 

0.14 

o.n 

29.0 

20 X 

82.0 

92.1 

0.10 

0.088 

18.1 

1.5 X 33.9 

2,5.2 

0.20 

0.17 

21.0 

24 X 

73.0 

101.0 

0.12 

0.11 

15.8 

15 X 65.0 

36.9 

0. n 

0.082 

28.9 

24 X 

84.0 

US.9 

0. 106 

0.091 

16.7 
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(1) The statical mument, Q, of one-half of the gross area of the section about 
the neutral axis. 

. . Q 

(2) The coefficient^-^) by which the total vertical shear, K, is to be multiplied 
to give the maximum shearing stress, v„, according to the exact theory. 

(3) The coefficient ^) by which the total vertical shear, V, is to be multiplied 

to give the approximate, or average, shearing stress, »«, assuming that the total 
shear, V, is uniformly distributed over the web area dt. 

(4) The percentage by which the true maximum shearing stress exceeds the 
approximate or average shearing stress. 

While in general only two places of decimals have been given for the coeffi¬ 
cients and the percentages in the Last column were calculated from coeffi¬ 
cients with three places of decimals. The sections for which the quantities have 
been listed are, in most cases, the minimum and maximum weights rolled for 
each depth. The values for intermediate sections can be approximated by inter¬ 
polating in the following manner: 

Where sections arc of the same section index or number, being produced by 
tlie same rolls through slightly varying their distances apart, the figures for 
sections of the same depth as tho.se listed, but of intermediate weight, may be 
determined on the basis of relative weights. Thus, the widening of the rolls a 
distance At, increases the statical moment by 

A(3 = AtQ' 

where d is the depth of the beam, or decreases it if At be regarded as the narrowing 
of the rolls from the width required for an upjMir weight .section. Having the 
figures in the table for any beam of the same .section number as that being investi¬ 
gated, the percentage change in Q, or the value of Q for the section in hand, may 

be found. The value of the coefficient is then easily determined by dividing Q 
by quantities found in the handbooks. As the coefficient is readily found for 

any beam, the excess of the maximum over the average shearing stress is easily 
determined. 

Table G may be used in any one of several ways. The true maximum shearing 
stress. v„, may be obtained by multiplying the total shearing force, V, by the 

Q ■ 

appropriate coefficient ^) interpolating as explained between the values given for 

intermediate weights of sections. The average shearing stress, i)«, may be 
obtained in similar manner by multiplying the shearing force, V, by the coefficient 

From this approximate stress the true maximum stress may be obtained by 

increasing the former by the appropriate percentage in the last column, or by a 
percentage obtained by proper interpolation. 

An examination of the table shows that the true maximum stresses exceed the 
average or approximate stresses by from about 10 to 30 per cent, and generally 
from 15 to 20 per cent. The error involved in using the approximate method of 
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ilesigu is greater for the maximum weights of sections than for the minimum 
weights. This is because the former section approaches the rectangle more nearly 
than the latter. Particularly large differences occur for the maximum weights of 
channels in each depth, reaching in one case over 31 per cent. By reason of the 
fact that there is less difference in weight between the minimum and maximum 
Bethlehem sections for a given depth, the percentage excess of true over approxi¬ 
mate stresses is more nearly constant than for standard sections. 

Illustrative Problem.—The maximum shear on a 9-in., 25-lb. I-beam is 35,000 lb. 
Compute the true maximum shearing stress on the cross-section. 

Since for a 9-in., 25-lb. I the increment to the statical moment 10.8 (Table 6) for a 9-in., 
21.8-lb. I is 

AQ =. = (}.2)(0.107)(4..5)» - 1.1 

the statical moment for the heavier beam becomes 10.8 -(- 1.1 — 11.9. 

The coefficient ® is. therefore, 

_11.9 Q gng 

(91.4) (0.3971 

and the maximum shearing stress 

= (0.328)(10 = (0.328)(35,000) = 11,531 lb. per sq. in. 

166. Horizontal Shearing Stress.—Since the horizontal and vertical 
shearing stresses at a point are equal, the maximum horizontal .shearing stress 
occurs, as does the maximum vertical shearing stress, at the neutral axis of the 
beam. The calculation of its intensity at any point may be made in precisely 
the same manner as for the vertical shearing stress. Unlike timber, steel is able 
to take shearing stresse.s almost equally well in all directions—at least near 
enough so for purposes of ordinary design. The presence of possible horizontal 
lines of rivet holes along or near the neutral axis may render the beam weaker in 
horizontal shear than in vertical shear. 

16c. Permissible Shearing Stress.—In proportioning steel beams for 
shear, it is commonly specified that the shearing stress on the gross section of the 
web considered as uniformly distributed shall not exceed 10,000 lb. per sq. in., 
or 62.6 per cent of the customary permissible tensile stress. Since the ultimate 
shearing strength of structural steel is about 75 per cent of the ultimate tensile 
strength, the shearing unit stress might appear too low. However, the shearing 
stress is really not uniformly distributed and since the presence of holes in the web 
somewhat reduces its strength, the unit is seen to be justifiable. More conserva¬ 
tive specifications fix the safe shearing stress at 10,000 lb. per sq. in. on net area. 
In either case the gross area is taken as dt, where d = extreme depth of beam and 
t = thickness of web. 

The effect of lines of holes in the plane of shear considered is, of course, to 
weaken the section to a degree proportionate to the number and size of the holes. 
If, for example, a vertical line of 1-in. holes 4 in. apart center to center lies on 
the section being investigated, the area has been reduced 25 per cent and the 
statical moment by an equal amount. The moment of inertia of the web, if 
deep, is reduced in approximately the same ratio, so that the shearing stresses 
would be increased approximately in the same ratio as the area is decreased. 
For a further discussion of this point see Art. 41 . 
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To facilitate the design of beams for shear by the approximate or average 
method, tables of the safe shearing capacity of rolled beams are inserted in the 
handbooks. In the tables of safe bending loads the upper limit of loads l>eyoud 
which excessive shearing stresses (or really web cripph'ng stresses) would bo 
produced are indicated, thus making it easy to avoid sections weak in shear. 
No provision for loss of section by holes is made except in the lowness of the 
prescribed working stress. 

Ulustrative Problem.—If the permissible shearing stress on the webs of beams is 10,000 
lb. per sq. in., gross area considered as uniformly distributed, report on the safety in shear 
of a 16-in., 42.9-lb. I-beam supporting a total uniformly distributed toad of 150,000 lb. 

Total end shear, V = (ti){150,000) = 75,000 lb. 

Gross area of web = (15) (0.410) = 6.16 sq. in. 

Average shearing stress on web = 75,000/0.15 = 12,200 lb. per sq. in. As this is 
greater than the prescribed shearing stress, the beam is unsafe in shear. A 15-in., SO-lb. 
1 with a H-in. web would bo adequate. 

17. Diagonal Buckling of Web.—^Although the web of a beam may be safe 
so far as either vertical or horizontal shearing stresses are concerned, it may be 
unsafe for the resistance of the diagonal compression resulting from a combina¬ 
tion of shearing and flexural stresses. As has been shown elsewhere in this 
volume, both the magnitude and the direction of the residtant compressive 
stress at a point depends on the relative intensities of these two kinds of stress. 
If /» = the maximum compressive or tensile stress at any point on either side of 
the neutral axis; / = the flexural stress at the point; and a = the shearing .stress; 
them, as has lieeu shown,’ 

/™ = ^ ± VHP + 

The positive sign is to be used for compressive stresses above the neutral axis and 
for tensile stres.ses below it, the negative sign is for tensile stresses above and 
compressive stresses below the neutral axis. 

At the center section of a uniformly loaded beam, the shear is zero and the 
resultant stress at any point on the section is horizontal. On the other hand, near 
the support, the flexural stress, /, approaches zero and the resultant diagonal 
stress makes an angle of nearly 45 deg. with the horizontal throughout the 
greater part of the depth of the beam. For beams carrying concentrated loads, 
the shear may be practically constant, and very near its maximum for a large 
portion, or perhaps all, of its length. In such cases, therefore, the highest 
diagonal .stresses are likely to occur near the section of maximum moment. Such 
is also true for cantilever, restrained, and continuous beams. 

The maximum diagonal compression existing in the web is particularly 
likely to arise at some point near the junction of the web with the flanges, whore 
a large flexural stress is augmented by the shearing stress. At the ends of 
beams of ordinary length, the diagonal compressive stress may not be so large 
as exists at points near the center, but if the beam be short and the shearing 
stresses heavy, the critical region so far as web crippling is concerned is likely 
to be near a support. Near this point the diagonal compression throughout the 
depth of the beam may be regarded as equal in intensity to the vertical or hori- 

> See Seo. Art. 0S. 
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zontal shearing stress and as making an angle of 45 deg. with the neutral axis 
relations that are exactly true at the neutral axis. 

Uecausc of its retitive thinness, the web of a beam tends to buckle or cripple 
under the action of the diagonal compressive stresses, but such action cannot 
proceed in tlie same manner as if the strip of web under consideration Were an 
isolated bar of metiJ. At right angle.s to the strip there are tensile stresses 
which at the neutral axis have a magnitude equal to the compressive stre-sses, 
tending to restrain the strip from buckling, and it is therefore in a more favorable 
condition than a true column. 

A rational method of projwrtioning a beam .so that the compressive stresses 
in the web will not cause failure through buckling, is that followed in the Cambria 
handbook. It is assumed that the safe stress on a strip of web making an angle 
of 45 deg. with the neutral axis is reprasented fairly by the llankine formula for 
fixed-ended columns, 

12,000 

V = i, 

1 + ^ - 
^ ;{(i,000r« 


where p = safe compressive stress in lb. per sq. in. 

I — length of diagonal strip between fillets. 
r = radius of gyration of the web normal to its plane. 

If h = the clear vertical distance between fillets, and ( = thickness of web. 


22,000 

^ 1,500 U 


( 1 ) 


If the equality of shearing and diagonal compressive strcs.ses which exists at the 
neutral axis is assumed to hold throughout, the depth of the beam, the average 
shearing stress in the beam web should also incidentally not exceed p, and so web 
crippling may be conveniently provided for by ensuring that the average shearing 
stress comes within the requirement of Formula (1). This stre.ss is to be regarded 
as uniformly distributed over the area dt, where d = the depth of the beam. 

By applying the Carnegie column formula, p — 19,000 — HK) ^ to a diagonal 

strip of web in the same manner as above, the formula for the .safe shearing stress 
based on diagonal buckling becomes 

p = 19,000 - 490* (2) 

The American Railw'ay Engineering Association formula, p — ]5,(K)0 — 50 

becomes 

r 

p = 15,000-245* (3) 


The A.R.E.A. formula for safe compressive resistance of webs on which the 
formula for stiffener spacing is based may also be adapted to apply to the webs 
of beam's. This formula, to which reference is made in Art. 62, is 

p = 12,000 - 40*^ 



Sec.!t-ni DESIGN OF STEEL AND CAST-IRON MEMBERS 


205 


where d = the distance between rivet lines of stiSeners in inches, and p and t are 
as previously defined. For the average case, d is approximately 1.07 h', where h' 
is the clear distance between stiffeners, and if the measurement be a vertical one, 
d, the distance between near lines of rivets, is also approximately 1.07A, where h 
is the clear distance between flange angles. Consequently, the above formula 

when expressed in terms of ^ becomes 

p = 12,000 - 43^ (4) 

t 

A study of web crippling of I-beains w.os made by H. F. Moore in Bulletin 
No. 68 of the University of Illinois Kngineering lixperiment Station in connection 
with a general inquiry into the strength of 1-bcams in flexure. This study was 
continued by Mr. Moore and W. M. Wilson in Bulletin 86 of the same series. 
From the records of web failures there presented, the diagonal compressive 
stresses at mid-web accomi)anying failure and the ratio of the depth of the web 
between fillets to its thickness are seen to be as follows: 


Size of beam 


Bulletin 68: 

12-ill., I. 

12-in., 31.8-lb. I (web 

planed Ihio). 

12-in., 31.8-»n. I (web 

plainnl thin). 

12-in., 31.8-lb. 1 (web 

pluiKui thin). 

3()-in., 17/)-lb. Bethlehem 

girder beam. 

2()-in. Bperijil builf-up 
girder. 


Thirk- 
ness 
ratio 
of web 
h 
I 


30. 1 
37.-1 
5r).3 
05.9 
3H.0 
99.7 


Comptiled 
I diagonal 
I eomproflsivc 
stresH at 
mid-web 
(lb. per 
sq. in.) 


27,200 


21,400 


14,800 


20.500 


Size of beam 


1 


BuUftin SG* J 

12-in. (wob planed thin) j 
12-in (w'ebplunetl thin). 
24-in. Bpocial built-up j 

girder. 

12 - 111 . (web planed thin). 
12-iii (web pinned t.hin). 
12-in. (web pinned thin). 
12-iu. (web pinned tlnn). | 
24-in. Bpceial built-up| 
ginier.. 


Thick 

DCBS 

ratio 
of web 
h 

i 


48.0 

55.0 

101.0 
50. 0 

53 0 
52.0 

54 0 

101.0 


Computed 
diagonal 
contprcBsive 
BtreBs at 
mid-web 
(lb. per 
sq. in.) 


18,700 

19,600 

20,000 

17.300 
17,100 

18.300 
18.800 


22,200 


In Fig. n the diagonal compressive stresses at failure divided by —a 
reasonable factor of safety for columns—have been plotted with respect to the 
thickness ratio of the web, h/t. Except for the extraordinary strength of the 
special built-up girders, the general trend is clearly downward with increasing 
thickness ratio. 

On this diagram several formulas for permissible stresses in web crippling have 
been plotted. The Euler formula for fixed ends, assuming E — 28,000,000 lb. 
per sq. in., has been expressed in terms of the thickness ratio hjt and divided by 
to give the plotted working forinul.a 

_ 16,700,(K)0 

- (';)■- 

This formula fits the results for the lower values of h/t very well, but gives stresses 
that are too low for the higher values of h/t. 
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The Cambria, formula (1), when plotted in relation to the tests appears to be 
too severe. 

The adapted Carnegie formula (2) when plotted shows relatively very low 
values and the adapted A.R.E.A. formula (3) values that are nearly as 
low. The A.II.E.A. stiffener formula (4) gives values that appear too high for I- 
beams. None of these formulas conform at all closely with all the test results 
shown. 

A straight line formula with two segments might be made to conform very 
well to the test results for I-beams without departing too radically from accepted 
practice. Such a formula has also, as compared with those of the Euler or the 



results. 


Rankine type, the merit of greater simplicity. It is recommended that for 
values of h/t up to 60, the following working formula be used: 

p = 15,000 - 150 (6) 

For values of h/t over 60, a rea.sonable formula would be 

p = 10,200 - 70 ^ (7) 

The relation of the graph of these formulas to the tests and to other formulas is 
shown in Fig. 11. 

If the shearing stress on a given beam is found to be in e.'ccess of that jjermitted 
by the particular web crippling formula used, the difficulty is best met by selecting 
a beam* with a thicker web. It Ls not economical to use stiffeners to stay the 
webs of rolled beams, although it may be for plate girders, and the reinforcement 
of the web by riveting plates to it is only justifiable where the rolled section used 
is the heaviest available. 
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Illustrative Problem.—A 12-in., 31.S-lb. I cairios a total uniformly distributed load 
c»f 70,000 lb. Investigate its safoty against web crippling using the Cambria formula. 

'rhic.kneas of wob 0.3,5 in. 

Avorago shearing stress on web = (i2)(0 3r)) “ 

Clear distance between filUtts « 0.75 in. 

Safe shearing stress to provide against wel> crippling is 

V ~ - 7,000 lb. per s(i. in. 

1 _j v«*- < •))" 

(ii5bo)(().;4,5)* 

Hence the l>oam is not safe, according to the specification. A l>eam with a thicker web 
should be selectod. 

Illustrative Problem.-—Selet^t a 15-in. I-boam cai)abie of taking safely an end shear of 
50,000 Ib. without giving rise to dangerous wob crippling stresses, according to Formulas 
(0) and (7). 

Assume a 15-in., 37.3-lb. Carnegie I. Area of web *= (15)(0.332) » 4.98 sq. in. 
Average shearing stress — 50,000/4.98 => 10,050 lb. per sq. in. 

/12.2.5\ 

Permissible shearing stress (based on web crippling) ~ p — 15,000 — (150) V(/332/ “ 

h 

9,400 lb. per .sq.in., using Formula (6) which applies, as ^ is less than 00. 

'The section is, thei*efore, not quite adequate. 

Assume a 1.5-in., 41-lb. Jiethlehein I. 

Average shearing stress = 50,000/(i5)(0.34) = 9,800 Ib. per stp in. Permissible shear¬ 
ing stress 15,000 ~ (150) ( q ) = 9,32011). per sq, in. This section is also slightly 
below the requirement for web crippling. 

Try a J5-in., 42.9-lb. Carnegie I. .\vcrage shearing stress * 50,000/(15)(0.4l) * 
8,130 Ib, per sq. in. IVniiis-sible shearing stress ^ 15,000 — (150) =“ 10,4301b. 

per srj. in. 1'hls wiction is adequate. 

18. Vertical Buckling of Web.—While the diagonal buckling effect in the web 
consideml above exists and must be provided for even at points remote from the 
sup[>ortR or from concentrated loads, a beam to be safe, so far as the web is con¬ 
cerned, must be capable of safely withstanding eoneentratod loads or loads 
distributed over only a short length of th(^ beam. Concentrated loads may be 
applie<I to ilie coini>re.s.sion flange, to the web by means of brackets or connection 
angle.s, or, as occurs in eveiy beam no matter how loaded, as a vertical (and usu¬ 
ally upward) load at tlie suj>ix)rt. 

Based upon a series of unpublished tests on beams of various depth.s and web 
thicknesses, the safe end reaction R and the safe interior concentrated load IF are 
given in the Carnegie Pocket Companion. The formulas, witli slight modifica¬ 
tion, are as follows: 


* = ?»<( 

(•+J) 

(1) 

W = pt\ 

+ 2 ) 

(2) 


In these formulas, t ~ web thickness, d ~ depth of beam, a = distance over 
which reaction is applied, «i « distance over which concentrated load is applied, 

p = safe compressive resistance of web - 19,000— 173 This permissible 

stress is not limited to 13,000 lb. per sq. in. in the tables of allowable buckling 
resistance given in Carnegie. 
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An examination of these fonnulas indicates that they are based on the concep¬ 
tion of the vertical loads or being resisted through column action by a section 
of the web of height d and width parallel to the beam equal to the distance (a or 
ai) over wliich the load is applied plus one-quarter of the depth of the beam in the 
case of the reaction, or one-half the depth of the beam in the case of an interior 
load. Formula (2) is supposed to apply strictly only to the case of a single load 
concentrated at the center of the span. Some designers prefer the more conserva¬ 
tive rule of considering the effective strip of the web as e(jual to not over the length 
of bearing of the load. The i>ermissible compressive stress in the above formulas 
is based on the Carnegie column formula 

p = 19,000 - 100 ^ 

T 

l being taken as d/2, .since the compression in tlve strip of web is not constant 
throughout its depth, but varies from a maximum at one end to zero at the other. 
It is, however, more convenient to base the formula on d/t than on d/r. 

In a similar manner other web buckling formulas might bo (wolved using any 
accepted column fonmila as the basis—for example, the formula of the American 
Railway Engineering Association 

p = 1.5,000 - 50^ 
r 

Letting I ~ cl/2 and r = \/safe bui^kling resistance of the web woiild be 

p = 1.5,000 - 87^ (3) 

The width of the column might be assumed as the length of bearing of the load 
plus any approved fraction of the depth of the beam. 

By replacing d in the Carnegie formula, p = 19,000 — 173^ and in the 
adapted A.R.E.A. formula p = 16,000 — by its api)roximate average value 
in terms of h —that is 1.25 A- these formulas in terms of(* become respectively 

p = 19,000 - 210* (4) 

and 

p = 15,000 - 109* (5) 

Although Formulas (6) and (7) of Art. 17 are intended to give only the safe 
diagonal buckling stress, they arc sufficiently severe to be applied to vertical 

buckling. Up to a value of * = 00, Formula (0) of Art. 17, that is 

p = 15,000 - 150* 

gives smaller values of the permissible compressive stress than do Formulas (4) 
and (5) of this article. 

Due to exceptionally heavy concentrated loads applied to the compression 
flange, or jKirhaps even to the web itself, the thickness of web, although possibly 
adequate for ordinary diagonal compression arising from the combination of 
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shearing and flexural stresses, may need to be increased. An alternative pro¬ 
cedure is to use stiffeners or to reinforce the web immediately under the load. 
For rolled beams it is generally desirable to use a beam with a thicker web, where 
such does not involve a very great increase in weight, rather than to use stiffeners. 
Reinforcement of the web is adopted only where certain restrictions respecting 
depth or availability of sections make the employment of a given section necessary. 


Illustrative Problem.—A rolled beam resting on two columns 20 ft, apart supports two 
symmetrically placed loads of 70,000 lb., each l.ri ft, from the supports, as shown in Fig. 12. 
Find the required size of the beam, if the permiflsi>)lo stresses arc as follows: Flexure, 
16,000 lb. per sq. in.; maximum shearing stress at neutral axis, 12,000 lb. per atp in.; 


12,000 

w^cb buckling, p : 

14 ” 

^ ],50(h’ 


maximum 


— 10,310 lb- per w<i. in. 


average shearing stress based on diagonal 

vertical compression at support U> Iw 
according to Carnegie formula (1) of this 
article. Assume a 12-in. support. 

Assume an IH-in., 4S.2-Ib. T, having web 
thickness of 0.38 in. and section modulus of 
81.9. 

Maximum moment due to concentrated 
loading ==- (70,000j{l.r)) - 105,000 ft.-Ib. 

Mjixinmm moment due to weight of 
lieam = (K)(48 2) v20)!' ^ 2,410 ft.-Ib. 

Total maximum moment *- (107,410)- 
(12) - 1,280,000 in.-lh. 

Section modulu.s required 1,289,000/- 
16,000 - 80.5. 'riie section selocded is, 
therefore, adeejuato forinomtuit. 

Maximum end shear •— 70,000 -)- (10)- 
(48.2) = 70,480 lb. 

Average shearing stress 
70,180 
(isxo.;)K) 

Increasing this by correction of 17 per 
cent (Tabic 6, Art. 16), the maximum 
shearing stress 

== (10,3IO)(1.17J 

The section is, therefore, sufTicicntly strong for shear alst). 

Safe shearing stress based on dLagonal buckling of web 
12,000 
(14.7.5)^ 

(1,500) (0.38)2 

This Is very much Ixdow the existing average slioaring stress of 10,310 lb. per aq. in. and 
the section must be increased. 

Try an 18-in., 6()-lb. 1 which has a 0.547-in. with. 

.Average shearing stress, taking the revised end .shear as 70,700 lb., is 
70,700 

= (lK)(0.r,47> II'- 

Safe shearing stress based on buckling d^agl>naIi.^' 

12,000 -noMi. 

= — (ir)‘>.5)2 ■' 

^ (l,f>t)0)(().r>47) = 

This section is. therefore, adequate for diagonal buckling. 

1/ 



p 


Fio. 12.—Shearing and web buckling (aipacity 
of I-l>enm. 

— 12,070 lb. per sfi. in. 


0,000 lb. per sq. in. 


1 4 
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Vertical compresaive stress at support, from Formula (1) 

/ = . — - -F®'' “'*• “• 

(a+“)t (l2+l|) (0.547) 

Permissible vertical compression in web 

J) = 19,000 - 173^ = 19,000 - (173) = 13,310 lb. per sq. in. 


which is much greater than the existing stress. 

The 18*in., OO-lb. 1 is, therefore, adequate in all respects. 

It is assumed that the web is reinforced, if necessary, to take the concentrated super¬ 
imposed loads. 

UlustratiTe Problem.—A 6-in. H-column with a load of 85,000 lb. is supported on the 
top flange of a 20-in., 59-lb. Bethlehem I as shown in Fig. 13. Determine whether the 
wel> will carry the concentrated load without stiffening or reinforcement if the concen¬ 
tration l>c considered to he distributed over a length equal to the width of the column shaft 
plus one-half the depth of the beam, p «= 19,000 — 173^ (Curncgio formula). 

20 

Length of web over which concentration t>f 85,000 lb. is concentrated = 6 4' ^ '* Ibin. 


Compressive stress on web 
- 85.000 

^ = (id X 0.50) = »>• P" «-!• «*• 

Permissible compressive stress 

]> - 19,000 - (173) ( ) = 9,780 lb. per sq. in. 


Stiffeners arc therefore required under the load. It is recommended that two 3 X 



Fig. 13.—Transmission of concentrated 
load to beam web. 


2^2 X angles bo placed vertically on each 

side of the web so that the outstanding 3-in. legs 
are d rcctly under the flazxgcs of the column. 
Four ? 4 -in. rivets in ea<*h angle are sufficient, as 
with the stiffeners ground to fit the l>cam flanges, 
most of the load in them is transferred by end 
bearing. 

Illustrative Problem.—A 15-in., 3:J.9-lb. 
channel carries at one i)4»int tlio ends of two 



Fig. 14.—'I'runsmission of two concentrated 


loads to web of channel. 


12-m. I-beams in the manner shown in Fig. 14. The reaction of each beam is 13,000 lb. 
Investigate the compressive stresses in the web under the combined load, assuming that 

tl .. ' ' 1 . .. . , .4 - 4 V, 

h 

angle. Permissible compressive stress = p = 15,000 — 109^; the adapted A.H.E.A. 


formula (5). 

Total concentrated loatl on 5 in. of web *« 26,000 lb. 

Vertical compikissivc stress in web duo to concentration, and neglecting compression 
due to combination of shearing and flexural stresses 


26,000 
(6) (0.40) 


13,000 Ib. per sq. in. 
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Permiasible compressive stress on unstiffened web = p = 15,000 - (109) “ 

11,660 lb. per sq. in. It will, therefore, be nocesflary to stay the web by two stiffener 
angles under the shelf angle, as shown in Fig. 14. These would not be uocessury for sti^en- 
ing the shelf angle under the existing load, with an angle in. thick or over, but they are 
required to prevent the web from buckling. Two ? 4 -in. rivets in each angle under the 
shelf angle will Iw sufficient, under any ordinary specifii?ation. The stiffeners may bo 
two 3 X X ill- angles. 

niustrative Problem. - A double-tier steel grillage carrying n total load (including the 
weight of the 20- X 20-in. column base) of 000,000 U>. has to l>e made up of 12-in., 31.8-lb. 
I-i>eani 8 , reinforced if necessary. Throe l>eam 8 , 5 ft. long, constitute the upper tier, and 
7 linos of 8 -ft. beams of the same size the lower tier, as .«hovvn in Fig. 15. Investigate the 
web crippling and vortical oompre-ssivc stresses in the beams of the two tiers, assuming that. 



the beams without reinforcement are auflicieut for bending moment. Permiasible diagonal 
web crippling and web vertical comijrossivo stress = p — 15,000 — 150 ^ Assume the 

direct compression to be distributed over a length of web equal to the length of bearing. 

Total shear across beams of upper tier at edge of column base =«= (600,000) =*= 

200,000 lb. 

Average shearing stress on unreiuforced beam welw 


200,000 

(3)(12)(0.3r>) 


1.5,900 ll>. per sq, in. 


Total area of webs of beams of uptjcr tier resisting C00,000-Ib. veitical compression, ai 
being 20-in. ~ (3)(20)(0.35) = 21 sq. in. 

Compressive stress on beam webs / = 000,000/21 = 28,600 Ib. per sq. in. 

Permissible shearing stress in order that web crippling stresses may not be excessive, 
and also permissible vertical compres.sive stress under concentrated loading = p = 

15,000 — (150) (0 35 ) = 10,820 II). pfir sq. in. It is thus evident that the beams of the 

upper tier, without reinforcement, would ije overstressod by ordinary web crippling due 
to the combination of shearing and flexural stresses, and very seriously overatressed by the 
direct compression of the column load. 
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Add one plate—the thinnest practicable plate—to each side of the web, of 

sufficient width, when ground at the edges, to fit tightly against both upper and lower 
flanges. Thickness of reinforced web ■= 0.36 + (2) (0.3125) =■ 0.97 in. 

Average shearing stress on reinforced web now becomes 

200,000 . ,, 

'• = (3)Tr2)(0,97) “ "*• 


or much below that allowed. 

Compressive stress on reinforced webs under column base 
. 600.000 moon II 

^ “ (3) (26) (0.97) 


Permissible compressive stress for reinforced web, p = 15,000 — (160) (q = 13,490 


>b. per sq. in. The reinforcement provided is odeciuate. 

The reinforced plates may be dispensed with, in theory, at a distance out from the edge 
of the column base where the total shear is sucli as to give a shearing stress on the rein¬ 
forced web within the permissible stress given by the formula specified. 

Shearing capacity of three webs == (3)(12)(0.35)(10,820) = 136,400 Ib. This shear 
would exist at a distance from the edge of the column base 


/130,400\ - , . 

* \ 200 , 000 / *“■ 


The plates should, however, be carried far enough beyond this point of theorolical ending 
to accommodate at least one vortical row of rivets, so that the projection would probably 
be at least 11 in. In such cases the plates are often carried to the ends of the U^ains. 

As the vortical compressive stress at the junction of the web and flange of the unrein¬ 
forced beam is 28,000 lb. per aq. in. and in excess of the usual permissible stress in bearing--- 
20,000 to 24,000 lb. per sq. in.—the horizontal edges of the reinforcing plates should be 
ground to fit both the upper and lower flanges of the beams. 

Since the 6-in. flanges of the 3 linos of beams of the upper tier cross all 7 lines of the 
lower tier, the area of webs of the beams of the lower tier resisting the 000,000-lb. load — 
(21) (5) (0.35) = 36.8 sq. in. 

Compressive stress, / « 600,000/30.8 = 16,300 Ib. per sq. in. 

To provide for this vertical compressive stress due to the load from the upper tier, the 
beams of the lower tier would need to be reinforced similarly to those of the upper tier for 
a central length of about 27 in. If beams with heavier webs were available, it would Ixj 
much more economical to employ them. 

The diagonal web crippling stress in this case of the lieams of the lower tier is well 
within the permissible limit. 

The reinforcing plates on the webs of the beams should be attached by rivets spaced 
vertically not over 5 in. apart and preferably less. 


19, Proportioning for Befilection. 

19a. Beams with Constant Section.—^Although a beam may be 
strong enough to ensure that under the greatest loads ever likely to be applied, 
it will not fail, the proportions may bo such as to bring about objectionable and 
even alarming deflection. No harm may come to the beam itself because of the 
excessive deformation, but any very apparent sag, especially if it visibly increases 
during the imposition of a load, is likely to convey the impression of weakness to 
the observer. It is possible, too, that through large deflections, plastered ceilings 
may be cracked, tUe, stone, or concrete floors may open out at the beam supports 
in a direction transverse to the beams, supported walls may crack, glass in nearby 
windows may be broken, doors may jam, or shafting or attached equipment or 
machinery may J)e thrown .seriously out of line or level. If the deflection due to 
live load is large and frequently occurring, it promotes excessive vibration which 
may rock the structure, loosen rivets and necessitate constant and troublesome 
repairs. 



Sec. 2-19ol DESIGN OF STEEL AND CAST-IEON MEMBERS 


213 


Observation and experience show that the maximum deflection that it is safe 
to allow in a beam supporting plastered ceilings, after the ceilings have been 
plastered, is }4o in. per ft. or 3-^no of the span. Stone or tile floors are likely to 
crack when the deflection of the supporting beams is less than this. Where such 
floors are carried, it is desirable to limit the deflection to about Hon of the span. 
Obviously, mly the deflection produced by loads applied to the beam after the 
ceiling is plastered, or the floor laid, ntsed be considered, so far as the possibility 
of cracking is concerned. Wherever the situation will permit, it is desirable to 
keep down the deflection by u.sing the deepest practicable beams. If no de¬ 
pendent construction will be affected by deflection—as, for example, the interior 
panels of a building with timber flooring not supporting mechanical equipment— 
the amount of deflection permissible is entirely a matter of appearance. It 
might for example, be Hia or Hon of the .span. 

The maximum deflection of a beam is* 



where K is a constant depending upon the nature of the supports at the ends and 
the sy.stem of loading. Knowing K and the other quantities involved, it is easy 
to compute the deflection. Wherever a steel handbook is available, however, 
it is much more convenient to calculate the deflection by means of coefficients 
than to use the deflection formula for the type of beam and loading under consid¬ 
eration. For e.xample, if in the case of the simply supported uniformly loaded 
beam, for which the maximum deflection 

5 WP 
^ 3S4 ■ El 

HT f 

the load If be replaced by its value , and the span be expressed in feet, that is 

I = 12L, the deflection may be expressed as 

^ SOfL^ 1 
^ E ' 2c 

30/7>2 

Values of the coefficient - *1, for various spans are tabulated for the simply 

rj 

supported, uniformly loaded beam in the handbooks for E = 29,000,000 
and for various common values of /, so that to determine the maximum 
deflection of a uniformly loaded beam of either symmetrical or unsymmetrical 
section it is only necessary to divide the appropriate coefficient by twice the 
distance from the ncutriil axis to the extreme fil)er. For beams of symmetrical 
section, the divisor is obviously the depth of the beam. 


lilastrative Problem.—A Hotel consisting of two 0 X X in. angles, placed with 
the 6-in. legs vortical and back to back, has a span of 10 ft., and carries a uniformly dis¬ 
tributed load which producHis an extreme fiber stress of 10,000 lb. per sq. in. What is the 
center deflection? 

From the table in either Carnegie, Cambria or Betlilehcm, the coefficient of deflection 
for a uniformly loaded beam simply supported at the ends and stressed in flexure to 16,000 
lb. per sq. in. =» 1.655. 

Distance from neutral axis to extreme fiber »= 3.96 in. 

Hence center deflection 


_L055 

^ " ( 2 ) ( 3 : 96 ) 


* 0.209 in. 


*See Bee. 1. Art. M 
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For conditions other than those assumed in the tables, either the coefficients, 
or the resulting deflections, may be readily adjusted. From the nature of the 
coefficient it is seen that the deflection varies directly as the fiber stress, directly 
as the square of the span and inversely as E. For other systems of loading than 
the uniform load and for other end conditions, the deflection found in the tables 
may be multiplied by the factors given in Table 7 to give the deflection under 
the same fiber stress for the same span. 


Tault; 7.—Relation" op Maximum Depleotions op Typical Beams Undek Same 
Fibek Stress ani> pok Same Span 


System of loading 

FacioP by whioh deflec¬ 
tion for eiinply sup¬ 
ported uniformly luud- 
ed beam is to lie 
multiplied 

i 

1 

1 Hystein of loading 

1 

Kai'tor by which deflec¬ 
tion for simply sup¬ 
ported uniforndy load¬ 
ed beam ie to be 
multiplied 

1 

Simply Supported Beam 

' ('untilpvi>r Beam 

Uniform load. 

1.00 

1 Uniform load. 

2.40 

Single central load. . . 

0.80 

Single end load.. 

3 20 

Two loads at M points 

1.20 




Useful tables are given in the Cambria handbook for simplifying the calcula¬ 
tion of the deflection of a beam of any section having been given the load and the 
span. The coefficients N and A" there tabulated are the deflection for a simply 
supported beam 1 ft. long, loaded respectivelj^ by a uniformly distriliuted load of 
1,000 lb. and a concentrated central load of the same amount. The deflection 
for a beam supporting any load of either of these types, and of any span, is 
found by multiplying the approjiriate coefficient by the number of 1,000-lb. units 
in the load and by the cube of the span in feet. 

In fixing the sizes of beams for a given situation, it is most desirable to select a 
depth that under the adopted ivorking stress will be sure to give a deflection 
vrithin the prescribed limit. This result will be attained if the de.jith of the beam 
is made not less than a certain fraction of the sjian, depending on the nature of 
the material, the end condition.s, and the system of loading. If the limiting 
deflection be J-sbo of the span, and this be equated to the deflection expressed in 
terms of the fiber stress, the limiting depth ratio may be readily obtained. Thus, 
for uniform loading 

5 fU _ I 
^ ~ 4S' Ec ~ 360 

I 

from which the maximum pennissible span for the slated deflection is found 
to be 

Ec 

^ ~ si'M 

If E = 29,000,000, / = 16,000 lb. per sq. in., and the beam has a symmetrical 

. ^ 

cross-section, so that c = 2’ 

I = 24.1<i 

If the section be unsymmetrical, 

I = 48.2c 

e being the distance from the neutral axis to the extreme fiber. 
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For other types of loading, and for the values of E and / given above, the 

maximum span for which the deflection will be is given in Table 8 for beams 
of symmetrical cross-section. 


Table 8.—Maximum Permi-ssible Ratio of Span to Depth fob Typical Beams 


/ = 16,000 lb. per sq. in. 

E = 29,000,000 lb. per sq. in. 


System of loading 


Ratio of 
for A ” 


d 

I 

.300 


System of lomling 


Ratio of 


I 


for A 


d 

I 

360 


Simply Supported Beam 


Uniform load. 24.1 

Single central load. 30.2 

Two loads at } 3 points. 23.6 


Cantilever Beam 

Uniform load.j 10.1 

Single end load. 7.05 


In order that the maximum jiermissible flexural stress and the maximum per- 
/ 

missible deflection of may be attained at the same time, the span must, in 
general, not exceed 


the constant K depending on the type of beam and loading. For a simply 
supported load carrying a uniform load K has been shown to be = 37.5, while 
for the .s.ame type of beam carrying a single central load, K = 30, and for a beam 
loa<led at the third jioints it. i.s 38.3. 

Limitation of the depth ratio is frequently prescribed in structural specifica¬ 
tions. h'or example, in Schneider’s “Cumeral Specifications for Structural Work 
of Buildings,” the following clauses occur: 

The depth of rolled beams iu floors shall be not less than one-twentieth of the span, 
and, if used as roof inirlina, not less than one-thirtieth of the span. 

In (taae of floors aiibject to shocks and viljrations, the depth of l>eara8 and girders shall 
l)e limited to one-fifttMjnth of the span. If stmltower beams are nstid, the sectional area 
shall be increased until the maxim uin deflection is not greater than that of a beam liaving 
a depth of ono-fiftecnth of the span, but the depth of such spans and girders shall in no 
case be less than ouc-twenlicth of the span. 

The building code of Bhiladclphiu (a)ntains the following restrictions: 

The allowable deflection for l>cams or girders shall not exceed one-thirtieth of an inch 
per foot of span where the ceiling is to be plastered, or one-twenty-fifth of an inch per foot 
of span, whore the ceiling is not to l>e plastered. 

In what has been stiid above concerning the cnlcidation of maximum deflec¬ 
tion, the effect of the shear in producing deflection has been neglected. This is 
justifiable for all except precise calculations ami for short beams and girders 
carrying heavy loads. As may be shown, the calculation of shearing deflection 
for rectangular, or nearly rectangular, .sectioms must take into account the fact 
that the shearing stre.ss is not uniformly distributed. For I-sections—the most 
commonly employed ones for flexural members—^it may be assumed as pointed 
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out in Art. 16 that the shearing stress is uniformly distributed over the web only, 
and the shearing deflection computed accordingly. 

A useful comparison of the deflections resulting from flexure and shear, made 
by R. Fleming in Engineering News-Record, May 27, 1920, is reproduced in 
Table 9 with some modifications and additions. The deflection due to shear was 
computed for uniformly loaded beams by the formula 

&Wl 

“ 40M 

and for the centrally loaded beams by the formula 

2QEM 

In thc.se expressions 

W = total uniformly distributed load. 

P = concentrated load at center of .span. 

I — span in inches. 

E, — shearing modulus of elasticity (= 12,000,000 lb. jjer sq. in.). 

d = depth of beam. 

t = thickness of web. 

An examination of the last column of Table 9 shows that for very short spans 
—five or six times the depth of the beam—loaded to capacity in bending, the 
deflection due to shear may be between 30 and 50 jier cent of that due to flexure. 
It is relatively more important for beams carrrviug concentrated loads than for 
those carrying uniformly distrihuted loads. For beam.s with a sj)nn of from 20 
to 24 times the depth (a ratio that is likely to be closely a])proachcd in most 
designs), the shearing deflection is in the neighborhood of 2 or 3 per cemt of the 
deflection due to flexure. It is therefore evident that only for short spans loaded 
to capacity in bending is there necc.ssity of taking the shearing deflection into 
account. Should it be desired to include it, for spans of ordinary proportion a 
close approximation to the total deflection m.'iy be made by increasing the deflec¬ 
tion due to flexure by a ])ercentage taken from 'fable 9, interpolating if necessary. 
Another method of taking account of the she.'iring deflection is to compute the 
deflection due to flexure by using a value of th(! modulus of elasticity somewhat 
lower than the usual value !us.sumed, .say from 10 to 25 jjcr cent. 

Since for beams of the usual depth ratios, the shearing deflection is relatively 
small as compared with that due to flexure, the shearing deflection may with 
sufficient accuracy be calculated on the sissumption that the shearing stress is 
uniformly distributed over the web and is entiredy borne by the web. 

196. Beams with Variable Section.—In computing the deflection of 
reinforced steel beams, account must be token of the fact that the moment of 
inertia is not constant throughout the length of the beam. For such cases 
the total deflection may be computed by summing a number of partial deflections. 
The beam is first divided up into a number of short .segments, so chosen that 
any abrupt changes in sectional area or moment will take place at the dividing 
lines between segments. If E be constant, the deflection due to flexure only is 
found by applying to the whole reinforced beam the summation 

A= ^ s^(w)(dr) 
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Table 9.—Relation op Sheauing and Flexubal Deplbctions fob Simply 
Sdrpobtbd Rolled I-sbctions. / = 16,000 lb. per sq. in. 


Section 

(in.) (lb.) 

Span 

(feet) 

Ratio 
of depth 
to span 

Total 

load 

(pounds) 

Distribu¬ 
tion of 
load 

Deflection 
due to 
flexure 

A/ 

(inches) 

Deflection 
due to 
shear 

A, 

(inches) 

Af 

(per cent) 

Standard^ 

I-beama 








8 X 18.4 

5 

1 

7.5 

30,300 

Uniform 

0.050 

0.011 

22.0 

8 X 18.4 

10 

1 

15 

15,150 

Uniform 

0.200 

0 . on 

5.5 

8X 18.4 

15 

1 

22.'5 

10.100 

Uniform 

0.449 

0.011 

2.5 

SX 18.4 

5 

1 

7.5 

15 ,150 

Middle 

0.040 

0 . on 

27. 5 

8X 18.4 

10 

1 

15 

7,000 

Middle 

0.160 

o.on 

6.9 

8X 18.4 

ir» 

22.5 

r,, 050 

Middle 

0. 350 

o.on 

3. 1 

1L> X 31.8 

5 

1 

5 

76,700 

Uniform 

0. 033 

0.014 

42.5 

12 X 31.8 

10 

1 

To 

3K.350 

Uniform 

0. 133 

0.0J4 

10.5 

12 X 31.8 

20 

1 

20 

10.175 

U aiform 

0. 531 

0.014 

2.6 

12 X 31.8 

.*> 

1 

5 

38.3.50 

Middle 

0. 027 

0.014 

fa. 9 

12 X 31.8 

10 

I 

10 

10,175 

Middle 

0. 107 

0.014 

13. 1 

12 X 31.8 

20 

1 

20 

0.580 

Middle 

0.427 

0.014 

3.3 

20 X (>.'). 4 

10 

1 

6 

124.7(K} 

Uniform 

0.080 

0.019 

23.8 

20 X «.">.4 

20 

1 

12 

(i2.350 

Uniform 

0. 321 

0.019 

5.9 

20 X 8.',. 4 

40 

1 

24 

31.175 

Uniform 

1.281 

0.019 

1.5 

20 X 6..-..4 

10 

1 

0 

62.350 

Middle 

0. (H14 

0.019 

29.7 

20 X 65,4 

20 

12 

31,175 

Mitldle 

0. 256 

0. 19 

7.4 

20 X 4 

40 

2.1 

15.5H0 

Middle 

1.024 

0.19 

1.9 

Betlilehem 

l-boHllIK 

30 X 120.0 

15 

0 

248.100 

Uniform 

0. 124 

0.035 

28.2 

30 X 120.0 

30 

12 

1L> 1,200 

I'niforni 

0.496 

0. 035 

7.1 

30 X 120. 0 

50 

20 

74.600 

Uniform 

1.379 

0.035 

2.5 

30 X 120.0 

15 

J 

124,2t>0 

Middle 

0.099 

0.035 

35.4 

30 X 120.0 

30 

1 

12 

02.100 

Midille 

0.390 

0.035 

8.8 

30 X 120.0 

50 

1 

20 

37.300 

Middle 

1.102 

0.035 

3.2 

Bethlehem 
eirder beams 

30 X 180.0 

15 

1 

6 

1 

12 

1 

20 

388.480 

Uniform 

0. 124 

0.042 

33.9 

30 X 180.0 

30 

104.240 

TTniform 

0.496 

0.042 

8.5 

30 X 180. 0 

50 

116.600 

Uniform 

1.379 

0.042 

3.1 

30 X 180.0 

15 

6 

1 

12 

194,240 

Middle 

0. 099 

0.042 

42.4 

30 X 180.0 

30 

97,120 

Middle 

0.396 

0,042 

10.6 

30 X 180.0 

50 

20 

58.300 

Middle 

1.102 

0.042 

3.8 
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la tills expression, 

A = reiiuired maximum deflection. 

E = modulus of elasticity. 

M = bending moment at the center of any segment distant x from a support 
for simply supported beams and from the free end in the case of cantilevers. 

I = moment of inertia of the beam at the center of any segment. 
m = bending moment at center of any segment due to load of 1 lb., acting at 
the point where the deflection is required. 
dx = length of any short segment. 



Fi(3. 10.— Calculation of deflection of reinforced or built-ui> beam. 


Applying this to a uniformly loaded beam with several reinforcing plate.s on 
each flange, as shown in Fig. 1(>, the summation by means of the Calculus for thi; 
entire span gives a deflection of 

, I/-- m w I /,’ , l.J - , h* - l,> 1 


_ wlW , I/- - h’-\ _ w /,’ , h* - 
I., ' h J SA’./i ' is 


w = uniform load per unit of length. 

E = modulus of elasticity of material. 

I =span length. 

li, h, h = distances of succftssivc jfoints of change of moment of inertia 
from support. 

Ii, h, h =moment of inertia of successive sections fnun supfHfrt. 


This formula may bo used to cover .any number of abrupt changes by the 
inclusion of more terms. 

For purposes of computing deflections, the moment of inertia of the gross sec¬ 
tion, which is the jiredominant section, should be used. 

Computations made for beams of constant depth and section so varied as to 
give con.stant strength show deflefttions from 20 to 100 per cent greater than 
for beams with constant moment of inertia. 


Illustrative Problem.—Compute the maximum center deflection of a 25-ft. 12-in., 
.SI.8-lb. I with one 6 X ?i-in. plate, 18 ft. long, riveted to each flange. (See Fig. 9 and 
the problem under Art. 12.) The Ijeam carries a total uniformly distributed load of 000 
lb. per lin. ft. E =■ 20,000,000 lb. per sq. in. 

The half beam will be divided into two segments, the first of which comprises the 3.5-ft. 
unreinforced portion of the end, and the second the remaining 9-ft. portion of the half 
span. The values of h and h are, therefore, S.,'> and 12.5 ft. respectively. 

Moment of inertia of gross unreinforeed section, Ii = 215.8. 

Moment of inertia of gross reinforced section, Ii = 388.2. 

For the case ip hand, Formula (1) becomes 
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Using the inch as unit of length, and inserting the appropriate numerical quantities, 
^ (75)(300) r( 42 )> (150)> - ( 42 )>-| 

(6)(29,00b,600‘)l215.8‘'' ^ HSSX ' J 

_ 75 I (42) < (150)< - (4 2) < 1 

(8) (2U.0()0,000) [ 215.8 388.2 J 

= 0.721 in. 


If it 1)6 assumed that the gross muinent of inertia of the reinforced section applies for 
the whole span, the deflection would l>e 

5 Wl‘ 

* 384 ■ KI 

or, for the beam under consideration. 


A 


(900) (25) (30(5)) 
(29,000,000) (388.2) 


0.702 in. 


or but slightly less than the deflection found by the correct method. The close correspond¬ 
ence of these results is due to the fact that the flange plates run nearly the full length of the 
beam and the stresses in the central reinforced sc<-tion influence the deflection much more 
than those in the unreinfon^ed section near the ends. 


20. Combined Stresses.—('-ascs frequently arise iu practice of members 
subjected to flexure ami at the .same time to an axial tensile or compressive force.’ 
These arc in mo.st cases, however, primarily tension or compression members and 
fire discussed as such in this volume. One characteristic case of a flexural mem¬ 
ber being subjected to axial loiiding is the trus.sod beam. This type of member 
i.s discussed in Art. 21. 

21. Trussing of Beams.- If it hajifiens that the hoavie.st rolled section avail¬ 
able is not suflicicntly strong to carry the stipulated load, and there is no restric¬ 
tion with re.spect to headroom, ii rolled section may bo trussed .so as to enable it 
to carry a load. Two common methods of trussing are u.sed, the kiug-i)ost, Irig. 
17(a) and the (lueen-post. Fig. 17(6) and (c). With 
the first, a single strut is connected to the primary 
beam at the center and a rod is carried from the bottom 
of it to each end. With the .second, two struts arc 
used, dividing the beam into three segments not 
necessarily ecpial. The .struts may be of angles or 
castings and the tics may be single or nmltii)le rods. 

Where cast .struts arc used, they may be at right angles Tiu. 17.- 1 ypes <rf trussed 
to the top chord, as in Fig. 17(6), but if angles are u.s('d loums. 

they should be battered so as to bisect the angle between the horizontal and slott¬ 
ing sections of the tie rod to give axial st.ress only in the struts. 

A common u.se of trussed steel beams is in roof construction, as rafters or 
purlins. If they are used as jturlins, the bending will not be in a principal plane 
of the trussed section and hence in designing th(> princijiles jiertaining to unsym- 
metrical bending (Art. 22) must be observed. 

While the accurate design of a trussed beam should be carried out in accord¬ 
ance with the method of least work, a sufticicnlly accurate procedure for most 
purposes is to regard the structure as a beam continuous over the struts. This 
involves the erroneous assumption that the beam does not settle at the struts 
with respect to the end supports—an assumption that is, however, justified fgr 
approximate design. 

> See chapter on ^‘Bending and Direct Stress'* in Sec. 1. 
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In accordance with this assumption, the primary beam is not only subjected 
to the moments and shears existing in a continuouB beam of the same number of 
spans as there are panels, but must also resist the axial thrust due to the pull of 
the tie rod. The end coxmections of this tie should be such that the thrust is 
appHed centricaliy, thus avoiding secondary stresses. 

The approximate method of design outlined above, may best be studied by 
means of an example, 

lUustratiTe Problem.—An opening of 18 ft. center to center of bearings is to be spanned 
by a beam carrying a total uniformly distributed load of 600 lb. per lin. ft. For this 
situation there are available only minimum weight channels of depths up to 9 in., angles, 
and soft steel rods. There is no restriction as to headroom. Lateral support to the beam 
is £^orded at the center and at points 3 ft. from each end. Design a trussed beam to carry 
the load if the permissible stresses are as follows: 

Bending, 16,000 lb. per sq. in. 

Compression on struts, p 19,000 = 100 ^ where I « unsupported length and r >» 
least radius of gyration. ^ 

Combined compression and bending, p — 19,0CK) — 300 where I *= unsupported 

length of flange and b » breadth of flange. 

Shear, 10,000 Ib. per sq. in., gross area of web. 

Tension on soft steel rods, 15,000 lb. per s(i. in. 

Bearing, on soft steel, 15,000 lb. per sq. in. 

Ah only very light channel sections are available, an arrangement will be adopted 
favorable to the primary Ix'am, or what is really the top chord of the resulting truss. 



Two struts will therefore be used, symmetrically placed and C ft. apart at their inter¬ 
section with the center line of the channels, as shown in Fig. 18, and the depth from the 
enter of the top chord to the center of the tie rod will be 2 ft., giving a slope of the end 
iKtctions of tie rod of 1 vortical to 2.83 horizontal, with the struts bisecting the angle 
between the horizontal and inclined portions of the tie rod, wliich is desirable in order to 
give only axial stress in the struts. 

Shear .—From the theory of continuous beams, the maximum shear in the top chord 
occurs at the two struts' on the sides nearest the end supports and is 

I - 

where w ** total uniform load per unit of length; and p *= panel length. 

For this case 

V - (j|”)(r)(M))(6) = 2,160 lb. 

Assuming one 8-in., 11.5-11). channel as the top chord, the average shearing stress on the 
web is * 

*“*(8)^220) -I.2301b.porsq.in. 
which is very much below the allowed limit. 
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Combined Bending and Compreaeion .—For a continuoua beam of 3 equal span*, aaeum- 
ing no restraint at the end supports, the maximum moment oocurs at an intermediate 
support and is 

M = jqU>P* 

-which for this problem becomes 

(jq)( 600)(6)»(12) = 25,920 in.-lb. 

Extreme fiber stress assuming the 'top chord to be one S-in., H.5-Ib. channel with a 
section modulus of 8.1 is 

5 8 l” ~ 3,200 lb. per sq. in. 

Horizontal or axial compression in top chords neglecting the horizontal component of 
the stress in the strut, 

u 

a * 

where a angle of slojie with the horizontal of the end sections of the tie rod. 
Numerically, 

H = (j *) (600) (6) (2.83) = 11,200 lb. 

Maximum axial compressive stress, 

72 = = 3 'iO ” d,340 lb. per sq. in. 

Total maximum comprc.ssive stress. 


/i + /2 « 3.200 + 3,340 = 6,540 lb. per sq. in. 

Permissible compressive stress on chord 

p -= 19,000 - (300) (o'gii) “ •b‘150 lb. l>cr s(i. in. 

Since the eiTect of the nct^saarily eccentric application of the axial thrust has been 
neglected, the margin of safety is not too great. 

Tie Rod .—Tension in tie rod 

T = coaoca = (JJ) (600)(C)(2.99) = 11,8501b. 

Kequired area *= 11,850/15,000 «= 0.79 sq. in. 

Use one 1-in. rod upset, having an area of 0.79 sq. in. in the body and of 1.054 sq. in. 
at the root of the thread of the upset ends. A turnbuckle will bo needed at the 

center of the span for adjustment. 

Struts .—Compression in struts, 

p “ “ 3,080 1b. 

Assume one 3 X 3 X angle, for which 

A « 1.78 sq. in. and least r *= 0.69 in. 

Compressive stress * 3,960/1.78 * 2,220 lb. per 8(i. in. 

Permissible stress, 

p .. 19,000 - 100 ^ = 19,000 - (100) “ 14,030 lb. per aq. in. 

The outatanding leg of the lower end of the atnita will be notched to aemi-circuiar form 
ao B8 to receive the rod. 

Bearing area required for rod, 


P 3,960 
“ P ” i5,000 


0.26 sq, in. 


Area provided =” (1.00)(0.3125) ==-0.31 aq. in., which is adequate. 

DetaUe .—Details may be arranged aa shown in Fig. 18. The connection of the tie rod 
and the struts to the top chord must be sufficient in strength to transmit the stresses in 
them to the channel. 
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22. Proportioning for Unsymmetrical Beading.—Beams subjected to bending 
not operating in the plane of one of the principal axes cannot properly be designed 
by the simple flexure formula 



in which S is the ordinary section modulus about the principal axis most nearly 
at right angles to the plane of loading. If, however, the true section modulus 
applicable under the circumstances be employed, either the maximum stress at 
the extreme fiber or the safe capacity may be computed accurately by the com¬ 
mon flexure formula. This quantity known as the flexural modulun is, as has 
been shown elsewhere in this volume, 

^ _ 

/,?/ sin e -f IxX cos 0 

whore 

I, = moment of inertia of section .about the .r-axis. 

Jy = moment of inertia of section about the ?/-axis. 

X, y = coordinates of the mo.st highly .stressed fiber. 

6 = angle between the plane of the moment and the j-.axis. 


For the purposes of practical design it is more convenient, however, to 
re-solve the moment into two components, parallel resjKicthady to the two principal 
axes of the section, and then add together the stres.se.s produced by them at the 

critical fiber. The correctness of this method 



of procedure has b<‘en established elsewhere in 
this volume. 

A frequent case of unsymmetrical bending is 
that of a beam subjected to both vertical and 
transverse moment, as a floor beam supporting a 
vertical load and at the same time resisting the 
thrust of an arch. Here a resultant oblique 
moment really exists in the form of two prin¬ 
cipal components. Investigation of such a 
beam may, therefore, be carried out as explained 
above. 


Fio. 19. — Flexural eupacity of Illustrative Problem.—A 0-iii., 8.2-in. channel 
channel purlin. imrlin of 16-ft,. spun witli web inclined 30 dog. to the 

vertioal, as shown in Fig. 10, carries a vertical roof 
load of 100 lb. per lin. ft. Express an opinion as to its safety if the permissible stress in 
bending is 16,000 lb. per sq. in. 

Vortical moment on purlin 


Wl ^ (100)(ir»(180) 
8 “"8 


54,000 in.-lb. 


Component of moment in plane of purlin web, or about the axis of x 
, - (.54,000) (sin 00°) = 40,800 hi .-lb. 

Component of moment at right angles to plane of web, or about the axis of 
My « (54,000) (cos 60°) = ^7,000 in.-lb. 
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The fiber at point A is evidently the most highly stressed one. Its ooSrdinates are: 
* = 1.4 and y = 3.0. The moment of inertia about the z-axis is /« « 18.0 and about the 
y-axis it is / 1 , — 0.70. Kosultant fiber stress at point A is therefore 

* X I y 

^ (46,800)(3.0) (27,000)(1.4) 

Ki.O 0,70 

- 10,8(M) + ,54,000 
^ 0-1,800 Ib. ijcr sq. in. 

The purlin ia therefore stressed to its ultimate strength. By supporting it laterally at 
short intervals the stress fy l ould be 

greatly reduced and the resultant stress ^ pT - " 1 'Ll 

fx +/v brought within the safe limit. ^ 

Had the loading boon aaeuuied as i o =5' | K 

acting in the plane of the web, as is | ^ j 

sometimes erroneously done, the fiber ] | ' Iv ,4 

stress obtained would be 12,470 lb. per It ! 

sq. in. The stress < ah'ulated in this I ^ - 

manner may, therefore, give no real in- I | 1 

dication as to the actual existing stress. J '* > j 

Illustrative Problem.*“A floor beam ^ J, | I ~^l-^ 

of 18-ft. span, consisting of one 12-in., 1 I ^ j 

31.8-lb. I, carries a total uniformly 1 I hl,^ < 

distributed vertical load of 900 lb. per I JL _ _7/g roa^ • t-^>Oft.per ft 

lin. ft. and a ri'sultanl htirizontal arch 1 * ^ 

thrust of 500 lb. per lin. ft. If the beam * j ^ 

is divided into three r>-ft.segmcnlfl by tie 'f ^ 

rods, M shown in Fig. 20, find the . ^ § 1 

maximum fil*er stress, assuming perfect j I | 

lateral restraint at the points of attach- _1— - ■\ 

mciii of the tie r(»d8. 20.—Floor joist, subjected to vertical and 

Section niodulu.s *8^, of 12-in., 31.8-11). horizontiil moment. 

1 about T-axis (nornnd to web) -- ‘Ifi.O, 

and section modulus about axis lying in center of web, Sy — .bS. Flange width » 6 in. 
Vertical moment at center of span, 

H S 


Y’^SOO/b.per ft 


Floor joist subjected to vertical and 
horizontJil moment. 


- 437,400 in.-Ib. 


Horizontal moment at center of .span 

/a-2 (500)(6)HJ2) 


in.-lb. 


where i = latoral thrust i)er lin. ft., aii<l & — spacing of ihe rods. 
Maximum fiber stress on fiber at A or H, at center of span, 


M. My 

^ Sy 


4.37.40(1 0.000 

30.0 3.8 


] 1..a40 lb. per sq. in. 


Vertical moment at a lie-rod connection, 

Ji// = X.J, vds - U u-s* * H (OOOXlKXfi) - h (imO)(6)2 
32,400 ft.-lb. = 388,800iii.-lb. 

Horizontal moment at the rod connection, as.suming perfect restraint, 
, ^ (,500)«i)M12) ^ J 

‘ 12 12 

Maximum filH*r stress ..u fil>or A- or B-, at tic rod connection. 


, , Af,' , Af/ _ 388,800 18,000 

' S. .S', " 30.0 3.8 

= 1,5,530 lb. iwr sq. in. 

The beam is, therefore, more seriously stressed at the tie rod connections than at the 
center. 
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23; Proportioning' for Torsion.—Wherever beams are curved horizontally or 
are of sudbehape in plan that the applied loads do not lie on a straight line joining 
the t-wo supports, a torsional moment is set up. 

A typical case of this Jdhd is the circular girder supporting an elevated tank. 
The arc of the girder between two "adjacent posts must withstand a torsional 
moment of the magnitude that may be computed by the methods explained in 
discussions of elevated tanks. * 

If long, flexible beams connect to one side only of a girder, the girder is.therdby. 
subjected to torsional stresses which in severe cases should be investigated. A 
girder with a narrow flange, such as a single channel, is likely to be highly stressed 
in torsion. The torsional moment produced in a girder by a beam attached to it 
by a web connection may be considered as equal to the moment of restraint 
of the beam at the end. While such moment of restraint is disregarded in fixing 
the section of steel beams, the practice is common to assume that there is a 
moment of restraint that offsets the apparent moment of eccentricity in the end con¬ 
nection and renders it necessary to proportion the rivets through the beam web 
for direct shear only. Based on the character of the end connections of the beams 
framing into the girder subjected to torsion, an estimate may be made of the 
probable torsional moment applied at each loading point. Such torsional 
moments may be regarded as divided between the two segments of the beam on the 
two sides of the loading.point in the inveise ratio of their length. With two 
symmetrically-applied torsional moments, there will be equal torsions in the two 
end segments and zero torsion in the center .segment. 

In determining the rnaximum existing torsional shearing stress on the cross 
section of aa I-beam or channel section, it is incorrect to assume that the common 
torsion formula for circular shafts applies. 

This formula is 



where q = torsional shearing stress at the extreme fiber. 

c = radial distance from center of gravity of section to extreme fiber., 

T ~ torsional moment. 

J — polar moment of inertia (.see treatise on mechanics). 

Experimental determination of the torsional elastic limit of I-beams made by 
the author indicate that this is reached at a torque less than 20 per. cent as 
great as Formula (1) would indicate. The relatively thin metal of the web has 
little torsional resistance itself and does not effectively prevent the flanges from 
twisting around under a combination of shear and bending. Beams‘ designed 
for torsion should only be proportioned by Formula (1), provided the allowable 
stress selected is not over 20 i)er cent the usual permissible stress in shear. 

MULTIPLE BEAM GIRDERS 
By C. R. Young 

24. Types and Uses.—Where a single rolled beam or girder with adequate 
bending capacity for the situation in hand is not available, it is frequently advan-, 
tageous to use two or more rolled sections placed side by side a short dfsliattoe 
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ap<uii and suitably connected together. Such coiBtructioii is particularly uaeful 
for the support of walk, on account of the broad bearing offered fo*' the load. 
The number of sections varies from two or three, used for the support of walls, 
to as many as 10 or 12 in the case of a tier in a grillage foundation. 

4 While the component sections are frequently of the same type, depth and 
weight, it is by no means necessary thatth^ should be so. If three sections are 
used it may be advantageous to make the outer two somewhat lighter than the 
• inner one; or if the latter section be an I-beam, to make the outer two channek 
of the same depth. Characteristic sections for multiple beam girders are shown 
in Pig. 21. Those shown in (a), (6) (c) and (d) are frequently employed for the 
support of walk, beams, and columns, while the use of a large number of sections 
as in (e), is confined to grillage tiers. Rolled beams in groups of from two to 
four are frequently employed as girders supporting timber decks in railway 
bridges. One group is placed under each rail. Modification of some of the 
types shown by the addition of shelf angles at the bottom is frequently made in 



Fig. 21 CroBH-section of typical multiple beam girUerB* 


order to adapt multiple beam girders to use as lintels or spandrel girders. Exam*- 
pies of these are shown in Fig. 24. 

In making up the section of a multiple beam girder, regard must be had to the 
character of the determining stress. If the bending moment is relatively more 
important than the shear, I-beams should be employed, rather than channek, 
since the flexural efliciency of the I-beam is greater than that of the channel, as 
has been pointed out in the discussion of beams. Art. 6 . On the other hand, if 
the she'awk large enough to influence the design, channek are preferable for 
economic reasons as the amount of shearing area per square inch of total section 
is great^for channek than for I-beams. This latter condition also gives channels 
an advantage in resisting local transverse compression or web crippling. 

In selecting the sections to be utilized in a multiple beam girder, the bearing 
area that must be provided for the applied load should be considered. Por well- 
bonded brick walls, there is no reason why the brick work in a wall of jiny thick¬ 
ness likely to be carried on multiple beam girders should not arch laterally over 
the clear space between the flanges of two supporting beams or channek. ' 

26. Advantages and Disadvantages.—The use of multiple beam girders is 
only advantageous where large flexural strength with small depth is required. 
The broad bearing afforded by such a girder for the support of walk and for the 
transmission of loads to the end supports is ako an advantage, as is the consider- 
. 16 ' . 
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able lateral stiffness of the combined beam. It is, too, very convenient to be able 
to utilize a series of available light beams for building up a girder for the support 
of heavy loads. 

On the other hand, the use of shallow beams or girders is highly uneconomical 
so far as flexure is concerned, as has been pointed out in the discussion of beams 
in Art. 6. Where the shear is relatively more important than the moment, as 
in short, heavily-loaded tiers of grillage beams, sections of small depth may be 
found more desirable because of their greater aggregate web area. They are 
deficient in vertical stiffness, however, and unless care is taken to limit the ratio 
of span to depth the deflection may be so large as to be objectionable in appear¬ 
ance or, in the case of foundation girders, to lessen the bearing at the outer ends 
of the beams. In no case should girders of the multiple beam type be used in 
damp situations without being properly protected from corrosion on the interior 
surfaces. Such protection is naturally afforded by the encasing concrete in 
grillages, but girders above ground are frequently left without such protection, 
and from the nature of the construction cannot be inspected or painted after 
erection. 

26. Separators.—^In order that the assemblage of sections may net as a unit 
in the supjiort of loads and may possess adequate lateral rigidity, separators of 
various types are employed. These maintain the spacing of the component 
beams, and when loads are not applied equally to all of them should be able 
to distribute it equally amongst the various elements composing the girder, unles.s 
they are designed for unequal loads. 

Three typc*s, in<licated in Fig. 21, arc in common use—gas pipe, cast iron, 
and built-up or riveted separators. 

The gas pii)e type. Fig. 21 (a) and (e), con.si.sts of a series of short lengths of 
gas pipe fitting closely between the webs, with bolts jjassing through them from 
one side of the girder to the other. The number of tiers of bolls and pipe sections 
used, varies with the depth of the girder, but in average practice conforms 
approximately to the following table; 

OlSKI'H or CilKUEH NOMBEB OK TlEllB 

(iNCUKft) OK )3<>LTS 

3-10 1 

12-18 2 

20 -30 3 

Separators of the gas-pipe type are cheaper than any others, but arc incapable of 
transferring any load from one beam of the compound girder to another. Wher¬ 
ever the applied load Ls known to be equally applied to the comj)onent sections 
or where the individual sections are designed for definite parts of the load, as in 
some lintels or spandrel girders, gas pipe .separators may be used to advantage. 
They are particularly desirable in tiers of grillage beams since they do not inter¬ 
fere with the placing of the encasing concrete or break it up, as would cast iron 
or built-up separators. The American Bridge Company’s standards call for gas 
pipe separators for all girders composed of beams under 6 in. in depth. The size 
of gas pipe and bolts should conform to the size of the prevailing rivets in the 
work. Generally, Ji-in. bolts and 1-in. gas pipe are used. 

Cast iron separators. Fig. 21 (6) and (d), consist of cast plates, usually from 
% to % in. thick, with one or two lugs cast on the face of the plates to receive 
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the bolts which secure the separator in a transverse position between the con¬ 
nected beams. Two types of separator are commonly used, (1) a rectangular 
plate of width such as to maintain the component beams at the desired distance 
apart, and of height sufficient to clear the fillets (Fig. 21), and (2) a plate shaped 
to fit tightly against the webs and flanges of the beams (Fig. 22). If the second 
type be made to bear properly against the flanges, it is superior to the first, for 
the transfer of load from one beam to the other would then not depend solely 
upon the shearing and bending value of long flexible bolts, as with gas pipe 
separators. If a load be applied to one beam and 
not to the other, as in F'ig. 22, tlu; deflection of the 
loaded beam causes the top flange to transfer psirt of 
the load in bearing tlirough the separator to the 
bottom flange of the other beam. Witli this type of 
separator, properly fitted, the tendtmey is for applied 
loads to be etiually distributed amongst the component 
sections if they Vre of equal stiffness. If the sections 
are of unequal stiffnc.ss, the stillest would receive the 
greatest loads. In situations where distribution of 
the load by separators is counted Hi)on, therefore. 
ca.st iron scirarators of the second type may be nd- 
vautag(!Ously emjdoycd. They should not be u.sed in 
grillages for the re.asons alrc.ady given. 

According to the .standards given in the hand- Fio. 22.—Distribution of 
books of the steel companies, one bolt only may be load by fitted cast-iron sop- 
u.sed in each .separator if the beams be not over 10 or ' 

12 in. deep. Two bolts are used for be.ains fi'oin 12 to 2-1 in. deep, and 3 bolts for 
beam.s over 24 in. Tlu^ preserilied spacing of the bolts .and the dimensions and 
weights of .separators and bolts is given in the standards luentioned. The 
width of the .separat.ors is so fixo<l that when they are used with the maximum 
weight of beams for the iloptli to which they conform, the flanges will clear. 

Built-up .sejiarators or diaphragms are omjiloyeil in situations where very 
rigid bracing is re(iuircd between the component sections of a girder or where 
provision must Ixs made for distributing unequally applied loads. They may be 
made up of <a plate and two or four iuigh's to form a built-up channel or I-section 
with flanges riveted to the webs of the beams, or if the desired spacing of the 
component sections will iwrmit, of a pierce of channel or I-beam placed with its 
flanges vertical and in (xuitaet with the «ebs of the eonneeted sections. This 
riveted construction ensures the action of the assembled sections as one unified 
girder. 

While separators serve to stay the f.oi> flanges of the component sections of 
the girder to some exbuil, their effectiveness in thi.s reg.ard, except in the ease of 
the shaped cast iron separator, is considerably reduced through the attachment 
being to the web rather than to the flanges. The spacing of separators is there¬ 
fore generally less than would be obtained by .applying such rules as that the 
compression flange of beams must be stayed at intervals of 10 or 20 flange-widths 
if the customary flexural working .stress is to bo employed. It is good practice 
to place separators at the ends of the girder .and at, or near, all points of con¬ 
centrated loading. In addition they are placed at intermediate points, distances 
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apart varying with the depth of the beams. The spacing adopted where the 
position of points of concentrated loading does not determine it, is usually about 
as follows; 


DkPTB Of aiBDSB 
(XNCnfis) 

3-10 

12-15 

18-30 


Spacing of sspabatobb 
(feet) 

3 

4 


27. Proportioning of Multiple Beam Girders.—The design of multiple beam 
girders differs in no way from that of single beams. Having found the maximum 
bending moment and maximum vertical shear, such component sections must be 
selected as will give the desired width for the effective support of the applied load 
and will supply the total section modulus and shearing area required. Deductions 
for any flange holes that may be near the critical section for moment should be 
made as described for beams in Arts. 8 to 11 inclusive, but web holes may be 
neglected so far as moment is concerned. If a built-up separator chances to 


i 







/ Nx 

/ I ^ 

/ i ''v 

Crtprck I ' 




- A^deeir spein -^- 

1^- €=cenfer to center spen- 

Fig. 23.—Arching of masonry over optMiings. 




be at or slightly inside the plane of maximum shear, account may need to be taken 
of the lessened shearing resistance of the web produced by the vertical lines of 
holes. 

In calculating the load for which multiple beam girders must be designed, 
regard must be had to the arching effect of any brick, tile or masonry walls that 
may be supported. Observations of the cracking of such walls above a sup¬ 
porting girder or lintel that has partially failed, or sagged excessively, show that 
under certain favorable conditions oidy a relatively small triangular imrtion 
of masonry is really carried by the girder. The height of this triangle is variously 
assumed as from H to % of the span. While the cracks mentioned trend upward 
and inward from the junction of the top of the girder with the faces of the supports, 
as shown in Pig. 23, it is more convenient and just as accurate, to assume the 
height of the supported triangle as based on the center to center span—^the 
span on which the calculation of moments and .shears must be ba.sed. 

It is only safe to assume the arching effect as relieving the girder of all wall 
load, except the weight of the triangular portion mentioned, (1) when the supports 
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are capabk of taking thrust in a direction parallel to the girder, or the supported 
wall continues past the supports for some distance, (2) when there is a height of 
' brickwork not weakened by openings, for a distance above the girder about equal 
to the span length, (3) when the depth ratio of the girder is large enough to pre¬ 
vent excessive and disrupting deflection, and (4) when the masonry is well 
seasoned. Under such conditions the area of wall supported may safely be 
taken as contained within a triangle having base equal to the center to center 
span and height above the top (jf girder equal to yi of the span. If the existing 
conditions depart measurably from those outlined, the full height of wall to the 
next support above should be taken. Piers or concentrated loads carried into the 
wall above the opening must be s|)ecially provided for. If the loads be relatively 
large, it is not safe to depend much on arch action in the masonry. 

Care must be taken to add to the weight of the wall any floor loads that may 
be cfirried into it or into th(! girder direct. 

If the wall above the opening spanned is cut up by windows or other openings, 
the weight of the existing sections of w'iill must bo computed and the point of 
apiilication of such weights carefully determined. 

Illustrative Problem.— A solid, woll-scasoiied 1.3-in. brick wall weighing 120 Ib. per cu. 
ft. is to be carried over a (dear oiiening of 17 ft. The wall continues on for some distance 
past tliG suikports on cither side. Design a suitable multiple Ixiara girder to carry the wall. 
Permissible stresses in bending and sh(3ar = J 0,000 and 10,000 lb. per sq. in., respectively, 
the shearing stress to be the average on gross section of the web. Permissible shearing 

stress to safeguard against web fTippUng ~ jt ~ l.'ijOOO — 150 

To ensure that the deflection will not be great enough to destroy the arching effect 
which the stated conditions would permit, the depth of iieani, assuming the center to center 
span to l>c 18 ft. should not be Ujss than about (,* 2 .D 0 b)(l 2 ) = 9 in. 

Weight of brick work supported, taking the wall as wcighing(J[^) (120) = 130 lb. per 
sq. ft., is 

\Vi = (18)(!^^)(130) 10,530 lb. 

Moment due to brickwork, allowing for triangular loading, is 

b b 

Moment due to weight of girder, assuming it to l)e made up of two O-in., 21.8-lb. 
I-4>eams, the w’hole including gas-pipe separators, weighing 44 Ib. per lineal ft., is 
M 2 =- (H')(44)(18')2 = 1,780 ft.-lb. 

Total moment, M, = 31,590 -f 1,780 = 33,370 ft.-lb. = 400,400 in.-lb. 

From tables of bending capacity, it is seen that a girder of two 9-in., 21.8-lb. I-beams 
would have a moment of resistance of 2 X 25,100 = 50,530 ft.-lb. at a fiber sbresg of 16,000 
Ib. per sq. in. A girder built up of two such !>eams would therefore be much stronger in 
bending than is necessary. Two lO-in., 15.3-ib. channels with a combined bending capacity 
of 35,680 ft.-lb. will be sufficiently strong and w'eigh less than the I-beams. ‘Two such 
channels spaced 5 in. back to back, os shown in Fig. 21a will bo adopted, subject to their 
being adequate in shear. 

Total end shear « HiWi + W 2 ) - >^(10,530) + (18)(44) = 5,660 ib. 

Average shearing stress on webs * P**" The 

girder is therefore evidently ample against both shear and diagonal buckling of the web. 

A single tier of 1-in. gas pipe sopurutor spaced 3 ft. apart, will bo used. 

A type of multiple beam girder requiring great care in design is a tier of beams 
in a grillage. In this case shearing and web crippling stresses are likely to be 
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very important, if not the determining factor in the design of the tier. The 
compressive stresses in the webs due to the application of heavy concentrated 
loads to the flanges must also be investigated. For a problem of tliis kind see 

Art. IS. 


METALLIC LINTELS 

By C. R.. Yottnu 

28. Types and Uses. —Beams which carry walls over openings and deliver 
their loads to masonry walls or piers rather than to columns are called lintels. 
While structurally simple, their design is rendered somewhat uncertain by differ¬ 
ences of opinion as to how much of the weight of the wall su])ported is really 
borne by the lintel, and how much that docs go to the lintel is borne by the com¬ 
ponent sections thereof. The matter of loading from masonry walls has been 
discussed in detail in Art. 27. The clear spans may vary from the width of an 
ordinary window or door to more than 20 ft. Metallic lintels may be of struc¬ 
tural steel or of cast iron. 

29. Steel Lintels.—Some types of structural steel lintels commonly employcal 
are shown in Fig. 24. An essential feature of these meiulxirs is that they must 



rdJ fel 

Ftg. 24.—Ty]>ical stool lintels. 


be so constructed as to give projwr support to every part of a supported body of 
masonry, the bottom of which may be irregular in outline .and at different levels, 
as shown in Fig. 24 (c). The .support offered may be in pai-t through hook bolts 
or anchors attached to convenient flanges of angles specially riveted to the pri¬ 
mary elements of the lintel. Several shapes, specially arranged for each particular 
case, arc often required for the support of walls with stone or terra cotta facing 
which must be tied in to the mass. 

In the design of steel lintels the same principles are observed as in the design 
of multiple beam girders. The angles riveted to the sides of primary shapes, 
as in Fig. 24 (&), (c), and (d), are attached by sufficient rivets to support the 
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column of masonry bearing on them for only a few feet above, or up to such 
height as the projecting masonry may be considered as thoroughly bonded into 
the principal mass and deriving its support therefrom. These angles are not 
regarded as contributing to the flexural strength of the lintel as a whole. Pro¬ 
vision must be made for any floor loads applied to the lintel or to the wall carried 
by it. 

In fixing the composition and lateral dimensions of the lintel, regard must be 
had to the necessity for supporting the mass of masonry above so that no cracking 
will occur. A continuous surface for the besiring of the supported wall is not 
required, as the masonry will arch laterally over a space of several inches between 
the component sections. The shapes employed must not be so shallow as to 
deflect to such an extent as to prove unsightly or cause cracking in the masonry. 
For a discussion of deflection see Art. 19. 

30. Cast Iron Lintels.—^Occasionally use is made of cast iron for lintels, 
although mtich less frequently th.an a few years ago, due to the greater reliability 
of structural steel. Common forms 
of such lintels arc shown in Fig. '2I>. 

They consist essentially of a flat 
plate, or soffit, surmounicd by a 
.vertical rib or ribs. The number 
of ribs required will d('i)end on 
the span and loading. These ribs 
are encased in the masonry oi- form 
exposed .surfaces which may be 
ornamented (Fig. 2.'>d and e). 

While theoretically they should 
be so proportioned that the factor 
of .safety against cotn()ression on flu! iipiier fibers of the ribs would be the 
same a.s the factor of .safety again.st tension on the lower fibers of the soffit, 
the liability to shrinkage cracks at the junction of highly unequal masses of cast 
iron, prompts designers to use the same thickn<-ss of rib as of .soffit. The dimen¬ 
sioned requirements and limiting deflections also tend to modify any proportions 
that might be fixed by tin; stre.sses and tin; in'ojx'rties of the material. The New 
York and lloston building cofles both sjiecify that east iron lintels shall not be 
less than in. thi(;k and shall not be used for .spans exc(!eding 0 ft. 

In calculating the capacity of cast iron lintels, account should be taken of the 
fact that the flexural capacity may be fi.xed by the tensile or the compressive 
stresses on the corresponding extreme fibers. Ifowever, with ordinary propor¬ 
tions the capacity is much more likely to be limited by tensile than by compres¬ 
sive flexural strcssc-s. 

Typical permissible working .strc.sscs for grn 3 ' cast iron are those prescribed 
in the New York building code, namely: bending on extreme compressive and 
tensile fibers = 16,000 and 3,(X)0 lb. per sq. in., respectively; shear = 3,000 lb. 
per sq. in. 

Due to the lack of symmetry of the section in a vertical direction, it is neces¬ 
sary to find the center of gravity of the section preliminary to finding the moment 
of inertia. The procedure to be followed in fixing a typical lintel section is one 
of trial and error—that is, a section is assumed and its capacity found. If it is 




Fio. 26.— Design of a cast-iron lintel. 


To find the center of gravity of the cross section—that is, the position of the neutral 
axis—it is convenient to take moments about the center line of the ribs. The calculations 
are then as follows: 


Part Area Arm Staticai. Moment 

3 webs. 16.0 0 0 

Flange. 24.0 —3.0 —72.0 


39.0 -72.0 

Position of center of gravity below center line of webs — 1.8.6 in. 

Moment of inertia of 3 webs a!)Out the neutral axis, or the gravity axis of whole se«!tion ~ 
3(7o + Ayo*) « 3[(H2)(1)(5)3 + (.5)(1.85)2l = 82.5. 

Moment of inertia of flange about neutral axis => [(H3)(24)(l)=* + (24)(1.15)®] = 33.8. 

Total moment of inertia 110.3. 

Section modulus^ Stf with respect to extreme compressive fiber *= 116.3/4.35 «= 26.7. 

Section modulus, *S<, with respect to extreme tensile fiber = 116.3/1.65 «= 70.4. 

Safe resisting moment based upon permissible extreme fiber stresses in compression 
and tension is (26.7) (16,000) = 427,000 in.-!b. and (70.4) (3,000) = 211,000 in.-lb. respec¬ 
tively. 

The safe capacity is, therefore, dependent on the tonsi’e stress in flexure and the total 
safe uniform load is 

=2.3,4(H) Ih. 

I ( 0 )( 12 ) 

To facilitate the selection of cast iron lintel section.s, tables may be prepared 
giving the properties of all sections likely to be employed. 

BOX GIRDERS 

By C. It. VocNG 

31. Types and Uses.—In situations where a broad, comparatively shallow 
beam of great strength is required, such as for the support of walls or columns, and 
a multiple beam girder of sufficient capacity cannot be devised, resort is had to 
the box girder. This may consist of two or more rolled beams or channels 
arranged as in a multiple beam girder, with cover plates on their flanges, or it 
may be compospd of an assemblage of built-up channels or beams with coyer 
plates, as shown in Fig. 27. 

The form of section adopted depends on the character and magnitude of the 
load e&med. For moderate wall loads and for spans of such length that the 
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depend® on\aend\n.t tanmeiv^ xaMaet \Jaau on. sVveas, \Jie sections stovin in 
■pig. 27 (. 0 ) and (,bt utiimng cdanneis and I-beams are satMactory. By the nse 
of the deeper and heavier I-beams, reinforced by one or more cover plates, a 
large moment of resistance may be developed with comparative cheapness. As 
has been pointed out in Arts. 6 and 24, the use of I-beams is preferable where the 
predominating stress is flexural, but where shear and web crippling are determin¬ 
ing factors, channels may be employed to advantage. In the latter ease, the 
girder sections shown in Fig. 27 (a) and (c) are suggested. 

If the situation calls for a special depth that cannot be made up by the use of 
reinforced rolled sections, or the 
required resistance cannot be 
readily developed in that man¬ 
ner, built-up channels or I- 
beums, as shown in Fig. 27 (c) 
and (/), are employed with the 
necessary number of cover 
plates. By this method it is 
I)OKsible to place the material 
where it will be most effectively 
used for moment and sluair. 

Only one angle can be em¬ 
ployed to connect the cover 
plate.s to the outer w(!bs of the girder shown in Fig. 27 (/), since, unless the 
girder is large enough to allow a man to crawl through it, the riveting to the 
inside angle.s could not be done. The fltmgc.s are riveted to the center web before 
the center webs are assembled in place. 

It is with the object of resisting very heavy shears, rather than moments, that 
the sections with three webs, h'ig. 27 (c), (</), and (/), are employed. Within 
certain limits, an increased bonding moment might be met by increasing the 
number or thickness of the flange plates, but, for increased shear, additional webs 
or thicker ones must be u.sed. If the load applied to the top flange, or cover 
plat(is, be uniformly distributed laterally, it is reasonable to assume that, for a 
section such as (d), the three I-beams would bear the lo.ad equ.ally, if they are of 
equal strength and stiffness. If the outer ones are lighter, or if the section be 
as in (c), with channels on the outside, the leaser .stiffness of the outer component 
parts would, under the same load as could be borne by the center section, bring 
about a greater yielding in them and a transfer of a larger proportion of the load 
to the center section. Consequently, it is common practice to make the center 
web of girders of the type of (/) twice the thickness of each of the outer webs. 
Two angles at lx)th the upper and the lower edges of this web are needed to receive 
and transfer the flange stress that is passed on to them by the web. Under the 
above assumption, it is reasonable to assume that one-half the cover plate area 
is tributary to the center web and one-quarter to each of the outer webs. Since 
the center web is also twice as thick as the side webs, the values of the flange 
rivets through it will be twice as great as for those through the outer webs. It is 
thus possible by this arrangement to keep the rivet spacing equal in the inner 
and outer flange angles. 


n n in 

mil HI 

(e) (f) 

27.- f’ro.ss-Boctiona of typical l>ox girderB. 
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It is desirable to keep the composition of the flanges practically alike so that 
the neutral axis may not be in any case far from the center of the webs. By so 
doing the rivet spacing may in general be made the same in the two flanges. 

32. Advantages and Disadvantages.—The advantages and disadvantages of 
box girders are the same as those pertaining to multiple beam girders. They 
give high strength with shallow depth; they afford broad bearing for applied 
loads and at the supports; and they are stiff laterally, (hi the other hand, 
they are uneconomical of material; their pound cost is greater than for single 
or multiple rolled sections because of the extra work of fabrication involved; 
they lack vertical stiffne.ss because of their small depth; and they arc subject to 
corrosion on the interior faces in damp situations. 

Box girders are superior to multiple beam girders because of the better tie 
between the compression flanges and the better bearing for the applied load. The 
rigid connection of parts reduces the tendency to flange buckhng and increases 
the factor of safety in compression. 

33. Proportioning for Moment—Whether a box girder consists of rolled beams 
or channels with flange plates riveted thereto, Fig. 27, Ui), (6), (c) and (</), or of 
an assemblage of plates and angles, Fig. 27 (e) and (/), it should, because of the 
rigid attachment of the parts to each other be regarded as essentially a Iniilhup 
beam. Its moment of resistance, or capacity to resist bending moment should, 
therefore, be computed from the common flexure, formula,//c = M/1, or M = 
fl/c. This necessitates the computation of the moment of inertia, T, of the 
section, unless this fortunately chances to be Usted in available tables, as in 
those given in Cambria Steel. Because of the innumerable combinations of 
shapes and plates worked into box girder sections, the iiroperties of the jiarticular 
section most suitable for the work in hand are frequently not listial and so must 
be specially determined. 

It is of great advantage to use an aiiiiroxiraato method of design at times, 
particularly in making rough estimates or in making the first trials for an exact 
design. For such purjiose the aiiproxiinate method of designing jilate girders 
(Art. 44) may be used, if the box girder be much over 3 ft. deep, such a method 
may be sufficiently accurate for final design. 

In proportioning box girders, the peimissibki working strc.ss is commonly 
assumed at either 15,000 or 10,000 lb. per sq. in. The tables of capacity of box 
girders given in Cambria Steel are b.a.sed on the former stress, but the rivet holes 
are assumed as only } i o in. larger tlian the diameter of the rivet. The capacity 
tables for riveted beam girders given in the Carnegie Pocket Companion are 
based on a working stress of 16,000 lb. per sip in., but the section modulus 
used is that for the gross section. 

In making exact designs by what is called the “moment of inertia” method, no 
reduction in section modulus need be made for any type of beam on account of 
holes in the compression part of the section. The neutral axis of a box girder, 
therefore, lies somewhat above the center of griivity of the gross section, if the 
flanges have the same gro.ss area, but for the reasons set forth in Art. 7, the shift 
cannot be so great as consideration only of the net area through the weakest 
section would indicate. In view of the uncertainty as to the exact position of the 
neutral axis, and in view of the simplification of work introduced by computing 
the net section modulus with respect to the neutral axis of the gross section, this 
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method will be adopted, the results being corrected as recommended in Art. 10 
to compensate for the error in the assumption of the position of the neutral axis. 
For further substantiation of the percentage corrections specified in the latter 
article, see the second problem under Art. 37. 

For girders with heavy flanges so supported laterally that no allowance need 
be made for flange buckling, it is desirable to make the net area of the tension 
flange as nearly as possible equal to the gross area of the compression flange, which 
means that the gross area of the tension flange must be greater than the gross 
area of the compression flange. By so doing, the neutral axis is kept practically 
at the center line of the webs, thus improving the flexural efficiency of the girder 
and making it possible to keep the rivet spacing in the tension and compression 
flanges equal (except for local transverse loading). An approximate compensa¬ 
tion for the loss of section due to rivet holes on the tension side may be made by 
adding to the cover plates on the tension side sufficient area to offset the rivet 
holes in the flange material. The high working stres.s of the material added 
to the plates will roughly offset the neglect of any web holes. 

In the computation of net .section modulus of box girders built up with rolled 
sections a.s their juimary component parts, such as shown in Fig. 27 (a), (6), (c) 
and (ci), the work may be carried out by making u.se of Table 3. To the net 
section modulus in the compound section of the beams or channels employed, 
based on the stationary axis theory, may be added the net .section modulus of 
the added plati!s, deducting holes _ . r- 

for the plates on the tension side f'- . ^ 

only. The sum may then be re- "XT ^ ^ j-| -' -'' 

dueed by the appropriate percentage I j T 

to com])ensale for the erroneous jV] ^ *■ 

assumption of fixed neutral axis. ] - Web.ee>i‘ 


TT 
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-Stioiion modulus of compensuted built- 
up box girder. 


Illustrative Problem.—Calculate the y Cerrivr \ /irte L of tvebs 
net section modulus of tho compojisated, '* 'T 
3-web, built-up box girder section shown I t I ■ 

in Fig. 23, aaBUining that rivet holes arc ^_1 L 

to be deducted on the tension side only j T. .. 

and that the ueuti-al axis is at. the center I I /X\ [i J - 

line of the wobs. liivcts Jjj in. and I • ! T i , ff i . T 

rivet holes 1 in. diameter. —^^ '^ 

In finding the net moment of inertia £ 

of the oomponsatod section, it is con- t:, ..c. g, .. i , / . j . . 1 .. 

. . ^ 1 X .1 X-.- Fio. 23.—Section modulus of compensated built- 

voment to tabulate the (luantitios as girder, 

done in Table 10, the gross areas Iwing 

taken first and the moment of inertia of the holes being listed below. The moment of 
inertia of the holes about their otvn gravity axes is neglected, since it is relatively too small 
to affect the result appreciably. Areas of motal are marked *‘plus” and areas of holes 
“minus.** Distances above and below the assumed neutral axis, which is at the center 
line of the wobs, are “plus” and “minus” respectively. The summations at the foot of 
the second, fourth, fifth .and sixth columns are algebraic. The summation of the fourth 
and fifth columns when added should equal the summation of the sixth. 

Net section modulus of girder = net moment of inertia divided by the distance from 
the assumed neutral axis to the extreme fiber, which in this case (because of the thicker 
flange plates on the tension flange) is to the extreme tensile fiber. 

Hence 

„ ^ 27 , 028.5 

^ “ c “ T6T7-5“ “ 
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Tabm 10.— Net Section Modulus of Compensated Built Up Box Gikdeb 









Area of 

from aHsumed 

Moment of 
inertia (/o) of 


/•'/«+ 

Fart 

part 


part about its 

(in.‘) 

(in.*) 


(sg. in.) 

axis of 

gravity axis 





part (in.) 




3 webs. 

4- 42.00 

0.0 

+2,744.0 

0.0 

+ 2,744.0 

4 top angles. 

+ 28.44 

+12.52 

+ 96 8 

+ 4,400.0 

+ 4,556.8 

4 bottom angles. 

-1- 28.44 

-12.52 

+ 96.8 

+ 4,460.0 

+ 4,556.8 

3 top coveie. 

+ 36.75 

+14.91 

+ 5.3 

+ 8.17.5.0 

+ 8.180.3 

3 bottom covers. 

4- 42 00 

-15.00 

+ 7.9 

9,450.0 

+ 9,457.0 

3 Holes A. 

- 3. .50 






- 1.50 

- 3.25 


15.9 

15 0 


— 1.50 

— 6.50 


- 63.4 

63.4 

3 Holes D. 

- 4 00 

-11.75 


.5.'.3.0 

- .WS.O 

4 Holes £. 

- 8.50 

-14.09 


- 1.835.0 

- 1.835.0 


-1-lfiO 63 


+2.9.50.8 

+24.077.7 

+27,028 


As compensation has been made by the extra thickness of the flange plates on the ten¬ 
sion flange for the loss of section occasioned by rivet holes on the tension side of the neutral 

axis, no correction need Imj made because of 
the assumption that the neutral axis is at 
the center lino of the webs. 

Illustrative Problem.— Find the total safe 
uniformly distribute*! loud that may bo 
carried by a box girder of 21-ft. span of the 
form shown in Fig. 20, consisting of one 
1.5-in.. C.'S-lb. I, two 15-in., .'W.O-lb. channels, 
and two 16 X ;^^-in. flango each 

flange. If ^^-in. rivets are used, and two 
lines are employed in each flange of the 
I-beatn in addition to one lino in each flange 
of the channels, compute the effetdive section 
modulus of the combined section, assuming 
the neutral axis as at the center of gravity of 
the gross section, and correcting the result as 
explainodin Art. 10. / = 10,000 lb. per sq. in. 



Fig. 


29.—Capacity of rolled shape box 
girder. 


Gross moincnt of inertia of one 15-in., G5-lb. I and two 15-in., .‘13.0-lb. channels about 
their own gravity axes ~ 032.1 -f- (2)(312.G) = 1,257. 

Gross moment of inertia of two pairs of 16 X flange plates 


= 2 j^^-/2)G0)(0.75)’ + (12.0)(7.H7.5)2j l,4i)0 

Total gross moment of inertia «= 1,257 + 1,490 = 2,747. 

1 of two diam. holes through tension flange of beam and flange plates, if grip of 

beam is U in. = (2)(1.03) (0.88) (7.44)* « 158. 

2 of two holes through channel flanges and plates « (2)(1.3H)(0.S8)(7.56)* = 138. 
Total J of 4 holes = 296. 

Net I of entire section — 2,747 — 296 =» 2,453. 

Net section modulus — 2,451/8.25 — 297. 

This corrected by the coefficient 0.95, as recommended in Art. 10 is (0.95) (297) » 282. 
Hence total safe unifornily distributed load 


^ 8.S/_ ^8) (282) (16,000) 

^ ( 21 ) 02 ) 


143,000 11 ). 


34. Length of Flange Plates.—A b in the case of rolled beams reinforced for 
bending, discussed in Art. 12, it is possible, if there is more than one plate on each 
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flange, to vary the section of a box girder by terminating some of the flange 
plates where they are no longer needed. The theoretical length of any flange 
plate, of a uniformly loaded girder is, as was established in Art. 13, 



where Xn theoretical length of the nth flange plate from the outside. 

I — span of girder. 

Si — . s,' — section moduli contributed to the total required section 

modulus of the girder by succjossive pairs of cover plates from the outside 
beginning with the second plate. 

Si = section modulus required to be contributed by outside plate. 

S — total required not section modulus of girder. 
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Fkj. 30. Cli'iiitUlfiil tif length of finngo plates for box girder. 


In a box girder one cover plate on eacli flange must run full length to form the 
necessary tie ))el«’ecn the main comiMuient parts of the girder, .and often in the 
case of the top flange, to receive and distribute the .applied lo.a<l. 

While it is commonly specified that the thinnest of the flange plates shall be 
put on the outside, there .apjiear to be better reasons for placing the thinnest 
on the inside, as pointed out in Art. 46. 

The practical rule respecting the addition of 9 or 12 in. to the theoretical 
length of the cover plates at each end stated for reinforced beams in Art. 13 
applies .also to the box girder. 

If the loading on a box girder bo not uniform, it is necessary to make use of a 
graphical method for the determination of the length of cover plates. The bend¬ 
ing moment is coinjiuted at critical or determining points and from it the required 
section modulus is derived. A diagram is then prepared for the half span if the 
loading be symmetrical, and for the full span if it be unsymmetrical, showing the 
requirement for section modulus at all points of the span. On this diagram is 
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laid off vertically from the base the section modulus provided (1) by the primarj 
component parts of the box girder, (2) by each of the successive plates fiom th« 
inside plates outward. The point where the upper horizontal boundary line oi 
the rectangle laid off to represent a component part of the girder cuts the curve 
will locate the point of theoretical cut-off for the next (outside) part represented. 

&uBtratlve Problem.—Assuming that the loading to which the 21-ft. girder of Fig. 2a 
is subjected, is not uniform, but is as shown in Fig. 30, and that the span is 21 ft., find the 
theoretical and practical lengths of the flange plates. 

The moments and required section moduli at the points of concentrated loading and 
certain intermediate points are as shown in the accompanying table. 


Distance of point 

Uniform load 

Moment from 

Combined 

1 Required sec- 

from left support 

moment 

concentrated 

moment 

! tion modulus 

(ft.) 

(ft.-lb.) 

(ft,-lb.) 

(ft.-ll>.) 

i (in.®) 

2.15 

4.460 

158.600 

162.960 

1 

122 

4.3 

7,895 

317,000 

324,895 

1 244 

10.6 

12,100 

342,000 

354,100 

1 266 

18.3 

5,400 

369.600 

374.900 

' 282 

19.65 

2,900 

185,100 

188,000 

141 


Plotting tlic required section moduli vertically on a diagram for the full span, Fig. 30, and 
laying off also vertically the section moduli provided by the i>rimary Iwam and channels, 
and the successive cover plates, the theoretical required lengths of the plates may be readily 
scaled off. 

In the previous problem on the girder of Fig. 29, the effective section modulus at the 
maximum section was found to be 282. 

The effective section modulus of the beam and channels plus one cover plate on each 
flange needs to be found. 

Gross I of beam and chnnnol.s = 1,257. 

Gross / of two plates (one on each flange) is approximately (2)(0)(7.I875)® »= C20. 

Total gross / — 1,877. 

1 of two holes through beam flange and plate and two through the channel flanges and 
plate 

« [(2)(1.2.5)(0.88)(7.25)“] + [(2)(1.00)(0.88)C7.7.5)--'] - 115 + 105 - 220. 

Net 7 of section with two flange plates only “ 1,877 — 220 - 1,057. 

Corrected net section modulus = (0.95)(I,G57)/7.875 = 199. 

Laying off this distance vertically on the required section modulus diagram of Fig. 30 
and drawing a horissonta! line across the diagram, the points of theoretical cut-off are found 
whore this lino cuts the curve. Since the stress which these outer plates must carry must 
be transferred to them in distances of 4.3 and 2.7 ft. at the left and right hand ends respec¬ 
tively, the plates will need to be carried full length to accommodate the necessary rivets, 

36. Stiffeners.—In order that concentrated loads may be transferred to the 
webs of a box girder without exceeding the permissible buckling stress in the 
webs, it may be necessary to use stiffeners, as in the case of beams. Art. 18. If 
it is not practicable to make the thickness of the webs great enough to obviate 
danger from crippling due to ordinary diagonal compression, stiffeners spaced at 
suitable intervals throughout the length of the girder will need to be used. For 
the principles governing their proportioning and spacing, see Art. 62. 

36. Diaphragms.—To ensure that the principal component elements of a box 
girder act together as a unit and that any excess of loading received by one ele- 
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nient is (distributed to the others, diaphragms should be inserted at certain points. 
It is not prudent to count on the stiffness of the cover plates in a vertical direction 
to transfer load from one vertical rib to another. Diaphragms are essentially the 
same as the built-up separators, described in Art. 26, being attached to the webs of 
the box girder preferably by rivets, or if such cannot be driven, then by, bolts if 
possible. If web stiffeners are used for the girder, the attachment of the dia¬ 
phragm plates may be to them. If stiffeners are not used, the attachment may 
be by vertical connection angles. 

The difficulty of fastening diaphragms to the webs arises from the fact that 
unless the girder be very large, rivets cannot be driven through the outside webs 
of a three-web girder or through either web of 
a two-web girder after the flange plates are 
riveted on. For a two-web girder the 
diaphragms may in theory at least, be riveted 
to the webs f«/orc the flange plate.s are riveted 
on, though there are shop difficulties entailed 
by this procedure. I'or a three-web girder, 
the cover plates mu.st bo connected to the 
inner web before the outer webs are assembled 
in place, thus making it imi)ossible to rivet 
the diaphragms to the outer webs. One way 
of overcoming the difficulty is to rivet the 
diaphragms to the inner web, .as shown in 
Fig. 31, and then provide on the inside of each 
of the outer webs (at top and bottom where diaphragms occur), short bracket 
angles “A ” between which the diaphragm would fit. Before these bracket 
angles arc riveted in place, the iliaphragms should be fitted in between them to 
ensure close bearing when the whole girder is riveted up. By this device, the 
excessive deflection of one web with resjiect to the others could be obviated— 
that is, the load might be distributed tnuisversely. 



Fio.3J.- 


-Distributing diaphragm for 
box girder. 


Where the spacing of the girder webs permit, single pieces of channel run 
vertically, as shown in Fig. 2Ic, may be u.sed. This is u,sually only practicable 
for girders coinjiosed of rolled sections a-s the jirimary elements, and is not 
desirable for the heavier girder because of the lack of stiffening of the horizontal 
edges of the diaphragm. For such girders, diaphragms with both horizontal and 
vertical edge angles are desirable. The thickness of the diaphragm plate is 
commonly fixed by experience, though an indication of a suitable thickness 
may be gained by considering a load equal to one-quarter of the total load carried 
by the girder, divided by the number of diaphragms connecting to one outer web 
as applied at the upjier outside corner of each diaphragm. The web should 
then be proportioned by a web crippling formula such as 


p = 15,000 - 150 


or any other of those mentioned in Art. 17. The connection and stiffening angles 
should be %6 in. for the lighter girders and ^ in. for the heavier ones. 

Diaphragms should be placed at all points of concentrated loading to ensuer 
the proper lateral distribution of the load. They should be placed also at the 
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ends to give lateral support where the web buckling tendency is pronounced, 
and at such other points as they might ap{)ear desirable in view of probable 
inequalities of the loading. 

37. Flange Riveting.—A simple but indirect method of determining the 
spacing of rivets in the flanges of a box girder is that followed in the problem on 
the reinforced beam, Art. 14. This consists of finding the difference in total 
stress in the added flange material at two sections, and placing between the 
sections sufficient rivets to develop the difference in stress. The two sections 
may be conveniently taken at the end of the attached flange element and at the 
point of maximum stress therein. Tor most box girders, such as tho.se with only 
one or two plates of moderate thicknes.s, where the theoretical spacing is much 
greater than would be permissible by the practical restrictions relating to the 
maximum rivet spacing, this method is sufficiently accurate. In computing the 
total stress in the plate, the stress per .sq. in. may, without material error, be 
token as the maximum permissible fiber stress in bending. 

For box girders with relatively heavy flanges, in which the adoi)ted rivet 
spacing will depend on stress conditions rather than on practical rules for maxi¬ 
mum spacing, it is desirable to employ a more exact method than that described 
in the previous paragraph. Although in the ca.se of deej) box girders, the flange 
rivet spacing may be determined by the approximate methods usually adopted 
for plate girders (discassed in Art. 61), the generally aiiplicablc method is that 
based on the true horizontal shear between faces of connected parts. 

It has been established in Sec. 1, Art. 616, that the intensity of horizontal shear¬ 
ing stress at any point in a beam or girder is given by the formula 



where v = intensity of horizontal (or vertical) shearing stre.ss in lb. per sq. in. 

<3 = statical moment of area on cither side of the point considered, taken 
about the neutral axis. 

V = total vertical shearing force at the section comsidered. 

I = moment of inertia of the area of the entire section about the neutral 
axis. 

t = thickness of the section at the point considered. 


For a lin. in. of girder the horizontal shearing area = (])(<) = t, and hence 
the total horizontal shear jjer lin. in. is 


H = vt 


QV 

I 


While the applicability of this formula to joints that lie in a horizontal plane 
is clear, it may not be so evident that it applies to joints in a vertical plane. For 
example, let it be required to determine the total horizontal shear per lin. 
in. between the web plates of the girder shown in Fig. 32 and the flange angles 
riveted thereto. The total horizontal shear between that portion of the section 
which lies above ihe horizontal plane BB, and the portion lying below it, is 
obviously 

QbV 

1 


Hb = 
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Part of Hb is borne by the portion of the two web plates above the level BB 
and part by the flange angles and cover plate, the division being on the basis 
of relative statical moments. Consequently if in Qb only the statical moment of 
the angles and cover plate is included, the result, Hb, will be the amount of total 
horiaontal shear between the flange angles and the web plates. 

Having found the horizontal shear per lin. in.. Hi between an element of 
the flange which is riveted to the re¬ 
mainder of the girder, the rivet pitch in 
the flange clement, provided it does not 
bear any local tran.svorse load, may bo 
expressed by the formula 
r 

'' “ Hi 

where r — safe resistance of one rivet in 
the situation under consideration. 

Illustrative Problem.—U, at a certain sec¬ 
tion, the box cirder shown in Fig. 28 is sub¬ 
jected to a total vortifial shear of 348,000 lb., 
find the required pitch of the rivets in the 
tension flange. Rivets, in. diameter. Safe shearing and bearing stresses 12,000 
and 21,000 lb. jjer stp iu., respectively. 

Tt)tal horizontal shear per lin. iu. on planes of contact between web plates and angles of 
tension flange riveted thereto is 



The statical moment of the net arefi of the tension flange about the assumed neutral 
axis (the center line of the webs) may bo readily determined from the flguros given for this 
girder in Tiiblf* 10, p. 230, respecting the moment of inertia of this section. Arranged in 
tabular form, the coniputation i.s as below. For thi.s purpose the areas of holes are con- 
Bi<lcrcd negative, hut all distances, though measured downward from the neutral axis, are 
taken as positiv^e. From the suiimiation of the last column, the statical moment is soon to 
be 831.8. 




j B 

Neutreit 


Axis 

|H 


1 


Fig. 32, —Horizontal shear between web 
and flanges. 


Port 

Area of jiart 

Distance (y„) 
from assumed 
neutral axis to 

1 

I Statical moment 
of part (.Ay,,) 


j (sq. m.) 

t 

! gravity axis of 
j part (in.) 

(iu.*) 

4 bottom angles. 

-b28.44 

; 4-12.52 

4-356.0 

3 bottom covers. 

-1-42.00 

1 4-15.00 

4-630.0 

Part 3 holes (p) . 

- 2.60 

4-11.75 

- 29.4 

4 holes (E) . 

- 8.50 

-(•14.69 

-124.8 


4-59.44 


4-831.8 


Net moment of inertia of section, from I'able 10 =* 27,028.5. 
Horizontal shear, per lin. in. of girder, transferred to flanges by web 


Ih 


(831.8) (.348.000) 
27,028.6 


10,700 lb. 


25 
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P 


2.69 in. 


Sinoe the outer webs are each one-half the thickness of the center web, each will be 
assumed as taking one-quarter of the total horizontal shear per lin. in.—that is, 

Hi « (0.25) (10,700) « 2,6751b. 

The minimum value of one ^-in. rivet connecting the fiango angles to the center web 
is its single shearing value r “ (0-60) (12,000) *= 7,200 lb. 

Hence theoretical pitch should be 

r_ 7,200 
Hi 2.076 

To give a well distributed connection between the web and the flange angles it is best 
to use two gage lines in the vertical legs of the angles, so that the pitch of 2.69, or say 2f^ 
in., would be a staggered pitch. 

nittStrative Problem.— Determine the necessary section for a symmetrically made ut 

double-beam box girder, of the form showr 
in Fig. 33 (illustrating a girder designed ir 
accordaiKre with assumption D), to the dats 
given IkiIow under the following alternative 
assumptions respecting allowance made foi 
rivet holes and the position of the neutral axis: 

(A) No deduction for rivet holes; neutra 
axis at center of gravity of gross section. 

(H) Rivet lioles in both flanges deducted 
neutral axis at center of gravity of gross (oi 
net) section. 

(C) Rivet holH.s in tenmon flange only de¬ 
ducted; neutral axi.*< at center of gravity of nel 
area. 

(Z)) Rivet holes in tension flange only de¬ 
ducted; neutral axis at center of gravity ol 
gross section. 

Data. —Span, 22 ft. clear, or 23 ft. 4 in 
center to center of bearings. 

Section mu.st bo not over 23 in. deep noi 
over 14 in. wide. 

Load to be 10,270 lb. per lin. ft., uniformly distributed, consisting of 10,00lMb 
superimposed load and 270 lb. due to weight of girdt'r. 

Permissible stresses to Ix) as follows: Bending on extreme fll>er 16,000 lb. per sq. in., 
shearing on beam wobs.=s 10,000 lb. per sq. in. on gross area. 

Vertical buckling stress on Ijeam wel>B 

/ ^ “ 



Fio. 33.—Proportioning of box 
cross-sectioti—Design D. 


girder 


must not exceed p ^ 19,000 


173 » wh<?ro 


R s end reaction of one bcani in lb. 
a » length of laniring in in. 
d « depth of beam. 
t thickness of l>eani wob. 

Rivets = ^4 in. diu.; holes for sJresH c;ilculali<ur.s “ t,; in. dtuiu. 


Design A 

(S'hear.-— Knd reaction, or end .sh<*nr, 

V'l “ 10,270) ^ lIO.HOOlb. 

Required .section for shear = 119,800/10,000 =* 11,98 aq. in. 

An the Umitaiioh for deptli would permit 2()-in. I>enms, it would lie in iho interests ol 
flexural economy to use beams of this depth, although shallower ones with thicker weln 
would l>e desirable if the shear happened to determine the design. Assume two 20-jn., 
05.4Ab. I’s. Shear area provided = 2dt « (2) (20) (0.5) = 20 sij. in. 
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These are, therefore, eufSoient. 

Web Bucklina. —Existing vertical compressive stress on the web of one beam at the 
support, assuming a 14-in. bearing, 

j ^ =. 6,300 lb. per eq. in. 

(l4 + ??)(0.S) 

Permissible buckling stress on web^ 

p = 19,000 — 173 (q^) == 12,100 lb. per sq. in. 


Hence, assumed section is safe against wob buckling. 
JS«ndlt7ip.—Maximum bonding moment, 

o o 


M 


Hequired maximum section modulus, 


H 


M ^ R,387.000 
/ 10,000 


Assume as section the following: 


Two 20-in., 65.4-lb. I’s 
Four 14 X plates, 

arranged as shown in Fig. 33 (which in detail applies only to case D), the outer plate on 
each Oangc to be cut off at the point where it is no longer noctessary. 

Gross moment of inertia of two 20-in., 05.4-lb. I’s al>out neutral axis of girder « 

(2)(U69.5) - 2,339. 

Gross moment of inertia of two pairs of 14 X ^j r.-in. plates, 

/p 1 = 2f7y + AyO^) 

- 2[(li2)(14)(1.125“) + a4)(1.120)(10..';03>)] 

= 2(2 + 1,755) = 3,514 
’Potal gross moment of inertia *=5,853. 

Gross section modulus provided —5,8.53/11.125 = 520. The section assumed is 
therefore aderjuat-e for l>en(]ing. 

Design B 


Shiiar and Wfi> liuckling. —The stresses and necessary sections are the sumo as for 
Design A. 

Hendiiig. —To compensate for the loss of area due to rivet holes in hoih flanges, fwsume 
the following section: 

Two 20-in., 65.441). I’s 
Two 14 X ?4-in. plates (in.sido) 

Two 14 X ?^*in. plaios (outside). 

Gross moment, of inertia of two I’s = 2,339 in.^ 

Gross moment of inertia of two pairs of plates, each pair comprising one 14 X 
plate and one 14 X plate, the thinner plate being on the inside for the reason given 
in Art. 48 , 

/p “ 2[(>f2)(14)(1.375=>> -1- (14)(1.375)(10.0882)1 = 4,404 in.-* 

Total gross moment of inertia = 2,339 4- 4,404 = 0,743 in.* 

Moment of inertia of four 3^-in. holes through 0.78 + 1.38 = 2.16 in. of motal, neglect¬ 
ing the moment of inertia of the holes about their own gravity axis, 

/fc = (4)(0.875)(2.I6)(10.30)» = 803 in.* 

Net moment of inertia *=* 6,743 — 803 = 5,940 in.* 

Net section modulus = 5,940/11.375 « 522. 

This is sufBciently near the requirement, 524. 


Design C 

Shear and We^ Buckling .—Same as for Design A. 

Bending .—In this case, only the holes on the tension side are to be deducted and the 
neutral axis is assumed to take up a position at the center of gravity of the resulting net area. 
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The eccentricity, e, or distance of the center of gravity of the net area from the center of 
gravity of the gross area may be readily found by the formula, 


where Qh » statical moment of the holes deducted, taken about center of gravity of the 
gross section; 

An — net area of whole section. 

For this case assume that the section adopted and the gross area is as follows; 

Two 20-in., 65.4-lb. I’s =38.16 sq. in. gross 
Four 14 X %-in. plates =35.00 sq. in. gross 


Total gross area = 73.10 sq. in. 

The statical moment of two holes about the neutral axis of the gross section 
Qh (2) (0.S75) (2.03) (10.24) = 36.4 in.* 

Net area of whole section = 73.16 — (2) (0.87.5} (2.03) — 69.00 Sij. in. 

Ifonce, eccentricity 


c 


36.4 

69.6 


0.52 in. 


Moment of inertia, /», of net section about the neutral axis established above may bo 
found from 

/n = /(( + AgC^ — atio^ 

where 

Iff ^ moment of inertia of gross section about neutral axis of gross section. 

Ag — gross area of section. 
a = area of holes deducted. 

y„ = distance of center of gravity of holes deducted from neutral axis of not section. 
/„ tor the prcuent euse = 2,330 + 2[(,' 1 2)(14)(1.2.5») + (14)(1.25)(10.025*)] = 0,297 iii.< 


Ay = 73.16 sq. in. 
€ = 0..52 in. 


a = (2) (0.875 X 2.03) = 3.55 sq. in. 
yo “ 10.24 + 0.52 = 10.76 in. 

Hence, 

In = 6,297 + (73.16)C0.52)“ - (3.55)(10.70)2 = 5,906 in.* 

Net section modulus = 5,906/11.77 = 502 in.* 

As this is somewhat below the requirement, 524, the section will need to iiKTuascd. 
Assume that the outer plates are each increased in. in thickness. The increased 
moment of inertia for the addition to the compression flange is approximately 
I = (iM 8)(10.73 -I- 0.03)® = 101.1 in.* 

The increase in moment of inertia for the added thickness to the tension flange is 
.r=>lr-M!5)(„.77+o.03)> = 100.4 


Total increase in moment of inertia = 207.5. 

q'otal net moment of inertia of increased section = 5,906 4* 207.5 = 6,113.5. Hence, 
net section modulus of increased section » 6,113.5/11.83 = 518, which i« the ncare.st 
approach that can be made to the requirement, 524. The outer cover plates will there¬ 
fore each be 14 X in. 

Design D 


‘Shear and Web Buckling .—Same as for Design A. 

Bending .—Assume as section, 

'I'wo 20-in., 65.4-lb. I’b 
F our 14 X plates 

From Design C. the gross moment of inertia of this section about the gravity axis of the 
gross section = 6,297 In.* 

Moment of inertia of two holes about the neutral axis of the gross section (assumed in 
this case as the neutral axis of the girder us built) is 

Ih = (2)(0.875)(2.03)(10.24)® « 373 InA 
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Net moment of inertia of girder « 6,297 ~ 373 « 5,924 in.* 

Net section modulus ■= 5.924/11.25 » 526. This is adequate. 

Comparison of Designs 

In order to facilitate the comparison of the results reached by designing according to 
the four alternative assumptions respecting the effect of rivet holes, the following table 
has l)eon prepared: 







Max. 



Design 

HoU'h 

de.duct**d 

Assumed poeition 
of m-utrul axis 

Net 

I 

(in.*) 

Net 

S 

(in.<) 

gross 

area. 

Ciu.’) 

s 

A 

Utilativc 

cflicien- 

cies 

A 

None 

Center of gravity of gross 









.^>.8r,3 

.'S26 

(iO 

7..‘>.'5 

1.00 

It 

Two from cadi 

CJcnter of gravity of gross 




flaiuEC 

Two from tension 


.'>,940 

.'■>22 

76. OG 

6.SI 

0.90 

C 

Cent<‘r of gravity of net area. 

fl.lU 

.'518 

74.91 

6.92 

0.92 


flange 







D 

Two from t**iwion 

(^'ntcr of gravity of gio-ss 







Ihuipr 

area... 

.T.021 

.^20 

73.10 

7.18 

0.95 


In the next to the last column of the table is given the amount of section mod^ilus 
devplf)ped for each square inch of groas area in accordance with the four basic assumptions 
of design. In the last column the relative offioioncics are given—that is, the relative 
amount of setJiion modulus developed per b<i. in. of gross area. l‘>om this column 
it is seen that there is a loss of about 10 per cent where all holes are deducted, but only 
from 5 to 8 per cent, depending on the assumption respecting tlxe position of the neutral 
axis, when only the holes in the tcnsi(m flange are deducted. 

The figure-s given in the table show the possibility of saving time in the design of box 
girders l)y making the calculation of section modulus by one of the simpler assumptions, 
such as A or J>, and then correcting the results in accordance with the actual assumption 
made respecting deductions and position of the neutral axis. For example, if the section 
modulus for a given se(!tion were found according to assumption A, reducing it by 8 per 
cent would give the section modulus for the same gross section according to assumption C. 
If the section modulus were found by assumption O, reducing it by 4 per cent would give 
the section modulus according to assumi>f.ion C. It is best to base the calculation on 
assumption D, as the amount of correction is less than required if it is based on method A. 

Illustrative Problem.—I’ind the theoretical and practical lengths of the cover plates 
for the box girder designed in the last problem, according to assumption B. 

Although the outer (;over plate.*! are required fur only a fraction of the girder length, the 
inner cover plate on the compression fiango must be carried full length to stay the flanges 
of the l>oams against buckling and to provide a satisfactory bearing for the applied load. 
While in theory the inner cover plate on the bottom flange may bo ctit off short of the end, 
it is customary to carry it full length also. This practice has the incidental advantage of 
keeping the neutral axis near the center of the beam webs. 

From Formula (1) of Art. 34, the length of the outer cover is given by the formula 

X. 

where 

X >» the theoretical length of the cover plate. 

I “= length of span. 

8,' section modulus re(]uired to be contributed to the girder by the two outer covers. 

S » total required net section modulus. 
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Net section modulus of beams with two mner H X cover plates only Is found by 
the methods already elucidated to be 328. 

Difference Ijetweon total required section modulus S }uid the section modulus provided 
by two l>cams and the two inside flange plates is 

Si' « 524 - 328 - 190 


Hence, theoretical length of outer flange plates is 

To this length about 2 ft. would be added for the reasons given in Art. 18, so that the 
plates would be about 16 ft. long. 

Ulustrstive Problem.—Detormino the rivet spacing in the cover plates of the girder of 
the last problem given the following data: Hivets, in. diain.; permissible shearing and 
bearing stresses on shop rivets = 10,000 and 20,000 lb. per sq. in. rospoctivoly. 

The number of rivets required in each flange from the center of the bearing to the center 
line of the girder is the number necessary to transmit the total stress in the two plates 
from the l)oam8 into those plates! 

Since the fiber stress increases uniformly from the neutral axis out to the extreme fiber 
and the thickness of plates on each flange is — 1.38 in., the average fiber stress 

in the flange plates will be 

fa = (10,000) == 15.000 lb. per yq. in. 


Total stress in two plates at center of girder eipialH net area of plates multiplied by 
average stress per sq. in.— that is, 

P = 1(14) - (2)(0.875) 1(1.38) (15,000) =- 254,000 1b. 

Least safe resistance of one rivet is single shearing value, 
r = (0.442) (10,000) = 4,420 lb. 


N 


= 57 


Number of rivets required from center of bearing to center line of girder 

254.000 
4,420 

or, say, 29 in each gage line. 

Considering the outer one of the two cover plates alone—that is, the ^-in. plate—the 
average working stress in it is 

■ fa' — (16,000) “ 15,450 lb. per sq. in. 


Total stress Iwrne by one 14 X plate w’ith two %-in. holes out is 

P' ^ 1(14) - (2) (0.875)] (0.75) (15,450) *= 142,000 lb. 


Number of rivets required through outer cover plate from its end to center line of girder 


A" 


142,000^ , 

4,420 


or 10 in each gage line. 

The actual spacing should t>e arranged so os not to exceed 0 in. in either line and so that 
for a distance of about 2 ft. at each end of each plate the spacing is less than this, say 3 or 
4 in. 


PLATE GIRDERS 


By C. R. Young 

38. General Characteristics.—Whenever the situation calls for a beam or 
girder of greater flexural capacity than that of any single rolled beam or beam gir¬ 
der available, and the height conditions permit a girder of economic depth for 
bending, a single built-up beam, or plate girder, can be used to advantage. 
Although the pound price of such a girder is greater than for a multiple beam 
girder, or for a box girder utilizing rolled beams or channels for its primary ele¬ 
ments, the saving in metal due to the use of a more favorable depth generally 
makes the plate girder cheaper for heavy loads. 
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Essentially, a plate girder is an I-beam built up of plates and angles, as shown 
in Fig. 34. Unlike the I-beam, which is of uniform section throughout its length, 
the plate girder may be* varied in section should such prove desirable. It is, 
for example, easy to reduce the flange section at jjoints where the smallness of the 
bending moment warrants it, and for very large girders to use a thinner web in 
the region of light shear than in those of heavy shear. 

Like the I-beam, the plate girder developed naturally from the I-shaped cast- 
iron beams and girders that preceded it. An indication of the possibilities of 
long-span built-up girders was given in the successful completion of the great 
Britannia and Conway tubular bridges in Wales, the former containing two spans 
of 460 ft. each, built in IS-W. ’ These tubular spans were, in reality, nothing but 
very large box girders carrying the traflic through, rather than on top of them. 
The longest span ever built in single web plate girder construction was a through 
span of 170 ft. in the clear, built in 1864 over the Pilalee River on the Eastern 



I 

Section A'A 



Fi(i. 34.—lYpinal plate girder. 


Bengal Railway. Tlic two main girders were 13li ft. deep and 22 ft. apart. 
The longest simple plate girder spans in America occur in the double-track bridge 
of the Lehigh Valley Railroad over the .Susquehanna River at Towanda, Pa., 
which contains 13 spans of J20,ta ft., and one of 120 ft. 

Although plate girder spans of 130 ft. or over may thus be successfully built, 
it is usually more economical to employ a tritss span for lengths over about 120 
ft. The pound price and the maintenance cost of plate girder bridges is relatively 
low, but beyond the 120-fl. limit the saving of material in truss spans is likely to 
offset the advantages of plate girder construction. 

39. Composition of a Typical Girder. 

39a. Web.—^The ])rimary element in the make-up of a plate 
girder is the web. This may be in one piece if the girder is not over about 30 
ft. in span, or it may be in se\ eral pieces for longer girders. For very long 
and very deep girders, web splice.s, such as shown in Fig. 34, may be as 
close together as 10 ft. due to the difficulties in getting web plates of sufficient 
width for the depth of the girder. 

396. Flanges.—Flange angles are riveted to the. upper and lower edges 
of the web so as to add to the flexural capacity of the web, and to these angles 
flange plates are riveted in turn. The most common type of flange is the T- 
flange, consisting of two angles arranged as a T, with or without attached plates, 
as in Pig. 35 (a) and (6). The bottom flange of the girder of Fig. 34 is of this type. 
Angles alone are used for comparatively light girders. 
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If more than about 50 per cent of the flange tnaterial occurs in the form of 
cover plates, it is customary, if a T-flange is being used, to connect flange plates 
directly to the web by placing them between the flange angles and the web and 
letting them extend past the inner edges of the flange angles. A flange of this 
sort is shown in Fig. 35 (c). 

If it is desirable to maintain the top surface of the top flange as a plane—as, 
for example, in deck plate girder spans for railway work—a four-angle flange, 
arranged as shown in Fig. 35 (d) may be used to advantage. Although flange, or 
cover plates, are added to a T-flange on the backs of the outstanding legs, they 
are added to a four-angle flange in two vortical planes on the outer faces of the 
vertical legs. In either case, variation of the flange section is easily possible by 

cutting off the flange plates 
wherever desired. If it be 
desired to build up a par¬ 
ticularly heavy flange, four 
angles may be used and flange 
plates may be added both in 
horizontal and vertical planes, 
as shown in h’ig. 35 (/). Some 
of the latt(T maj’' be placed 
between the angles and the 
web, and thus be ('la.s.sed as 
directly-connected material. Where a considerable lateral moment is exerted 

on the flange.as for a crane runway girder— or for any reason especial lateral 

rigidity is required in the flange, a channel with flanges turned down. Fig. 
35 ig), is advantageously employed. 

If the total length of the girder is over about two car lengths, or about 65 ft., 
it is usually necessary to count on splices in the flange, as flaiigi! angles in single 
pieoe.s of greater length than mentioned are not likely to be available in the 
average shop. These splices consist commonly of a short piece of angle of 
appropriate section riveted to the spliced flange angle, as described in Sec. 3, 
Art. 17. 

39c. Stiffeners.—If the unsupported depth of the web exceeds the 
limit mentioned in Art. 42, stiffeners are riveted vertically to the web at intervals 
equal roughly to the depth of the web. Tho.se consi.st usually of a pair of angles, 
one on each side of the web with one line of rivets serving the two. Where the 
top flange is of the four-angle type, as in Fig. 35 (rf), (<;), and (/) pairs of short 
angles must be used between the upper and lower angles of the top flange to give 
support to the outstanding legs of the upper angles and to help transfer the con¬ 
centrated applied loads to the web. These short angles should be ground to fit 
at both top and bottom, but the main angles, except in the case of the end ones, 
need to be fitted tightly only at the top. At the ends of the girder two pairs of 
stiffener angles are employed to prevent the web from buckling and to serve in a 
measure as a column for the transfer of the end reaction to the support. Fillers 
are always inserted under these stiffener angles between the flange angles on each 
side of the web to keep the stiffener angles straight. Fillers may be used under 
intermediate stiffeners, but it is generally more economical, particularly for the 
deeper girders, to crimp the ends of the stiffener angles to fit over the flange angles. 



l''lG. 35.—Typical flaiigos for plate Kirders. 
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39d. Bearings.—At each end of the girder is a sole or shoe plate 
resting on a bed plate or bed casting. If the span is over about 80 ft. a bolster, 
such as described in Arts. 66 and 59, is generally used between the shoe and the 
bed plates to overcome the tendency of the deflection to produce intensified 
pressures on the supports near the inner edge. Rollers may be used at the 
sliding end of the span, under the conditions described in Arts. 66 and 60. 

40. Stress Conditions to be Met.—^Ijike an ordinary beam, a plate girdermust 
be secure against failure by flexure, flange buckling, shear orweb crippling, and at 
the same time must not deflect to such an extent as to cause damage or unsightli¬ 
ness to any construction or interfere with the easy operation of moving structures. 
As a plate girder may be built to conform closely to all the stress conditions, unlike 
a rolled beam which must be of some .standard cross-section, greater economies of 
material are pos.sible with the use of plate girders than by the utilization of rolled 
beams. 

41. Proportioning for Shear.-—Although with a rolled I-beam, investigating 
for shearing stresses is necessary only for short, heavily-loaded sjjans, with a plate 
girder the design concerns the web quite as much as the flanges. In the latter 
exse, the relation of web to flange area is subject to 
almost indefinite variation, while for beams there are 
a few fixed standard proportions, one of which must 
be adopted. 

The general formula giving the intensity of shear¬ 
ing stress at any point in a beam. 


discus.sed in Art. 16, in connection with beams, ap¬ 
plies to plate girders, as does the common approximate 
assumption that the shearing stress is borne entirely 
by the web and may be considered as uniformly dis¬ 
tributed over the web. It is, of course, true, as has 
been shown in i he discussion of .Art. 16, and in Tabic 6 
giving the relation of maximum to average shearing 
stre.ss in beams, that the above assumptions are in 
error. For plate girders the error is about the .same as 
for beams —that is, the maximum shearing stress at 
the neutral axis is ordinarily from 10 or 20 per cent fy) 

greater than that given by the method of average Fm. .36.—Effect of rivet 
stress. As, in the case of beams, compensation for shoariug strength 

the error involved is made by .selecting a con.servative 

working stress, one W'hich at the same time makes provision for the ordinary loss 
of section duo to vertical lines of rivet holes. 

Although the effect on the .shearing strength of a web plate produced by a 
vertical hue of holes filled with rivets is not definitely known, some idea of the 
extreme limit of this effect may be gathered from considering the effect of a vertical 
line of open holes. Assume two plates each of thickness t, the first (a) being 32< 
deep and the second {)>) f)4< deep, as shown in Fig. 36. Let there be holes of 
diameter 2f in each, spaced Bt apart, center to center. For convenience, let half 




2S0 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. JM2 

of one hole in each case be deducted at each of the extreme edges. In each case 
the loss of area and the loss of statical moment of half the area about the neutral 
axis is 25 per cent. For case (a) the loss of moment of inertia is 28.2 per cent, 
and for case (6) it is 26.9 per cent. This shows that the reduction in moment of 
Inertia of a plate due to punching holes at uniform spacing is very nearly propor¬ 
tional to the reduction of area, being almost exactly so for the deeper plates. 
Since the true shearing stress 


and both the statical moment, Q, and the moment of inertia, 1, may be taken as 
proportional to the net area of the plate, the shearing stress will be increased in 
the same ratio as the area is reduced. 

If the actual maximum shearing streas is therefore in excess of the average 
shearing stress on the gross area of the web by, say, 15 per cent on account of the 
error involved in assuming unifonn distribution, and this in turn must be 
increased by as much as 25 per cent by reason of holes, the actual stress would be 
44 per cent in excess of the apparent stress. If a girder web is designed, there¬ 
fore, for an average stress on gross area of 10,000 lb. per sq. in., and allowance 
for the effect of lines of fairly closely-.spaced holes must be made fully, the actual 
maximum stress would be over 14,()(X) lb. jmr aq. in. With a factor of safety of 
4, the safe shearing stress in structural steel is about 12,0(X) lb. per sep in., so that 
the 10,000 lb. on gross area would then be excessive. However, it is probably 
too severe to assume a line of vertical holes tightly filled with rivets as no better 
than a line of open holes for the resistance of shear. It is probably not necessary, 
therefore, to require webs to be designed for an average shearing stress of 10,000 
lb. per sq. in. on net area, although there arc cases when 10,000 lb. per sq. in. 
on gross area gives excessive results. 

42. Proportioning for Web Buckling.—As has been pointed out in the dis¬ 
cussion of web stresses in beams. Arts. 16,17, and 18, the adequacy of a web is more 
frequently determined by its capacity to resist crippling or buckling than by its 
shearing value. The maximum crippling stress at a point arises from a combina¬ 
tion of the flexural and the shearing stress. The location of the point where the 
diagonal compre.ssion reaches its absolute maximum is of importance, as well as 
the actual value of tliis maximum. 

In order to show the nature and magnitude of the diagonal compressive 
stresses in typical plate girders, the stresses at various sections of two characteris¬ 
tic girders. Fig. 37, have been calculated in the two problems which follow. 
The intensity of the maximum stresses and their direction arc computed by the 
appropriate formulas of Sec. 1, Art. 63. 

u = ya ± VViP -Tt'® 

tan 2e — — ^ 

The flexural stress at any point on a cross-section has been computed by apply¬ 
ing to the section,the ordinary flexure formula 

My 
•' I 
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M = moment in inch-pounds 
y — distance of fiber from neutral axis of girder 
I = gross moment of inertia of section. 

The shearing stress was calculated by the exact formula of Art. 16. 

QV 

”=11 



Fkj. 37.—Diagonal compressive Htresses at varions sections on typical plate girders 


Illustrative Problem.— A 30-ft. plate girder consisting of one 36 X P is-in. web plate, 
four 6 X 4 X p^-in. (hinge angles, and two 13 X Ps-in. cover plates, 20 ft. long, as shown 
in Fig. 37o, carries a total uniformly distributed load of 5,000 11). per lin. ft. Find 
the intensity and direction of the diagonal compressive stress at the points indicated in 
P’ig. 37a at cross setd.iouH 1.17, 5, 10 and 15 ft. from one support, neglecting the local effect 
of the application of the superimposed load. 

The bending moments and shearing forces at the section considered are listed in 
Table 11. 

Gross moment of inertia of girder without cover plates = moment of inertia of wob + 
moment of inertia of four flange angles or 

Ii = <K2)(0.3I25)(3G)=» -|-4[(4.9) + (3.61)(17.31)2] = 5,565 in.* 

Gross moment of inertia of girder with two cover plates, 

Ii = (5,565) + (2)(4.875)(18.438}* = 8,880 in.* 

Applying the flexure and shearing stress formulas to each of the four cross-sections, the 
bending and shearing stresses at the seven stipulated points are calculated. Combining 
them, theintensitiesand direction of the m.'ixinium resultant stresse.i at the selected points 
are then found. In Fig. 37o the intensity of the rosu tant compressive stress at the seven 
points on each of the four cross actions is plotted horizontally to the right of the section, 
and curves drawn through the extremities of the lines so plotted. By scaling off the hoxi- 
Bontal distance from the section plane to the appropriate curve at the level of the point 
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considered) the intensity of the maximum diagonai compression at the point may be found. 
The direction of the maximum compressive stress is indicated for the chosen points on each 
cross-HCciion by arrows to the loft of the section. 

Figaros for the actual intensity of the diagonal compressive stress are given in Table 11 
in the case of each (»f the cross-sections for the extreme compressive fiber and for the fiber 
of the web immediately l)elow the inner edge of the flange angles. 


Table 11.—Comparison of Maximum Compressive Stresses at Selected Points 
ON Various Cross-Sections op Typical Girders 


See- 

Distance 

from 

support 

(ft.) 

Moment 

Shear 

Moment 

of 


Flexural 

atresB 

Shearing 

BtrCBH 

Maxi¬ 

mum 

com- 

tion 

M 

V 

inertia 

Point on croMe-aection 

f 


pr^Bive 

no. 

(ft.-lb.) 

(lb.) 

/ 

(in.*) 


Ob. per 
BQ. in.) 

(lb. per 
8<]. in.) 

BtrCBB 
(lb. per 
sq. in.) 


(jirder with unt/<trm load. Fig. 37 (a) 


1 

1.167 

84,000 

(50.200 

S.Sfl.'i 

Extreme coriipre«sivc 

fiber. 

Web nt inside edge of 
flange. 

! 

3.320 i 

1 

2..590 - 

5,720 

3,320 

7.150 

2 

5-0 

312..5(MI 

.50,000 

.5.50.5 

Extreme fiber. 

luBtdc ctlge of flange 

12,320 ! 
9.625 

4,140 

12.320 

11,150 

3 

10.0 

500.000 

25,000 

8.880 

Extreme fiber. 

TiiHtde edge of flange .. 

12..580 , 
9.620 1 

2,100 

12,580 

10,060 

4 

1.5.0 

.562..500 


8,880 

Extreme fiber. 

Inflide edge of flange 

14,1.50 : 
10,830 : 


14,1.50 

10.830 


Girder with two symmetrical coticentmled loads. Ft// 37 (b) 


1 

1.167 

i 

13l,(HiO I)2..'i00 

1 

.5, .5().5 

Extreme fiber... - 
Inside eilge of flange.. . 

•1.300 
3.360 

1 

. 1 4.300 

0.300 1 11.130 

2 

.5-0 

.5G2.500jU2.50n 

8. S80 

Extreme fiber. 

Inside **dge of flange'.. 

14.150 
10,830 

_ 14,150 

9.460 16,310 

3 

10.0 

502.5001. 

.562. .500'. . . . 

1 

8 .880 

Extreme fil>eT . 

14,1.50 

.... 1 14,1.50 

4 

15.0 

8,880 

Extreme libeT 

14.1.50 

. i 14.1.50 


Illustrative Problem.—A 30-ft. girder made up as for the last proi>Iem, but with cover 
plates 27 ft. 8 in. long, carries a 112,.'>(K)-lb. load at each of two points 5 ft. from the sup¬ 
ports. The dead weight of the girder is assumed to be incliulod iti these loads. Find the 
intensity and direction of the maximum compressive stresses at the same sections and 
points as those selected for the last problem. 

The moments and shears for the sections considered are list-ed in 7'able 11. On the 
assumption that the weight of the gir<lcr is included in the two concentrated loads, the 
moment increases uniformly from zero at the .supports to a maximum at the points of 
loading and in loads. The shear being assumed as zero for this section, the maximum 
stmsses are all purely flexural. Diagrams similar to thf>se plotted in Fig. 37 (a) are shown 
in Fig. 37 (b). The intensities of maximum compressive stress for the two points of par¬ 
ticular interest on each cross-section arc listed in Table 11. For simplicity, the maximum 
shear and maximum moment arc both assumed to occur at the center of the concentrated 
load. 

42a. Variation in Web Compression.—Study of the results obtained 
in the last two illustrative problems shows: 

1. That the diagonal compressive stress tends to become measurably 
constant throughout the clear depth of the web as the shear becomes relatively 
large and the moment relatively small. 
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2. That the direction of the maximum diagonal stresses tends to become 
approximately at 45 deg. with the neutral axis throughout the clear depth of the 
web, wherever the shear is relatively large and the moment relatively small. 

3. That near the ends of a girder and at points where the shear and moment 
are both large, the diagonal compressive stress in the web immediately inside the 
inner edge of the flange angles may be considerably in excess of the flexural stress 
at the extreme fiber. Such occurs at sections 1 and 2 for both girders considered. 

426. Thickness Ratio of Web.—Although some provision against 
failure of a girder web by buckling is involved in proportioning for shear accord¬ 
ing to the usual range of permissible shearing stresses, further limitations must 
often be made. 

To keep the slenderness ratio of a vertical strip of web plate within reasonable 
bounds, it is sometimes spc(;ificd that the thickness of the web shall not be less 
than Hso of the un,s\ipportcd depth between flange angles or .side plates. This, 
for example, is the requirement in Schneider’s “General Specifications for the 
Structural Work of Huildings.” The rule adojited in the li)2() .specification of the 
American Railway iMigineering Association is that the thickness of the web 
plate shall not bo hi.ss than where h is the unsui)ported di.stance between 

flange angl(«. Other ,sp(!cification.s commonly fix the minimum thickne.ss of webs 
as •}h in. for girders of railway bridges !i.nd 5,6 in. for highway bridge and building 
girders. Occasionally a web is used for building work, but the percentage 
lo.ss through corrosion is so liirge and tla.’ possible damage in fabrication, trans- 
iwrtation and erection so grc.at that such thin webs arc not to be recommended. 
In most eases a uniform thicknes,s is used throughout the length of the girder, 
although for very heavy girders an incrcast! of thickness in regions of large shear 
and diagonal compression is adopted. 

A further restriction of the cle:i,r length of web plate that may buckle without 
hindrance is impostal by the requirement of intermediate, stiffeners under certain 
condition.s. If the thickne,s,s of web ])late i.s less than }in or leo the unsupported 
distance btUween flanges, stiffeners are commonly specified. These, if spaced 
sufficiently clo.se t.ogtffher, as ex|ilained in Art. 62, break uj), or limit the length of 
diagonal belts of web, along which tmtnpressive or buckling stresses may reach a 
high intensity in rtigions of large sluair, or largtt shear and large momeut combined. 

426'. Limiting Buckling Stresses. .Vltlmugh the limiting thickness 
ratio of a web may be observt'd and stiffeners used, dangerous buckling stresses 
may nevertheless ari.se in tlu; webs at a section of heavy shear, unless the 
stiffeners are closely spaced. To provide for the.se, the shearing stre,ss at the 
section .should be comi)Uted and (lompared with tlie safe sluiaring stress baaed on 
web buckling. 


Illustrative Problem.— Ibxprtbss an opinion fonf<‘njinu tJic sjiftily Msuinst (Tippling of (ho 
web of the KH'dor of the lust prolileni under un end shear of 112,500 lb. Safe web crippliuR 
8tresH by udapttd A.K.K.A. stiffener formula (Art. 17b 

h 

p --V - 12 , 

Avorag<4 existing shoarins stress 


112.500 

“ I'MHd lie per s-i-in. 
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This being considerBbly less than the existing average shearing stress on the oross-section, 
the web would need to be thickened or stiffeners used, spaced a distance apart in the clear 
about one-half the clear depth of the web, so that the longest unsupported strip of web 
making an angle of 45 deg. with the neutral axis would be one-half that assumed in the 
above formula for working stress. 

4Sd. Proportioning for Diagonal Tension.—As has been pointed out 
in Art. 17, there exist at points below the neutral axis of a simply supported 
beam, diagonal tensile stresses of the same magnitude as those existing at cor¬ 
responding points above the neutral axis, acting in a direction at right angles to 
the maximum compressive stress existing at the point on the tension side being 
considered. If tlje upper half of each diagram of h'ig. 37 were turned down about 
the neutral axis as a hinge it would correctly represent the intensity of the maxi¬ 
mum tensile stresses below the neutral axis. 

In spite of the existence of these high diagonal tensile stresses, however, it is 
usually unnecessary to investigate them, since if the web can safely resist the 
shearing stresses in it, it can safely resist any tensile stresses arising from the 
combination of flexure and shear. This is beiiause the safe strength of steel is a 
tliird more in tension than in columnar compression. The only exception to this 
condition is for the web fibers immediately inside the inner edge of the flange 
angles in girders with very thin webs. There, as has bceil already pointed out 
in this article, the maximum diagonal stresses may exceed the maximum flexural 
stress at the extreme fiber. In such (jases, the web may need to bo reinforced 
along this line of weakness by longitudinal plates placed under the flange angles 
and extending inside them, or by using angles with wider vertical legs. 

Indirectly, some advantage accrues to the compression half of the beam 
through large diagonal tensile stresses, whether brought about by the combina¬ 
tion of ordinary flexural and shear stresses, or by the application of a concentrated 
load to the tension side. The greater the diagonal tension in the web, the better 
is the web restrained against buckling. Inadequate webs are thus often kept 
from failure in buckling by the existence of excessive tensile stresses. 

The effect of concentrated loads on the web immediately below or above them 
is to increase the maximum diagonal compressive stress already existing. If the 
load is applied above the neutral axis, the diagonal compressive stress of the 
web below is increased; if it is apphed below the neutral axis, the diagonal tensile 
stress is increased. On the assumption that the shearing stress is uniformly 
distributed over the web, it may be shown that the intensity of the vertical stress 
on horizontal sections arising from the concentrated load decreases uniformly 
with the vertical distance of the horizontal section from the point of loading. 
If this vertical stress at any selected point be q, the maximum diagonal stress, 
fm, at this point may be shown to be 

u =lif+i) +yjlu - qy + 

where f and ® are the flexural and shearing stresses at the point.* The angle 9 
which this total n^ximum stress makes with the vertical is such that 

2a 

tan 2B = , 

f - q 


1 See See. 1. Art. 9Se. 
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Adoption of a given web thickness for a girder is influenced by other factors 
than the capacity to resist shear and crippling without exceeding certain pre¬ 
scribed stresses. If in order to obtain the required area, a thin web Ije made 
very deep, the extra width may entail a liigher i)ound cost for the web material. 
In addition, there is considerable risk of damage to thin webs in fabrication, 
transportation, and erection and the percentage loss through corrosion is higher 
than for thicker webs. Wherever an effort is made to utilize a very thin web, 
it may necessitate stiffeners so closely spaced as to increase the cost of the whole 
girder materially. 

43. Moment of Resistance, Exact Method.—^By reason of the rigid attach¬ 
ment of the flanges to the web, a plate girder is essentially a built-up beam and its 
moment of resistance, or capacity to resist bending moment, should properly 
be computed from the common flexure formula, / = M/S, or M = Sf. To 
apply this formula accurately, it is necessary to compute the moment of inertia 
of the actual section, if such is not available in tables. However, because of the 
innumerable combinations of plates and shapes worked into plate girder sections, 
the properties of the particular section in hand are often not listed, and hence the 
value of I mu.st be siwcially determined for the case under consideration. 

In allowing for rivet holes on the tension side of the girder, the same differ¬ 
ences of practice exist as have been mentioned in connection with the design of 
beams containing rivet holes. Some designers proportion by the moment of 
inertia of the gross .section, as is recommended by the American Bridge Co. in 
specifications for steel structures. Some proportion for the gross section on the 
compression side and net section on the tension side and others for the net section 
on both sides. Some a.ssume the neutral axis to be at the center of gravity of the 
gross section and others a,s.sume it as at the center of gravity of the net section. 

As has been pointed out in the discussion of the moment of resistance of the 
net section of beams, it is reasonable to assume the gross section as operative 
on the compression side but only the net section on the tension side. While the 
neutral axis is shifted upward a small distance by the holes on the tension side, it 
is more coiua'iiient to assume it as at the center of gravity of the gross section and 
then apply a correction to the net moment of inertia or section modulus to com¬ 
pensate for the erroneous assumption resjcecting the position of the neutral axisc 
Since the position of the neutral axis must be somowhesre between the gravity 
axes of the gro.ss section and that of the net section, this correction cannot be 
large. 

Computation of the moment of resistance of a plate girder section is simple, 
once the correct section modulus has been found. The determination of this 
quantity is tedious if the net section is considered, since the holes in the web as 
well as those in the flange must be considered. The necessary operations can 
best be explained by an example. 

lUttStiative Problem.—A plate girder section consists of a 36 X ?^-in. web plate, 
four 6 X6 X %-in. angles spaced in. back to back, and four 14 X J^-in. cover 
plates, as shown in Fig. 38 (6). Holes for J^^-in. rivets (counted as 1 in. diameter) 
occur in the flanges and wob, as shown, those on the compression side not being 
counted. Compute the section modulus: (1) Of the gross section; (2) of the section with 
the holes on the tension side only deducted, assuming that the neutral axis is at the center 
of gravity of the net section; (3) of the net section os above, assuming the neutral axis as at 
the center of gravity of the gross section. 
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I . Sectum Modulm of the Grons Section^ —This is found by dividing tlio moment of 
ineriin, /, of the gross section by the distance, c, from the (lonter of gravity of the gross 
section to the extreme fiber of the outer cover plate. 'I'hc method has betui already illus¬ 
trated in the problem.s on Ik>x girders. 

Gross I of section; 

Web, (K2)(0.375)(36)a = 1,458 

4 niiglos, 4(io +/Ij/ii") = 4[(1.5.4) + (4.3r.)(16.ei)2] = 4,882 

2 prs. plates, /o being nogUgible — (2)(14)(0.75)(18.fi2r))2 — 7,290 


Section modulus of gross area, 


T<)<,al 1 


= 13,030 


S =» 13,030/19.0 = 717.5 





(U) 


Fiq. 38.—Comparison of the section mcxItiH of typical platt! girder .S(*c 1 Ions. 


2. Section Modulm of Net Neutral .la'/s at its Gravity .Ix/s.—'rhe distance, e, 

of the gravity axi.s of the unsyniiiictrica! not section uIkjvc the center of gravity of the 
gross section may l)e found by the formula 



where 

Qh =■ statical moment of holes about neutral axis of gross scctioin. 

An — not area of girder .section. 

• From Fig. 38 (5), Qh is stMui to be 

0.375(0 + 3.5 + 7 4- 10.5) + (1.12.5)(15.75) + (2j(1.125)(18.4.3S) - 07.1 
Net area of section — gross jirca — area of holes on or Ixdow gravity axis of gross section =• 
51.94 - 4.88 = 47.0G sq. in. Hence 

c - 07.1/47.00 ^ 1.425 in. 

The moment of inertia of the unsy'mmctrical net section about its gravity axis may be 
found readily from the formula 

; 4 Ac^ - 1^* 

where 

1 = moment of inertia of gross sectioii aliout its own gravity axis. 

A ~ area of gross section. 

e « distance of gravity axis of net section above gravity axis of gross section. 

Ih' ~ moment of inertia of holes about gravity axis of net section. 

The latter will, following Fig. 385, be 

0 375(1.42S« + 4.9^5= + 8.425* + 11.925*) + (1.125)(17.175)* + (2) (1.125) (19.863)* = 

1,313. 

Hence 

In = (13,630) + (51.94)(1.425)a _ 1^313 « 12,423 
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SectiOD modulus of net section, 

S„ = 12.423/20,425 = 608 S„/.S = 0.848 

3. Section Modulus of Net Section^ Neutral Axis at Graeity Axis of Grose Section. —Net 
moment of inertfa of unsymmotricul net section, 

In' =^1 - h 

where /» = moment of inertia of holes about gravity, axis of gross section. 

The latter is 

0.375(0* +3.5* + 7* + 10.5*) 4 1.125(15.75)* + (2)(1.125)(18.438)* ■= 1,108 

Hence 

In' = 13,030 - 1,108 - 12,522, 

and 

S„' = 12,522/10.0 = 6.50. S„'/S - 0.92 

Comparing /S„ and S„' it is seen that .S„/5„' = 0.923. That is, the section modulus 
obtained by assuming the neutral axis to l>c at the center of gravity of the net section is 
92.3 per cent of that obtained a.ssuming the neutral axis as fixed at the neutral axis of the 
gross section. However, as pointed out in the di.scu.sMion of l>eani.s, Art. 7, the neutral axis 
probably does not shift to the extreme p<*.sition of the center of gravity of the not section 
and consequently if the eonvenient assumption of fixed neutral axis be mode the result in 
the present instance need be reduced by not over 0 per cent. 

Coinpiii,ill ions siniihir to tltose in tlio last problem liave been made for the 
throe otlicr gir<Iers shown in Figs. .'iSn, c, and d and the results obtained 
ar(! set fortli in 'ruble 12. An examination of this table show's that, for the four 
typical girders iiiialyzed, the loss of section modulus under the most serious 
as.sumpfion—namely, that the neutral axis i.s at the center of gravity of the 
uiisymmetrieal net section—ranges from 12.7 to 17.4 per cent, b(>ing greater for 
sections with luxavy Jlangcs than for those wit h light ones. The los.s under the 
simpler assumption of fixcal axis ranges from (>..5 to 8.3 i)er cent, being, a.s-before, 
greater for sections W'ith heavy flanges than for sections with light ones. The 
ratio of section modulus determined undei- the hist assuiuplion to that deter¬ 
mined under the second one varies from O.hO to 0.S134, being lowest for girders 
with heavy llange.s. iSinc.e the true position of the neutral axis is somewhere 
between the two positions assumed, a reduction factor of K = 0.95 applied to 
Sn' will give sufficiently do,so results for even girders with heavy flanges. 

Table 12 — Moments of Inertia and Section Moouli of 'Typical Plate Gibdbes 


I'tisyiuniotriiial nnl boctioii 1 i 


Girder 

GrosH section 

. 

Neutral axis at gruvify 
axis of not area 

Neutral axis at Rruvity 
axis of gross area 

Sn 

Sn' 

Average 
reduction 
factor *'K’* 
rccouiiuendcd 


__ 



— 



— 



to 1)0 applied 
to Sn' to 

No. 

riff. 

No. 

/ 

.S 

In 

Sn 

Sn 

S 

In' 

N'n' 1 

1 

S„' 

s 


give Sn" 

1 

38(1 

5.810 

318 

.5,.395 

278 

0.873 

.5,3.3(1 

298 ; 

0.93.'> 

0.034 

0.9.5 

2 

3Hb 

13.030 

718 

12.423 

(•.0.S 

0 848 

12..)22 

059 : 

0.920 

0.923 

0.95 

3 

38c 

10.170 

0.31 

17.1.5.5 

.538 

O..S48 

17,111,5 

.5S.3 ; 

0.919 

0.924 

0.05 

4 

38(y 

40,910 

i.:i!o 

.3r,„3r7 

1 . 0S<) 

0.824 

.‘{7,401 

1.207 ! 

0.917 

O.ytK) 

0.95 


44. Moment of Resistance, Approidmate Method.--'I'o obviate the somewhat 
laborious computation of moment of inertia involved in employing the accurate 
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method for determining moment of resistance, it is custoniary to employ an. 
approximate method giving sufficiently precise results for all but the shallower 
girders. This method is based on the concept of the girder as a truss. Virtual 
chord areas are determined from the area of the girder section and the disposition 

of the material therein. Know¬ 
ing these chord areas and the 
distances between their centers 
of gravity, it is easy to compute 
the moment of resistance, which 
is merely the product of the 
total permissible stress in one 
chord and the distance between 
chord centers. 

Consider the flexure formula 
M = fl/c, as applied to any 
girder section, such as that shown 
in Fig. 39. The momcmt of in¬ 
ertia of the whole .section is made 
up of the moment of inertia of 
the flange.s plus the moment of 
inertia of the web- - that is, I — 
If + Iv,. Let A f be the net area 
of one flange proper—that is, the 
angles and flange plates riveted 
to the web at one edge as flange 
material; d the distance between 
centers of gravity of flanges, or 
the effective depth; ( the thick- 
UO.SS of the web plate; and h tin; 
lito. 39 . — Moment of resistance of girder by up- depth of this plate. Then, 
proximate method. aiiproxiinately. 



In this expression the moment of inertia of the two flange areas A/ about their 
own gravity axes parallel to tin; neutral axis of the whole girder have been 
neglected, since it is relatively unimportant when compared with the term 



Where cover plates are employed, as in Fig. 39, the center of gravity of the 
flange is not far from the edge of the web plate—that is, k = d, approximately. 

If at the same time the distance c, be replaced by 2 , or in effect the prescribed 

stress / be assumed to act at the center of gravity of the flange, the expression 
for moment of resistance of the entire section becomes, 



2 
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or Bimplifying, 

M^fdU/ + HAJ), • ( 1 ) 

where AJ = td = approximate area of the web. 

Formula (1) is ap expression for the moment of resistance of a virtual truss, 
of which the area of one chord or flange is ^/' + AJ. It is evident, therefore, 
that the web contributes to the moment of resistance an amount equal to that 
which would be produced by concentrating approximately one-sixth of its area at 
the center of gravity of each of the flanges. This amount is commonly known as 
the web equivalent. 

In applying Formula (1), care must be taken to give proper recognition to 
the presence of rivet holes. A/, the area of one flange, must be the net, not the 
gross area, for while it is customary to make no deduction for holes in the compres¬ 
sion flange if properly filled with well-driven rivets, the full deduction for a tension 
member must be made for the tension flange. The actual number of rivets to 
be deducted in a given case will depend on the number of rows of rivets in the 
vortical and horizontal legs of the flange angles and the pitch of the rivets. The 
method of conii)uting the deduction will be in accordance with the provisions of 
the specillcation. It may be that outlined in Art. 66. 

If there be vertical lines of holes in the web, as at a stiffener or a web splice, 
the area of web, A„', should be taken as the net area through the rivet holes. 
For such girders, it is convenient to make an average approximation of the 
relation of net to gross web area, and biiac the formula on gross web area. If it 
be assumed that l^s-in. rivets or 1-in. holes are spaced on an average 4 in. verti¬ 
cally aT)art in the stiffeners, the net area of the wel) is H the gross area, and hence 

of the net area e(pials Is of the gross area. Formula (1) applied to girders 
with vertical lines of holes in the web then becomes 

M =^fd{A/ + HA.) (2) 

where A „ = gross area of the web. Some designers permit only Ko or Vf 2 of the 
gross areji of the web to be counbid as web equivalent, but jis no deduction really 
needs to be made for the compression half, Js is not cxcessiv'c. 

Formerly, it was common practice to disregard altogether the value of the web 
in contributing to the moment of resistance and reejnire all of the flange area to be 
area in excess of the web. Under such a .specification. Formula (2) would become 

M = fdA/ ' (3) 

The obvious severity of this requirement has led to its abandonment in nearly 
all specifications. 

In computing the moment of resistance of a girder, it is common practice 
to assume the effective depth of phrte girders with two T-flanges carrying cover 
plates as the depth of the web. No appreciable error is involved in such an 
assumption as will be shown in examples, but the rule does not apply with suffi¬ 
cient accuracy to girders with four-angle flanges or with T-flanges without cover 
plates. In these cases the center of gravity of the flange may be several inches 
inside the edge of the web plate, and its position must therefore be specially 
calculated. 

Since neither the areas of the two flanges nor the permissible stresses in them 
are necessarily equal, the moment of resistance with respect to the two flanges 
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will, in general, be unequal. The strength of the girder will, of course, be 
governed by the lesser of the two. 

lUustrative Problem.—Compute by the approximate method the moment of resistance 
of the plate girder section shown in Fig. 39, and made up of one web plate 60 X in., 
four 6 X 33^ X H'in* angles, and two 13 X ^-in. cover plates. Assume the web 
equivalent as the permissible flexural stress as 10,000 lb. per sq. in., and rivets % in. 
diameter. Net section, of tension flange will be computed by the exact method of Art. 66 , 
the rivet spacing being as shown. 

From Fig. 39, it is evident that the dangerous section is S~Sf cutting the holes through 
the cover plates and the horizontal legs of the flange angles, and located 3 in. from the 
centers of the holes through the vertical logs of tho flango angles. Since the distance 
between gage lines of the developed flange angle is 5 in. tho deduction for one angle is 
foundfrom Fig. 55 to be 1 +0.6 « 1.6 holes, and, for two angles, 3.2 holes. For tho cover 
plate it is 2 holes. 

Net area of two angles is (2)(4.50) — (3.2)(1.0)(0.5) = 7.4 sq. in.; net area of one cover 
plate is (13)(0.376) - (2)(1.0)(0.375) - 4.13 sq. in. 

Total net area of one flange proper = 7.4 + 4.13 = 11.53 sq. in. 

Web equivalent = (H)(00)(0.375) = 2.81 sq. in. 

Assuming d — depth of web plate = 60 in., 

M - (16,000)((>0)(n.53 + 2 . 81 ) - 13,760,000 in.-lb. 

Let it 1)6 required to find the moment of resistan^to using fhe exact value for the effective 
depth—that is, the computed distance between the centers of gravity of the flanges. 
Making the computation on the basis of gross flange area, the section that predomiiiatos, 
it is found that the center of gravity of the flange is 0.47 in. insi<ic tlic ba<+ of the flango 
angles and that the true effective depth i.s 59.55 in. The moment of resistance using this 
value ^ M ^ (Hl,000)(r)0.55)(11.53 + 2.81) = 13,080,000 iii.-lb., or 0.75 per cent less 
than by usirtg the approximate value of d. In girders with a pair of flange plate.s on each 
flange, there is very little error involved in avssuming the effective depth as equal to the 
depth of the web plate. 

Ulustrative Problem.—Find the moment of resKslance of the gii-dcr in the last problem, 
assuming that the cover plates are omitted. 

As there are holes in only one leg of the flange angles, the deduction from each angle 
will be one hole. 

Net area of one flange = (2)(4.50) — (2)(1)(0.5) *= 8.00 sq, in. The web e(iuivaleut 
is, as before, 2.81 sq. in. 

Since there are no cover plates, it is best not to assume the (effective depth as the depth 
of the web plate. The distance of the center of gravity of each flange being 0.83 in. from 
the backs of the flange angles, tho effective depth is G0.5 — (2) (0.83) — 58.84 iu. 

The moment of resistance, 

M - (16,000) (58.84) (8.00 + 2.81) = 10,170,000 in.-lb. 

If the effective depth hod been assumed as the depth of tho wob, or 60 in., tho error 
would have been 1.97 per cent on tho unsafe side. It is thus evident that if the outstanding 
logs of the flange angles are considerably greater in length than the vertical legs, there is 
no serious error involved in assuming the effective depth as tho depth of the wob plate, 
even though there arc no cover plates. 

Illustrative Problem.—If iu the last problem the flanges consist of two 6 X 6 X J’^-in. 
angles without cover plates, tho flange rivets having a staggered pitch of 6 in., as shown in 
Fig. 40, find the moment of resistance. 

From Fig. 55 it is soon that the rivet hole deduction from one angle is 1 + 0 « 1 hole, 
and 2 holes for tho two angles. The not flango area is therefore (2)(5.75) — (2)(1)(0.5) == 
10.50 sq. in. 

The distance of the center of gravity of a flange being 1.G8 in. from the backs of the 
angles, tho effective depth is therefore 60.5 — (2)(1.68) = 57.14 in. 

The moment of resistance is, therefore, 

M - (1C,000)(57.14)(10.50 + 2.81) * 12,100,000 in.-lb. 
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Had the effective depth been assumed as 00 in., the result would have been 5 per cent in 
error. With equal-legged flange angles and no cover plates, it is, thorefon>, necessary to 
compute the effective depth. 

Illustrative Problem.—If the section of a plate girder be as shown in Fig. 41—that is, 
with a 60 X Jie-iu. web plate, bottom flange of two 0 X 0 X ^He-in. angles and two 
14 X cover plates, and the top flange of four 6 X 4 X %-in. angles, and four? X 

1^-in. plates, with flange riveting as shown—find the amount of resistance, assuming the 
web equivalent as I’ermissiblo fiangc stress on tension fiaiige = 16,000 lb. per sq. in. 
net area, and on compression flange ir>,000 lb. per sq. in. gross area. Rivets % in. 

Applying the method of calculating exact deductions from tension flanges, explained 
in Art. 66 to the riveting arrangement .shown in Fig. 41, it is evident that the deduction 
should be two holes from each angle and two from each cover plate. 



Fiu. 40.—FfTect of oiujs.siou 
of cover plutos on effective 
depth. 



Net area of two G X 6 X ^3^i6-in. angles = (2)(7.78) — (4)(1)(0.088) = 12.81 sq. in. 
Net area of two 14 X 3^i;-iu. cover plates == (2)C14)(0..^>) — (4)(1)(0.5) = 12.00 sq.in. 
Web equivalent (1^) (GO) (0.4375) 3.28 sep in. 

Total net flange area — 12.81 + 12.00 + 3.2S = 28.00 sq. in. 

The <;onter of gravity of the compression flange is seen by insjKJction to Ije 4®-^ in. down 
from the backs of the outer anglc.s, and if the center of gravity of the tension flange be 
assumed as at the edge of the web, the effetdive depth is then G0.5 — (4.376 + 0.25) »= 
65.88 in. 

Moment ()f re.sistanco of girder wi(h rosp<*ct to tension flange is 

.1/ =/</(.'t,' + - O(i,O00)(55.HS)(2i;.0il) = 25,100,000 iii.-lb. 

Gross area of compression flange is made up as follows: 

4 angles, G X 4 X = (4)(.3.G1) — 14.44 sq. in. 

4 plates, 7 X ^2 “ (4)(7)(().5) = 14.00 sq. in. 

H web « (;8)<G0)(0.4375) « 3.28 sq. in. 


Total gross area = 31.72 sq. in. 

Moment of resistance with respect to compression flange is 

M -= (16,000) (55.88) (31.72) »= 20,000,000 in.-Ib. 

The girder is therefore, stronger in the compression flange ihan in the tension flange, 
but the make-up of the flanges is in accordance with the principle that the gross area of the 
compression flange should be as nearly as possible equal to the gross area of the tension 
flange (see Art. 46 ). 
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45. Comparison of Exact and Approximate Methods.—Before using the 
approximate or truss-chord method of calculaiiag the moment of resistance, 
designers should be aware of the degree of acciu'acy attainable by it. Although 
for the ordinary' cases of plate girders with T-flanges it is sufficiently exact, for 
verj'^ shallow girders it cannot safely be used, particularly if these girders have 
heavy or 4-angle flanges. The assumptions of uniform stress over the flanges 
and that the effective depth equals the depth of the web plate are too much in 
error. In such cases the method of the moment of inertia should be employed 
instead. 

Two ch<iractcristi(5 examines will make this point clear. 

niuitrative Problem. —Find the moment of rosisianco of the plate girder shown in Fig. 
S86 by the approximate method and compare it with the moment of resistance for this 
girder already found by the moment of inertia method. Assume permissible bending 
stress on both flanges = 16,000 lb. per sq. in. Gross area of one flange is: 

Two angles, 6 X 6 X in. - (2)(4.30J — S.72 sq. in. 

Two plates, (2)(14)(0.37r>) - 10.50 8<i. in. 

Vji of web — (>ji)(36)(0.375) = 1.69 aq. in. 

Tot-al gross area — 20 91 sq. in. 

Net area of one flange with the rivet pitch assumed *= gro.ss area leas 2 holes out of 
each angle and 2 hole.s out of each cover plate -20.91 — (■1)(1)(0.H75) — (4)(1)(0,375) = 
17.91 sq. in. 

Assuming the effective depth as o(|ual to the depth of the web, as is commonly done 
the moment of resistance is 

M = C1G,000)(36)(17.91) = 10,320,000 in.-lb. 

Referring to Table 12, it is seen that the probable net .section modulus of this girder, 
considering the effect of the holes on the position (jf the neutral axis is (0,95) (659) — 626 
The moment of resist.ance wt)uld, therefore, be 

M ^ !<n”f = (626)(1G,000) = 10,025,000 in.-lb. 

The approximate method in this c.ase gives a result in error on thosafesidc by3 percent. 

Illustrative Problein."--C’alcalatc the mfjmont of resistance of the unsymmotri<‘al girder 
shown in Fig. 41 by the exact method and compare it with the moment of resistance already 
found by the approximate method. 

Taking stat.cal moments of gross areas a]»out the center line of the web, the center of 
gravity of the gross section i.s found to l)e 1.61 in. l>elow the center line of the W’ob. 

Moment of inertia of gross section with rospoert to its gravity jixi.s is found to Iw 52,827. 

Moment of inertia of holes about gravity axis of gross section - 4,572. 

Net moment of inertia 48,255, and section modulus 48,255/31.89 *= 1,515. 
Multiplying this by the recommended correction factor (3’ublc 12), adjusted net section 
moduhis » 1,440. 

Moment of resistance of not Wiction by the exact method •= (1,440) (16,0(X)) = 23,000,“ 
000 in.-lb. 

Least moment of resistance found by the approximate method (last problem under Art. 
44 ), «= 25,100,000 in.-lb. 

Hence the approximate method gives in this case a result 9 i)er coat too great. 

From the first problem it is evident that the approximate method gives 
reasonably accurate results for girders of moderate depth with T-flanges. Had 
the girder been much shallower with the same flange material, or if it had had 
much heavier fl^gos with the same depth, the error would have been more 
serious, justifying tlie use of the exact method of the moment of inertia. 

From the second problem, it is seen that with a top flange of 4 angles, even 
where the girder is of moderate depth, the approximate method cannot be relied 
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upon. Had the flanges been heavier, or the girder shallower, the error involved 
in the use of the approximate method would have been greater. 

46. Composition of Flanges.—In making up a flange section, such as any 
of those shown in Fig. 35, it is necessary to decide upon the proportion of the 
added flange material that must be directly connected to the web. Many speci¬ 
fications require that not over one-half of the total flange section must be in the 
form of plates not directly connected to the wcV), and this rule is very commonly 
observed. However, the 1920 A.Il.E.A. specifications merely require that flange 
angles shall form as large a part of the area of the flange as practicable. If a 
very large amount of material in the form of cover plates were attached to 
relatively light flange angles, the latter might not be able to transmit safely to 
the plates the stre.ss they should bear. ]'’or flanges of such large section that 
approximately half the area cannot be i)rovi(l(?d by the number and .size of angles 
adopted, flange plates are added bei.ween the angles and the web, as shown in Fig. 
35c and /. They arc then directly connectcal material. 

For a T-fla.ngo in which unequal-legged angles are used and there is no danger of 
concentrated loads such as tics, it Ls best to have the long legs outstanding, since 
this throws the center of gravity of the flange farther out than if the short legs 
were outstanding, and hence increa.sos both the vertical and lateral flexural 
efficiency. Unequal-legged angles so placed arc more efficient than equal-legged 
ones, but the latter arc often required to accommodate the necessary flange rivets. 

Four-angl(! flanges, .such as shown in Fig. 3.5(1, c and /, should be as 
shallow as i)ossible, in order to throw the (’(mter of gravity well out, and if the 
angles arc of uneijual areas the inner pair of the two should be the smaller, since 
they are less effective than the other pair. l.'nc<iual-legged angles with the long 
legs outstanding are more efficient than e<iual-legged angles. 

It has long been the custom to specify that if the flange plate.s on a flange are 
of unequal thickn(‘ss, the thinnest plate should be on the outside. There does not 
api)enr to be any good reason for this rule. On the contrary, with a given rivet 
spacing there is less likelihood of a thick i)late se])aruting from the remainder of 
the flange than there is for a thin i)latc to do so. Besides, if one plate of the top 
flange must be carried the full length of the girder, it is more economical to 
employ the thinnest one for this purpose. The width of flange plates should be 
so fixed that they do not extend more than 0 in. outside the outer line of rivets 
nor more than 8 times the thickness of the tliinnast plate on the flange. 

Since uo deduction need be made for rivet holes in the compression flange, the 
gross area of this flange might theoretically be made less than the gross area of 
the tension flange, even though the working stress on the former may be less than 
on the latter, due to allow'ancc for buckling. However, as it is desirable to keep 
the neutral axis as nearly as possible in the center of the w'eb, and its position 
depends largely on gross areas, it is frequently specified that the gross area of the 
compression flange shall be the same as the gross area of the tension flange. 

For the purpose of determining the flange area required to resist a given 
moment by the approximate method. Formula (2) of Art. 44 may be written 



M 

Jd 


A/ 


M 

id 


A„ 

8 


or 


( 1 ) 

( 2 ) 



264 


SmUCTURAL MEMBEHS AND CONNECTIONS [Sec. 2-47 


From Formula (1) the total flange area required (including web equivalent) 
Is found, while from Formula (2) the area of the angles and flange plates only is 
determined- 

If no part of the web is counted as flange material, Formula (1) or (2) becomes 


A/- 


M 

fd 


(3) 


Wliile this latter method of proportioning Ls too severej it Is useful in making rough 
preliminary approximations of the size of the flanges required. 

In proportioning by the exact or moment of inertia method it is useful to make 
a preliminary calculation of secticjii by the approximate method and then teat it 
by the exact method. If the stresses are too large or too small, the section must 
then be revised. Proportioning by the exact method is much more laborious 
than by the approximate one. 


Illustrative Problem.—Determine by the approximate method the required composition 
of the two flanges of a girder for which the maximum bending moment is a, 000,000 ft.-Ib., 
if the web is 72 X 3'2 hi. and the tipper flange is to V>o of the l-angle type, with vertical 
fiange plates if necessary. Permissible flexural stress 10,000 lb. per sq. in. on tension 
flange and 15,000 lb. per sq. in. on compression flange. Web equivalent, Rivets 
in. dia. 

Assume the top flange angles as 6 X 0 in. the upper pair lx*ing set in. out from Ihe 
edge of the web and the pairs 12 ^^ in. back to back. AsHumo also that the two angles of 
the bottom flange are set out >4 in. from the edge of the web plate. I'hc effective depth 
may therefore be taken with sufficient nccturacy as 72.5 — (0.2.') •+- 0.2.')) — Oti in. 
Hequlrod net area in angles and flange plates of bottom flange, from Formula ( 2 ) 


A/ = 


M _ A,c 

fd s 


(.' 1 , 000 , 000 )( 12 ) _ {72)(0.r>) 

( 10 , 000 ) ( 00 ) 8 


Required gross area in angles and flange plates of top flange, 


( 8 , 000 , 000 ) ( 12 ) 

(IS.OOOKOO) 


(72)(0..5) 

8 


“ 31.0 sq. in. 


For the bottom flange, the riveting arrangement, will be a.ssumed .as such that the two 
holes should be taken out of each angle and two out of each flange platt?. I’lie flange may 
then be made up as follows: 


'I'wo angles, 0 X (* X *?jr> hi., b‘ss four 1-in. holes = 14.0.1 k<j. in. net 
I'wo plfites, 14 X in., less four 1-in. holes = 1.').00 sip in. net 


20.03 S(i. in. net 

The total gross area of the bottom flange is 3r).08 s(i. in. 

The top flange will be made up as below, the small exc(‘ss of area over stress require¬ 
ments being provided to make the gross areas of the two flanges nearly equal. 

Four aiiglc.^i, ff X 0 X in. = 17.44 sq. in. 

Four plates, 10 X in. — 1.5.00 sij. in. 


32.44 8 ( 1 . in. 


47 . Moment of Resistance of Girders with Sloping Flanges.—Variation of 
the depth of a girder to suit the shear and moment requirements from point to 
point is sometimes carried out in girders for travelling cranes, turntables, bridge 
floor beams and viaduct girders. This is done by sloping one or both flanges, 
as shown ,jn Fig. 43, or sometimes in the case of the lower flange by curving it 
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upward from the center towards the ends where it becomes horizontal. Such a 
girder is termed a “fish-bellied” girder. 

To obtain the total stress in either flange of a gfirdcr with sloping flanges, it is 
only necessary to divide the moment at the section by the perpendicular distance 
to the center of gravity of the flange concerned from the intersection of the section 
plane with the neutral line of the other flange, reducing the result to allow for 
such portion of the moment as may be taken by the web. 

Thus, in the case shown in Fig. 42a, the compressive .stress in the top flange 


where 


C = 


K- 


M 

d’ 


M = moment at the section. 

d — effective depth at tlio section, measured vertically. 

^ _ Net area of angles and plates for one flang e 

Total net area of one flange, including web equivalent 





Fki. 42. --Shear an<J stresses in girders with sloping flanges. 


The tension in the bottom flange is 

T = 

a cos a 

where 

a = angle of slope of bottom flange with horizontal. 

In the case of the girder shown in either Fig. 42 h or r, with the top as well 
as the bottom (Lange inclined, the total stre.sses in the top and bottom flanges 
respectively are: 

C = K y j 
d cos 0 

T — K. - j ~ - - 

(I cos a 

where h = angle of slope of top flange with horizontal. 

Where the flanges of a girder arc inclined, they absorb some of the shear at 
the cross section, in the same manner as do the chords in curved chord trusses. 
The web shear is then less than it would be if the flanges were horizontal. 

For the girder of Fig. 42o, if F be the total shear at the section, the shear 
that must be absorbed by the web 

F„ = F — 7* sin a 
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For the girder of Fig. 42c, it is 

F» = F + C sin 6 — y sin a 
M 

= V — K ^ (tan a — tan 6) 

In dealing with fish-bellied girders, the flange at the section being investigated 
may be assumed to have the slope of the tangent to the curve at the section. 

48. Flange Buckling.—To compensate for the columnar or buckling action 
of compression flanges of plate girders not supported continuously in a lateral 
direction, a reduction in the normal working stress should be made for them. 
In the discussion of flange buckling for beams. Art. 16, reference was made, for 
purpose of comparison, to the method of providing for flange buckling in plate 
girders. The last six formulas of Table 5, p. 196, are applicable to such a situa¬ 
tion. Reduction is required for all values of in the case of the A.R.E.A., 
C.E.S.A. and the writer’s formulas, although such is not required for values of 
I 

under 10 for any of the others. 

Reduction of the working stress on the compression flange tends to bring the 
gross area of this flange somewhat nearer the gross area of the tension flange. It 
serves to offset in part the neglect to rivet holes in compression material. 

Application of reduction formulas is carried out as in the problem under 

Art. 16. 

49. Length of Flange Plates.—^As in the case of the box girder, the flange area 
of a plate girder may be readily varied to suit the moment requirement by termi¬ 
nating the flange plates where they are not needed to supplement the angles. 
The length of flange plates, whether they be placed in vertical planes or hori¬ 
zontally on the backs of the flange angles, may be dctcrniined by either analytical 
or graphical means. If the moment be computed at sections not over 5 ft. apart, 
the sections being taken at all points of concentrated loading, the flange area 
requirements at these points may be compared with the area of the flange, counting 
various numbers of plates, and the point of cut-off of the ])lates may then be found. 

49o. Graphical Method.—Such comparison, except in the simple 
case where the loading is, or may be comsidered as uniform, is best made graph¬ 
ically, particularly if the loading Is unsymmetrical. The simplest procedure is to 
plot a diagram of required flange areas at the different points where moments are 
determined, rather than to plot a moment diagram as is sometimes done. It is 
unnecessary for typical jflate girders to plot a diagram of required section modulus 
as was done for reinforced beams (Art. 13). When the approximate method of 
calculating moment of resistance is used, it is sufficiently accurate to work with a 
diagram of required areas. If the diagram be constructed by plotting required 
flange ardas vertically and lengths horizontally, as in Fig. 43, and the assigned 
constituent areas be plotted on the same diagram, the length for which each is 
required may be readily scaled off. The points where each c4 the cover plates 


= F — 6’ siu 6 — 2' sin o 
, M 

= V — K -^ (tan a -t- tan 5) 
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should end theoretically arc found by noting the points -where the inner horizontal 
bounding lino repmsenting the area cuts the curve. This method may 1«5 
applied whether the flange plates are in vertical planes' over the vertical legs of 
the flange angles or are in horizontal planes on the outstanding legs of the flange 
angles. 

It is customary to extend each plate far enough past the point where it might 
theoretically end to accommodate two transverse rows of rivets so that the plates 
may be capable of bearing stress at the points where they are first needed. 

For deck plate girders in bridge work, the inner cover plate of the top flange, 
it it be a T-flange, is extended to the full lengih of the girder so as to protect the 
flange, from corrosion and .separation of the angles. 



Fici. —LeiiKtli of plate girder fhirigt* plutos by gruyihical luothotl. 


To kerp the neutral axis at the siiiric level througliout the girder and preserve 
the assumed distrihutiou of stress, corresjxuiding plal-cs on tlio top und bottom 
flanges should, as far as piKssible, be cut olT at the same poiuts. 

Illustrative Problem.—(^iriBidt^r a 50-f<.. pirdor iondod with a uniforni load of 1,000 lb. 
per liii. ft., whidh includus the wtdght of the girder, and a system of coiicontratod loads, 
as shown in Pip. 4‘.i. Find the points of thoorotieal and praciieai cut-off, if the section of 
each flange at the point of nmxiiaum moment is ma<le ui) as follows: 

of wch — (J'sU00)(0.37">) — 2.82 aq. iu. 

2 angles, 0 X 6 X in., net ™ 9.50 sq. in. 

2 plates, 14 X in., iiet — 9.00 s<i. in. 


21.32 aq. in. 


Assume the permissible flange stress = 10,000 lb. per aq. in., and ollectivo depth •= 60 in. 

The moments and required flange areas at points of concentrated loading and certain 
intermediate poiuts are as shown in the accompanying table. 

On Fig. 43, the required flange areas and the part areas assigned are shown plotted 
vcu'tically. The points of theoretical cut-off are shown dotted, but the plates are extended 
somewhat more than a foot at each end past those points. The total lengths required and 
the x>osition of the left hand end of each plate with respect to the 70,000-lb. load are shown 
on the diagram. 
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Distance of point 

Uniform load 

Moinont from 

Conibiticd 

liuquired 

from left support 

moment 

concentrated 

moment 

ilaugo area 

(ft.) 

(ft.-lb.) 

loading (ft.>lb.) 

(ft.-lb.) 

(in.) 

-- 

. — - 

— -- 

— — _ 


5 

112,500 

665.000 

077,500 

8.5 

10 

200,000 

830,000 

1.030,000 

12.9 

15 

262.500 

1,095,000 

1.357.500 

16.9 

20 

300,000 

1,360,000 

1,660.000 

20.8 

25 

312,500 

1,275,000 

1.587,600 

10.8 

29 

304.500 

1,207,000 

1,511.500 

18.9 

33 

280,500 

1,139,000 

1,194,500 

17.7 

37 

210,5(H) 

871,000 

1,111,600 

13.9 

41 

184.500 

603,000 

787,500 

9.8 

45 

112.500 

335.000 

447,550 

5.0 


496. Analytical Methods.—Where the loading is uniformly dLs- 
tributed, or is such that it produc^es pra(dic;illy the same moment curve and flange 
area curve (a parabola), the theoretical lengths of the flange plates may be readily 

determined by analytical means. In Fig. 44, lot 2 be the half span of the girder, 



Fio. 44.--Analytical dotermination of length of flange iflates. 


and A , the maximum ordinate, bo the total flange area re<iuired at the center 
A parabolic curve JiD, with vertical axis and vertex at D, will then correctly 


represent the flange area requirement at all points of the half span. Let '2 > 

2 » etc., be the half lengtks of the flange plates, the areas of which are 01 , 02 , etc., 

numbered from the outside. The area oi is to be taken as the area required to 
be contributed by the outside plate. 

For similar reasons to those set forth in Art. 13, the lengths of the first or 
outer flange may be •written 
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For the second and the «th plate the lengths are 

= + ■■ 

To the theoretical lengths thus found there should be added about a foot at 
each end to ensure action of the plates where first needed. 

The above simple method is based on the assumption that the next areas 
of component parts of the flanges are the same at points of cut-off as at the 
point of maximum moment. Aa more precise solution may be devised in the 
same form as that for the length of reinforcing plates for beams (Art. 13). 


Illustrative Problem.—If the total not area of one flange of a 50-ft. plato girder sub¬ 
jected to uniform loading l )0 IS.(57 r(i. in., and of this 4.22 sq. in. ia provided by each of 
two flange pUilcs, find the theoretical and practical leiigtli of the two plates. 

/4.22 

Theoretical length of flrst cover = xi - ~ 23.75 ft. 

Athling a total of 2.25 ft., the iiracticul lerigtli ficcomes 20 ft. 

V S 44 
IS ()7 ~ 

Practical length - 3f> ft. 


60. Economic Depth.—It may bo shown by means of tlie ealculus that for a 
girder to withstaml a given bending moment, there is a doirth whicli will give the 
minimum weight of material. This de])tti may be conveniently called the least- 
weight deplh. In determining it, however, c(,Tlain assum|>tions with respect 
j)arlicularly to the size and s])iicing of stiffeners have to be ma<lc which have an 
important influemai on Iht! result. If they are not roalizcvl in a given case—and 
such is possible, as there are v(Ty great differences in practic* respecting stiffeners— 
the resulting depth may be materially in error. 

As a result of siuili studies it may be shown that the least-weight depth varies 
from as mueh as to 1|2 of the span, the former figure being for short, very 
heavily-loaded spans and the latter for long, slightly-lo.'ided spans. For girders 
of from 40 to SO-ft. span with modern railway loading, the least.-weight depth is 
not far from ,'s of the span. 

Practical considerations often make it desirable ki adopt a shallower depth 
than that givuig tla^ le.ast weight, h’or example, fur girders used in grade sepa¬ 
ration work where the upper grade must be kept as low as po.ssible and the 
lower one as high as possible, it is economically wise to use the shallowest prae- 
ticablo girders. In long span girders the depth of web indicated by least weight 
ciilculations may entail extra cost per pound for w'ide plates and especial risk 
of damage in fabrication, shipment, and erection. In such ca.scs, it is best to 
reduce the least weight to give what may be called the true ecionomic depth. 

Fortunately, little addition to the weight of a girder is caused by considerable 
changes in the depth. Thus, it may be shown that for a change of as much as 
25 per cent, the increase in weight is only about 3 per cent. The advantages to 
be gained in other respects, and larger economies which may be effected, result 
in the true economic depth of plate girders being usually 15 or 20 per cent less 
than the least-weight depth. 
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Such depth ratios as have been given may be regarded without material error 
as referring to the depth of the web plate. 

61. Flange Riveting.—In order that the flanges of n plate girder may act as 
an integral part of the whole girder, they must be attached to the web by suiflcient 
rivets to transfer to them from the web the stress that they should properly bear. 
In this connection it is helpful to conceive of the web as the primary part of the 
girder .and the flanges as edge reinforcement of the web. Up to the limit of 
the capacity of the flange rivets, therefore, the shortening and lengthening of the 
edges of the web will bring about a stress transference to the angles and plates 
of the flanges. 

The rate of tran.sferenco of stress to the fl.ange, or the rate of increase of stress 
therein, on which flange rivet spacing depends, is directly proportional to the rate 
of increase of moraeni, as wiU be seen from the formula F = M/d, in which 

F = f{A/ + = the total flange stress, M — 

the moment, and d — tlie effective depth (which 
may be assumed constant). Hut the rate of increase 
of moment, horizontal dist,ancos being denoted by 
X, is dM /dx, which may be shown as equal to V, 
the total vertical Hhe.ar. llivct spacing formulas 
may therefore be based upon the vertical .shear at 
the section, a f|uantity lliat is more readily deter¬ 
mined than the moment. 

61«. Unloaded Flange, Web Takes No 
Moment. -Consider the s('ction of the plate girder 
shown in Pig. 4.5. T.cl the distance hetvvcam the 
rivet lines in the two flanges bo h' and the total 
verti(!al shear at the section be d'hc increment in 
rnoinent per lin. in. being dM/dx — V, the growth 
in total flange str(!ss per lin. in. will be i' = V/h', assuming the transference of si ress 
to be at the rivet lines .‘uid assuming that no part of the flange stress is taken 
by the web. If the safe resistance of one flange rivet be r lb., then the number of 

r 

inches that may be served by one rivet = > or the pitch p - “"y (1) 

UluBtrative Problem.—Find Ui« rivet spueing for the iiottoni (unloiuled) flange of the 
girder shown in Fig. 39, assuming that the web takes ii<» share tif the moment. Vertical 
shear at the section =- 100,000 lb.; rivels, J-g in. dia.) safe shearing and lioaringsiro.sscson 
rivets “ 10,000 aud 20,000 lb. per sq. in. rcsiKiotivcIy. Distance botwoeu gage lines of 
flanges ~ 50.5 in. 

Least safe resistance of rivet is in bearing on the web — (0.88J (0.38) (20,000) 

*-6,560 Ib. 

Theoretical i>itch, p = (6,5(>0)(5G..'>)/100,000 — 3.72 in. 

616. Unloaded Flange, Web Takes Moment.—-If the web is assumed 
to take its proper share of the bending moment, the increment in flange .streas 
per lin. in. will be less than if the web takes no moment, in the proportion .of 
the respective effective flange areas. If, therefore, K = (net area of flange 
angles and covers of one flange) -t- (net area of flange angles and covers of 
oiie flange + web equivalent), the actual increment of flange stress per Un. in. 


r 


.. y 

c 1 C*/' 


r r r*/* 


•/7-y/ 

Fig. 45.— Pitch of flange rivota 
whoii web lakes no moment. 
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going to the angles and covers will \mi= K ■ The rivet pitch then beconjes 


or 


^KV 

* 



( 2 ) 


The value of K defined above a])i)lies to rivets in the tension flange. For the 
compression flange, gross areas may be used in finding K, but no material error 
results from using the same value for both flanges. The value obtained by using 
net areas is somewhat smaller than that found by using gross areas. 


Illustrative Problem.—Find tho rivet spacing for the unloaded flango of the girder of 
the last prolilcni if onc'-oiglith of liic gross aron of tlic web is considered as effe(?tive flange 
area. Assunie the rivet spacing for purposes of computing net section as 4 in., the rivets 
through the outstanding legs of the flango angles staggering exactly uitli those in tho ver¬ 
tical legs, similar to those in Fig. 80 

AVilh a stagger of 2 in. an<l a distance betwwMi gage linos of 5 in. for a developed flange 
angle, tho <lc(iuctioii for one angle is I Fb.So — J.xri holes, and for two angles it is 3.70 
holes, 'rhe net area of two angles is (2)(4.5) — (3.7)(1)(().5) =7.ir>sq. in. For one cover 
plate it is, as prcviouslj- found, 4.13 sq. in. 'I'he web cfiuivalent is 2.81 sq. in. 


K - 


_ 7.15 4 4.13 
7.1.5 -i- 4.18 4-'2.M 


= 0.8 


(0,500) (5r).r>) 

( 0 . 8 ) ( 100 , 000 ) 


4.04 in. 


61r. Loaded Flange, Web Takes No Moment.—Where the imposed 
load on a girder is apijlied directly to one or other t)f the flanges, as in deck plate 
girder bridges and also in oecasional through plate girder sp.ans with ties bearing 
on the outstanding legs of the flange angles, the flange rivets h.ave a dual function 
to i)erforin. Not only must they fransinit to the flange angles and covers the 
same increments of flange st ress as in the unloaded flange, but they must be able 
to carry the directly ai)plied load into the weh for i)roper distribution. The 
stress per lin. in. on rivets, therefore, is a resultant strijss, compounded of the 
horizontal increment of flango stress i' and the vertical load per lin. w, 
or R = \/i"‘ + w^. The rivet pitch then becomes r/I{ = or 

since i' = V/h' 


r 



UlaBtrstive Example.—Consider the top flange of the girder of Fig. 39 as supporting a 
drreetly applied load of 7,200 lb. per lin. ft. and the wot) as taking no share of the moment. 
Other date will be as for the last two prol.lcms. Find the rivet sparing. 

Increment of flango strc.ss per lin. in. = V/h^ = lOOjOOO/.tO.O — 1,770 lb. 

Directly applied vertical load on flange rivets per lin. in. = 7,200/12 =>= 600 lb. 
Resultant stress on rivets per lin. in. of girder = K = 'v/(l,770)* + (600)’ = 1,870 
lb. 


Pitch, p = 6,660/1,870 « 3.61 in. 
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61d. Loaded Flange, Web Takes Moment.—If it be assumed that 
the web resists its appropriate share of the bending moment, the increment of 

V 

flange stress per Un. in. will bei = Ki' = K- j, mid Formula (3) becomes 


r 



This is the general form of the rivet spacing formula, reducing to Formula (1) 
when if = 1 and w = 0, to Formula (2) when w = 0, and to Formula (3) when 
if - 1. 

lUustrstiTe Problem. —Adding to the data of the last problem the stipulation that one- 
eighth of the gross area of the web is to i>c assumed as effective flange area, find the spacing. 
For deduction purposes assume the pit ch ns 4 in.^ the stagger being similar to that shown 
in Fig. 39. Assume K — 0.80, the same values as used for the tension flange. 

/r(o.K)(ioo.ooon* 

hr == . - 4- (000j“ - 1,540 lb. 

The pitch is, therefon^, 

7 > = 0,500/1,r»40 ^ 4.20 in. 


61e. Multiple Rows of Flange Rivets.—Formulas (1), (2), (3) and 
(4) apply directly to flange.s containing one row of rivets, or to those containing 
two rows if they be staggered, as in I’ig. 40a. In the latter ease the distance 

h' is to be measured to the center 
of gravity of the rivet lines, as also 
when th(! flange ctuitains two rows 
of rivets opposite each other, as in 
h’ig. 46ft. When the pitch is to be 
computed for rivets arranged as in 
Fig. 406, it should be remembered 
I ^ that the rivets are in pairs and 

' hence the general Formula (4) 

Fit). 45.—Pitch for multiple rows of fl.'ingc rivol.s. 


2r 



In this case the directly applied load w is sometimes considered as taken up 
entirely by the upper pair of angles, since the load bears directly on them and the 
short stiffeners between the angles transfer lo.ad only at distances of several 
feet apart. 

Illustrative Problem.— Find the pilch of the rivets in the top (loaded) flange of the girder 
shown in Fig. 41 if the total shear at the section is 80,000 lb. and a uniformly distributed 
load of 0,000 lb, per lin. ft. is applied to the top flange. Itivets, J^-in. dia.; safe shearing 
and bearing stresses on rivets « 10,000 and 20,000 lb. per sq. in. respectively. Web 
equivalent Consider vertlc^al load as transmitted to both pairs of angles. 

Least resistance t>f one rivet in bearing on J-^c-in. web » (0.875)(0.4375)(20,000) «« 
7,660 lb. 

Ratio K for the compression flange from the problem under Art. 44 relating to this 
girder « 28.44/31.72 « 0.89. 




)-< 


) r 

■) c 


1 ^ 
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Distance h' from Fig. 41 = 52.5 in. 

w = 6,000/12 = 600 lb. per lin. in. 


Hence required pitch 


VP 


(2)(7,660) 
8!))(W,000) ] i 
52.5 


10.6 in. 


+ (.500)’ 


As the minimum permis.sible pitch in the lino of stress is 6 iu. for this case, the theoretical 
pacing would need to Ini reduced to the latter figure. 


61/. Rivet Pitch in Flange Plates.—Bincc the function of the rivets 
connecting the flange plates to the other niiiteriiil of the flange is to transmit to 
them the part of the increment of flange stress p(!r lin. in. which they should 
bear, a formula .similar to (2) will apply. The part t)f the total increment of flange 
stress going to the flange plates or to any one plate will be some fraction K' 
of the whole increment, or 


The rivet value emidoyed will in genor.al be the single shearing value r' and 
not the bearing value, r. If the rivets in any jdatc or group of plates are in pairs, 
as is usual, the pitch will be 



( 6 ) 


where K' 


IMet .area of ijliite (or plat<w) considered on one flange 
Total net anai of one flange including web cqfiivalent 


Illustrative Problem.---Fiml the theoretie.'il required [)itr-h of ri^'et.H in the cover plates 
of the giolor shown in Fig. 39 at ii section where the shear is 100,060 Ih., if 7s-in. rivtds are 
used and the safe shc.'iring and be.aring stresses on rivets aro 10,000 and 20,000 lit. per sq. 
ill., rcstjcetively. Well eiiuivalent = *«. 

Least value of rivet is single shearing vahic = ( 0 . 0011 ( 10 , 000 ) -■ 0,010 lb. 
h* from Fig. 39 = .50..5 in. 

^ Net area of one cover jihito 4,13 _ 

Total net flange area including web eiiuivalenl 1.3.94 " ’ 

counting four holes out of the flango angles and tw'o out of the 
cover plate. 

Hence, 

(2) (0,010)(fi6..5) _ . . 

^ (tl.30)(100,000) ‘ 

This would need to be reduced to not over C in. for practical 
reasons. 

51g. Rivet Spacing in Sloping Flanges.—Whore 
a flange is inclined to the horinoiital, as shown in Fig. 42, 

Formulas (1) and (2), Arts. 61a ami 616 must be modified 
to take into account the fact that the iiicrcmorat of flango 
stress per lin. in. is mrt the tottd shear at the section 
divided by the vertical distance between rivet lines in the 
flanges, for part of the .shear is resisted by the inclined 
flanges. The amount of this increment for typical cases 
will be found. 

Consider a vertical strip of web of width ilx and hf'ighl h' bctw(>eii flange rivet 
lines at the section considered, as shown in Fig. 47. Let the shear actually 
absorbed by the web be F„and let the total compressive and tensile flange stresses 
18 



Fio. 47. — lUvet 
III sloping 

flfHIKOH. 
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to the left of the strip be C and T respectively, and to the right of the strip C' 
and T'. Then if i be the actual increment in the top flange stress per Hn. in., 

C — C = i dx sec h. 

Taking moments about A, 

idx sec 6. h' cos b = F„ dx 


or 



Hence the pitch measured along the top flange is 



or substituting the value of r„ from Art. 47, 

rh' 

1’ ~ M (7) 

r - K 'I (tan r, + tan b) '''' 

Proceeding in the same manner for tin; bottom flange the same formula may be 
shown to apply, indicating that for the ease considered f he ihteh measured along 
the flanges is the .same for toj) and bottom flanges. 

61*. Practical Considerations in Rivet Spacing.—To simplify both 
office and shop work, it is desirable to use one spacing of rivets for a section of 
flange several feet in length. Accordingly, the theoret.i(;al pitch is c.omi)uted for 
several points in the half span, usually at the c<!ntcr of the jianels marked off by 
stiffeners, and a spacing to the nearest lower practicable fra(dion of an inch is 
adopted for the entire panel, putting any odd spaces near the stiffeners. If one 
flange is loaded, it may be desirable to make the spacing in tin; unloaded flange 
correspond with it so that the flange angles may lx; kept alike. 

In no case must the adopted spacing depart from the usual minimum of .1 
diameters of the rivet or the maximum of 1(1 times the thicknc'ss of the outside 
material, or 0 in. The restriction on the minimum side often innx'ssitates incrc'as- 
ing the thickness of the web to keep the rivets at the eml of the girder from being 
too close. 

Where the girder is shidlow and has he.avy flanges, the ujjproximutc method 
of determining spacing outlined above cannot s.afely be applied, fl’he horizontal 
shear method explained and illustrated for box girders in Art. 37 must then be 
employed. 

52. Intermediate Web Stiffeners.—One way of strengthening the web of a 
plate girder or of making, what otherwise might, bo too thin, a web available for 
a given girder is as has been point(!d out in Art. 17, to restrain it from buckling, in 
some measure at least by means of stiffetmrs. These consist usually of i)airs 
of vertical angles, one on each side c)f the web, riveted firmly thereto at intervals 
of approximately the depth of the web. Stiffeners in i)lace in a typical girder are 
shown in Fig. 34. 

In addition to their .service of stiffening the web, intermediate stiffeners may 
help to transmit concentrated loads to the web and distribute them over it. For 
example, the Rtiffe,jiers in a deck plate girder, or any girder loaded along the, 
top flange, help to carry the .applied lo.ad down into the web and relieve the top 
flange rivets of much of the vertical component of their.stross (see Art. 61). They 
also to some extent lessen the deflection of the inner outstanding legs of the top 
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flange angles in deck railway girders carrying ties. K definite concentrated loads 
are applied to the top flange over stiffeners, or are applied to them anywhere 
within their length, they must be treated as concentrated load stiffeners, as 
described in Art. 63. 

Formerly, stiffeners were sometimes placed in a diagonal direction pointing 
downward towards the near support at an angle of 45 deg. with the neutral axis. 
The idea was virtually to construct columns in the line of maximum stress at 
a number of points. However, between the columns so constructed little support 
would be given the web, and so, tor reasons of greater efficiency as well as simplic¬ 
ity, vertical stiffeners were 
employed. These as shown 
in Fig. 48 restrict the 
length of a laterally un.sup- 
ported strip of web to the 
length of the diagonal of the 
rectangle bounded )iy con¬ 
secutive stiffeiK'.rs and by 
the flanges. Moreover, 
thei'c is but one narrow 
strip of this length in each 
rectangle. All other strips 
are iut.('rcej)ted by stiffen¬ 
ers and ])r(‘ventcd from 
buckling over tlicir full 
length. 



Fid. -15;. -Sparinp: f)f indetorminato web stifTonors. 


Whether stiffeners are to be used or not is usually det(!rniined by the applica¬ 
tion of the rule, slatiid in Art. 42, that the clear or unsuj>ported distance between 
the flangi' .angles must not exceed 50 or 00 times the thickness of the web. Assum¬ 
ing the latter ratio, the slenderness ratio ^ of a 4.5-deg. strip of web might thus be 

as high as 205. Such is jx’rmissiblo undcir the cireumstaiKios, however, since the 
strij) receives im|)ortant suj)port from the adjaeiait material. 

lOvon though .a stri(0. api)li(;ation of the above laih; might not indie^lte the 
neces.sity of stiffeners, it is often considered desiralde by designers to insert them 
to stiffen the web in fabrication, transportation, and erection. 

The spacing of stiffeners has an imiairtant influence on the buckling stability 
of the web. Since at the sect ions where web (tippling is an important factor— 
that is, wlnsre the shear is targe—^tlie dir(«tion of the imixiraum diagonal compres¬ 
sive streH.sos makes an angle of alioiit 45 deg. with the neutral axis throughout 
the uu.supi)ortcd-depth of the web (Art. 42), the critical diagonal strips are those 
inclined at 45 deg. Along steeper ones, as AD, or along flatter ones as AC, Fig. 
48, the intensity of the diagonal compressive stress is reduced. To determine, 
therefore, the spacing of stiffoiwrs that will i)ermit the employment of a certain 
tliickness of web in a girder, if, is neccw.sury to find how long a 4.5-deg. strip of web. 
Fig. 48, may be without support in order that the safe buckling strength of the 
strip may not be e.x(!eeded. 

Let A B be a strip of web 1 in. wide and t in. thick inclined at 45 deg. to the 
flanges or to the stiffeners, and let h' be the clear distance between stiffeners. 
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This strip may be regarded as a modified column of length I = y/i -h'md radius 

t 

of gyration at right angles to the 'web of It is more favorably situated than 

a column, in that tensile stresses in the web at right angles to its length prevent 
it from buckling in the plane of the web, and the presence of the adjacent material 
hinders its buckling at right angles to the plane of the web. Reduction of the 
normal safe stress should, therefore, be at a much less rate than for ordinary 
columns. If the A.R.E.A. column formula 

p = 15,000 - 50 


be applied to this sitixation, it is probable, considc^ring available experimental 
evidence, that the reducing term should be somewhere between 20 ^and 30 ^ 

t 

Assuhiing the average value, and making it I = \i'2.h' and r = the formula 

becomes very nearly 


15,000 - 120 


h' 


( 1 ) 


If now the diagonal compressive stress at the section in question, which at 
critical sections very nearly equals the average slu'aring stress be rejwesented by 
V, then for complete realization of the buckling strength of the web 

r = p = 1.5,000 - 120^ 


If the existing stress, v, is greater than p, the section is unsafe, and the stiffeners 
require to be closer together, or the web should be thickened. 

The necessary .spacing of stiffeners to permit the use of a given web may be 
found by re-arranging the last equation, or 

h.' = (16,000 - t’) (2) 

It a more conservative reduction of the A.R.E.A. column formula be adopted 
—that is, 30 ^ —we have very nearly 

p = 15,000 - 150^ (3) 

and for tlie safe clear si)acing of stiffeners 

V = 15^(15,000 -a) (4) 

These latter formulas are seen to be in accord with the recommended con¬ 
servative formula for the buckling strength of beam webs derived in Art. 17 

h' 

and plotted in Fig. 11, p. 206. If j- is over 00, they would give results that 

are too severe. Adopting Formula (7) of Art. 17 for values of over 60, they 
would Ixicomo respectively 



o 

t 

s 

II 

(5) 


h' = (10,200 - ») 

(6) 
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The provisions of the A.R.E.A. (1920) Specification covering the spjicing of 
intermediate stiffeners contain the following: 

The webs of plate girders shall be HtifTeiiod by angles at intervals not greater than the 
distance given by the formula 

<l - (12,000 - v) 

where 

d = distance between rivet linos of stiffeners in inches. 

( thickness of web in inches. 

V — web shear at point considered, in lb. per scj. in. 

This formula gives spacing.^ in excess of those given by either Formulas (2), 
(4) or (6). The spacing is, of course, between rivet lines, but this accounts for 
only a small port of the difference. Actual teats of built-up girders with stiffeners 
show surprisingly large diagonal compres.sive strength, as will be seen from the 
three plotted points for.such girdersin Fig. 11,)). 20(5. The spacing formula of the 
A.R.E.A. s|)ecification ajjpears to conform very well with these tests, although 
it does not conform closely to the tc.sts of I-beams. More coirservative formulas 
would, therefore, a))))ear to be required in the. investigation of I-beam webs. 

In the determining of safe stiffener ,s))aciiig by any of the formulas above, if 
the quantity h' should come out equal to or greater than h, the clear depth 
between flanges, the inference is that stiffeners are not re(|uired. If they were 
si)aced in the clear at distances apart gi'eater than the clear depth of the web, 
they would uncover diagonal stri])s of considerable width along which buckling 
could take place. 

In recent years the practice h;is develo|)ed of spacing stiffeners j>ractically 
uniformly from end to end of girders, thus disregarding the effect of inten-sity of 
tliagonal eoin|)ressivo stresses on the situation. Where such practice is followed, 
the spacing is generally about e<)uul to the depth of tlic web. If, however, such 
a S))aciug is adequate at ])ointB of maximum shear and diagonal compression it is 
more than adecpiate. in regions of low diagonal comjrression. Of course, if the 
shearing stress is low at the .section, or if the ratio of unsupported depth of the 
web to its thickne.s.s is low, the ])ra,ctice cannot be said to bo objectionable. For 
example, the specifications of the Dei)artmen( of Railways and Oanals, Canada, 
provide that for girdcr.s uudc:r 4 ft. in depth, stilleniTs may be s])aced 4 ft. aj)art. 
Such a rule should not be applied if the shearing stresses are over about 50 per 
cent of the maximum permissible shearing stre.ss. 

The effort to utilize a com))aralively thin web for high di.agonal compressive 
stresses by very close stiffener spacing is likely to ))rovc inadvisable. Where the 
necessary stiffener spacing works out to be less than half the depth of the web, 
it is more economical to use. a thicker web. 

Most specifications prescribe an arbitrary maximum i)ermissible spacing for 
stiffeners. For the A.R.E.A. specifications, the limit, center to center, is 6 ft. 
or the depth of the web. The specifications of the Canadian Engineering Stand¬ 
ards Association fix it at the depth of the web, or 7 ft. These rules should not be 
interpreted to mean that such spacings may be adapted without question for the 
whole girder. The .spacing should be regarded as dependent upon the actual 
web stresses and in the typical girder these require a gradually diminishing 
spacing near the ends. 
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Although calculation of the web stresses may indicate a low shearing stress, 
stiffeners must nevertheless be used if the ratio of unsupported depth to thickness 
is over the limit set down in the specification, say 50 or 00. An arbitrary rule 
such as this is open to question, but it is of the same kind as the one fixing the 
upper limit of the slenderness ratio for columns. 

Proportioning of Stiffeners .—Experimental investigation ha.s sliown that under 
working conditions the deformation of an unstiffened web or of ordinary inter¬ 
mediate stiffeners along vertical lines is small. The function of stiffeners not 
carrying concentrated loads is, therefore, merely to stay the web laterally. 
They are to be regarded as vertical beams rather than columns. For this 
reason, the outstanding legs should be relatively wide, but the legs next to the 
web may be as narrow as the riveting will permit. 

No recognized method for the scientific proportioning of intermediate stiffenci's 
exists. A useful empirical rule given in the A.ll.IO.A. siiociliiaitions is that the 
outstanding leg of each angle shall not be less than 2 in. plus *30 of the depth of 
the girder, nor more than 10 times its thickness. The thickness for railway 
girders is usually in., while for highway bridges and building girders it is 
usually Ji'e in. 

The following sizes for intermediate stiffeni'rs of railway ginlcrs are fixed in 
the specifications of the Department of Railways and (lanals, Canada.; 


ok Wkd 
^Fkbt) 

3 ft. and under 

4 
6 
6 
7 


Si7E OK Stikkknkr Anolk» 
(Incheb) 

3 X 2 '-2 X 

3 X 3 X 1 % 

3i.i X 3*2 X ;'S 

4 X 3 '3 X -'s' 
o X 3'2 X ?s 


While so far as duty is concerned, intermediate stiffeners not carrying con¬ 
centrated loads may be crimped over the flange angles, ojiinion differs consider¬ 
ably as to the economic advantages of crimping. J'or si ifleners shorter than 3 ft., 
it is doubtful if the savmg in filler material will offsid. the cost, of crimping, unless 
the fillers be very thick. For dejilhs greater than 3 ft., most shojis crimp the 
stiffeners. 

In case forces are applied to the flange of a girder acting towards the neutral 
axis, the stiffeners should be carefully fitted to the flange to which the loads are 
apphed. It is not theoretically neoe.ssary that the otlier end should be fitted 
to the flange, but it is found easier to make a tight fit at two ends than at one. 
If a tight fit is specified at one end, therefore, the fabricating shop would probably 
fit stiffeners tight at both ends. 

Unless known concentrated loads are to be provided for, the rivet spacing 
in stiffeners is a matter of judgment. The maximum spacing permitted is usually 
6 in. 

UluBtrative Problem.- -Rocommend a size for the intcrmediale Rtiffenora of a building 
girder 54 in. deep. 

pn the A.R.E.A. rule, the outstanding leg should 1)0 not loss than 
2 + ^ 3.8 in. 

For building work the stiffeners would probably be two 4 X 3 X angles, with 

the 44n. legs outstanding. 
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63. Concentrated Load StifFeners. —at any point a concentrated load is 
applied to a girder flange or web, reinforcement of the web is usually required. 
Should the load be applied on the tension side of the neutral axis, the stresses 
due to the concentration will augment the existing diagonal tensile stresses in the 
web and it may be necessary to add distributing plates or angles to carry the 
load up into the web. 

It is more usual, however, for concentrated loads to be applied to the compres¬ 
sion side of the girder and very commonly to the top flange. If the.se would 
raise the existing diagonal comiwessivo stnwses in the web above the limit of 
safety, distribxiting angles or stiffeners, such as described for beams in Art. 18, 
must be introduced. 'I’he princiy)los of design of these stiffeners, as given in 
Art. 18, apply when they arc used for plate girders. 

A very common occurrence of the concentrated load stiffener is at the end or 
reaction stiffeners for a girder. Tlicse consist, usually of two or three pairs of 
vertical angles tightly fitted in between the outstanding legs of the flange angles 
and aiTangcd in one or other of the ways shown in Fig. 49. 






(C, (ff) 

I'lc. • 'rypif"'! nrrunjffiiuMUs of t'lid siiiTtffuTS, 


Arrangenicnt (o) is very commonly .'idoi)ted when the girder reaction is 
transmitted to the masonry through a shoe ))hitc and a bed plate only. Type 
(/») is i)referr(al by some designers for the same situation on the ground that the 
ioa<l is not applietl to the edges of tin; shoe [date, ns in («), hut is fairly well placed 
on the four (luarters of the plate. If the girder rests on a b(dster or rocker, 
arrangements (c) nr (d) should be used, the former for light reactions and the 
latter for heavy ones. 

End stiffeners have a dual function to perform: (1) They serve as vertical 
beams to stay the web agidnst buckling under diagonal coniprc.ssion; and (2) 
they receive the concentrated load of the end reaction .and distribute it to the web. 
In the latter role they act in some degree as columns, but since their loading 
varies graduidly from a maxiimiin at on<- end to zero at the other, they are com¬ 
monly assumed to have a length as columns of only one-half the depth of the 
girder. In ord(!r that tlioy may he well adayded to carry loads as columns, they 
should not be crimymd, but should be key)t straight by the use of fillers between 
them and the web. 

Since the lower edge of the rveb cannot be counted upon as bearing on the 
shoe plate, and since the rivets passing through the flange angles and the web 
are already stressed to their safe limit for flange y)ury)oso.s, and also since the bear¬ 
ing of the ends of the fillers on the inner edgc.s of the flange angles is uncertain, it 
is customary to assume that the entire end reaction is carried into the web by the 
stiffener angles. This load they receive in end bearing on the outstanding legs 
of the flange angles. No bearing value can be credited to the legs of the stiffeners 
in contact with the vertical legs of the flange angles by reason of the grinding or 
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bevelling necessary to clear the flange angle fillets, as shown in Fig. 60. If the 
outstanding legs of the stiffener angles should extend beyond the rounded corners 
of the flange angles, the projection cannot be counted, so the bearing length is 
restricted to b, shown in Fig. 50. Close fitting of the lower ends of the stiffener 
angles to the bottom flange angles is imperative for aU girders and in the case of 
deck girders to the top flange angles as well. Wliile theoretically it is unnecessary 
to have a clo.se fit to the upper flange angles in through girders, it is found that the 
fitting at the bottom is facilitated if they are fitted tightly at both ends. 

To give large bearing area as well as to increase the lateral .stiffness of stiffeners, 
the outstanding legs are usually specified to be as wide as the flange angles will 
permit. The legs in contact with the fillers may be as narrow as riveting will 
allow, for although those legs have value in the column it is small as compared 
with the outstanding legs and as has been seen, their bearing value, is zero. 

By reason of the deflection of a girder resting on ordinary shoe and bed plate 
bearings, the stiffeners nearest the face of the 
support probably rcicoive much more load 
n those farther back. Practice vario.s 
h resi)nct to the assumed distribution of 
1 amongst the pairs of angles, but it 
re are two pairs at the extreme inner and 
or edges of the shoe jdate, it is probably 


^ Rivets 

Fio. aO.—^Boarhig of end stiffener angles. Fta. .tK—Dosign of end stiffenerB. 

fair to a.ssume that the inner pair receives about twice as much load us the outer 
pair. If the pairs are jdaced closer together, or in somewhat from the edges of 
the bearing, the inequality of loading would be somewhat le.ssened. 

Rivets connecting the .stiffeners to the web plate must bo sufficient in number 
to transmit Safdy to the web the maximum stress calculated to be borne by each 
pair. As has been jKfintod out, the flange, rivets should not be counted. If loose 
fillers are used, the number of rivets required, figured in bearing on the web, 
would, under most specifications, need to be increased by 50 per cent. 

IlluBtiative Problem.—The total end reaction of a plate girder is 120,000 lb., the end 
eection consistiiiK of a 48 X ?s-'n. web and four 0 X 4 X J's-'n. angles, as shown in Fig. 
51. Determine the size and arrangement of the end stiffeners. Ponuissiblo stresses in 

compression and l>haring = 1.5,000 — 50 and 16,000 lb. per sq. in., respectively. Rivets 

in. diameter. Safe shearing and Iwaring stresses on rivets 12,000 and 24,000 lb. per 
sq. in., lespectively. Rivets through loose fillers to be increased 25 per cent. 

Load on inner pair of stiffener angles is approximately (?3)(120,000) “= 80,000 lb. 
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Outstanding legs must extend at least to rounded corners of flange angles^ which will 
require 6-in. lo|^. Length of hearing, b, for each angle is approximately 4.6 in. 

Required total bearing area for two angles = 80,000/16,000 »» 5.0 sq. in. 

15 Q 

Required thickness of each stiffener angle t = , = 0.50 in., say in. 

Assuming 3-in. logs next the web, the angles would be 5 X 3 X He in. 

Radius of gyration of two such angles about axis in plane of web 

Assuming effective length of stiffener column of 48/2 = 24 in., 

V = 15,000 - (50) (/y„) - 14,000 lb. 

Re<|uirod area for column action = 80,000/14,000 - 6.48 sq. in. 

Area provided = (2)(4.IS) ~ 8.3G R(i. in. and hence section is adeqiiat-e. 

Least value of one rivet is in hearing on ?8-in. wfh = (0.76)(0.375)(24,000) -- 6,750 lb. 

Number of connecting rivets required — SO,000/0,750 = 12. 

If loose fillers be employed, thLs must be 12 4 26 per cent — 15, extihisivc of those in 
the flange angles. 

This immhcr cannot be driven without adopting practically the minimum permissible 
spacing and so it is be.st to use tight fillers 'I'hcse will bo 13 in. wide and extend under 
both angles on each side of the web, 'I'hc rivets driven in the fillcrH may be counted as 
effective for the stiffeners. siiH^e (hey inttrease the l)earLng area of (ho rivets through the 
Btiffener angles. The same riveting arrang(5Tncnt will be adop1(;d for the outer pair of 
angles as for the inner pair, as shown in Fig. 61. For the stress borne by (ho inner angles 
there are S riv<*tH in the angles themselveH plus one-half of those in the lino along the center 
of the lillors, or 12 in all. 

64. Girders Under Lateral Flexure.—Ajmrt from the .‘iccideutal lateral flexure 
to which Kinlerb arc subjected, due to vibration, swayiii(f of trains, wind, or flange 
l>uckling, theie are somclimes definite lateral loads to he ju-ovided for in de.sign. 
In the (iasc (jf crane runway girdfus, for example, the end thrust of the crane due 
to sudden stopping of the loaded trolley on f he crane bridge or due to lifting heavy 
loa<is by in<diued pull is often definitely fixed in specifications. In Schneider’s 
“General Specifleatious for the Structural t\'ork of lhiildings,’’it is required that 
the top flanges of crane girders .shall withstand, in addition to the vi'rtical load, a 
lateral loading based upon one-fifth the lifting ca[)acit.y of the crane e<pially 
divided amongst the four wheels. 

In proportioning the top flanges of .such girders a section is first assumed which 
appears suitable for the combination of vertical and lateral moment. The stress 
duo to vertical moment may then be found at the extreme tiljers by the approxi¬ 
mate Formula (2) of Art. 44 (using the subscript i’ to indicate quantities having 
to do with vertical moment). 



or preferably by the exact flexure formula 


Tile stress due to lateral moment is Iheii found by the flexure formula 

. Mu' 
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the subscript I indicating quantities pertaining to lateral moment and -c' being 
the half width of the flange. 

If /• + /i exceeds the permissible working stress, the section must be increased. 

6B. Torsion on Plate Girders. —If girders are curved horizontally or are of 
such slope in plan that vertical loads do not come on the line joining the supports, 
a condition of torsion on the cross-section is produced. The comments on the 
design of beams for torsion in Art. 23 will apply to built-up girders. 

BEARING PLATES AND BASES FOR BEAMS AND GIRDERS 

By C. R. Youno 

66. Types and Uses. —In order to transmit its loads to the masonry, a beam 
or girder must in general have bearing plates or bases placed under its ends. The 
bearing strength of the masonry is so much le.s.s than that of a steel beam flange 
that the flange must in effect be enlarged to prevent the masonry from being 
crushed. 

The simplest bearing is the flat, rectangular plate, P’ig. 52a or h, extended 
out on either side of the beam or girder flange, and of a length parallel to the beam 



Fio. 52 .— Simple fixed heuririKs for In'iiins niid Kirdcr.s. 


equal to the bearing on the support. 'When the plate is r)f cast iron, it is possible 
to taper it out towards the ends and so vary thi; section in accordance with the 
bending requirements. 

When the reaction becomes heavy, a much deeper bearing must be employed 
in order to transmit loading to a large area without exce('ding the safe bending 
stresses or the allowable upward deflection. Ribbed basc.s of cast iron or cast 
steel, such as shown in Fig. 52c, can be made to distribute heavy loads over 
large areas. They are also incidentally useful to raise the end of th(! girder to'a 
greater height above the masonry, thus pennitting the more ready attachment of 
bracing and serving to keep the masonry at the fi.xed end of a long span girder at 
the same elevation as at the roller cud. Cast steel is j)referable to cast iron for 
such pedestals on account of its greater reliability, but it costs more. 

If the span is longer than about 00 to 80 ft., it is desirable to use hinged bolsters 
so as to prevent the high intensification of stress near the inner edge of the bearing 
due to the deflection of the girder. Some engineers make this limit as low as 60 
ft. These bolsters nvay be of cast steel, as .shown in Fig. 535, or may be built 
up of plates and angles, as in Fig. .53c and d. They consist of an upper and 
a lower p’art connected by a pin, pivot, or disc. 

For all spans over 26 or 30 ft. it is necessary to provide for changes of length 
due to expansion and contraction. One end of a beam or girder must, therefore. 






Sec. »-671 DESIGN OF STEEL AND CAST-IRON MEMBERS 283 

be allowed to slide freely. At the fixed end of a ^rder the base or bolsters de¬ 
scribed above are placed directly on the masonry, with perhaps a sheet of lead 
between, and are bolted or anchored down with usually two anchors, one on each 
side of the girder, so as to prevent movement. 

At the sliding end it is necessary to place a bed plate or bed casting on the 
masonry to provide a smooth surface on which the adjustment may take place. 
For girders up to about 60- or 85-ft. span, adjustment is allowed to take place 
merely by the upper or sole or shoe plate sliding on the lower plate, as in Fig. 53a. 
If bolsters are used, rollers must be interposed between the sole plate of the 
bolster and the bed plate at the sliding end. These consist of a group, or “nest” 



■ Anchor bolt 


'-hO) 


^^-.Cc^sting 


unnisi 
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})lates, one of them being equal to the beaTlng on the support. Recommended 
bearings and sizes of plates for building work arc found in all of the steel handbooks. 

To determine the thickness required, consider a strip of plate at right angles 
to the beam or girder, Fig. 52o or 6. It is in effect a cantilever of span I 
subjected to an upward loading. This is commonly assumed as uniformly dis¬ 
tributed, although the pressure at the outer edge is much less than near the beam 
flange. Let p be the uniformly distributed upward pressure in pounds per square 
inch, / the allowable flexural stress on steel plates, and t the thickness required. 
Then 


t = 1.7321 



( 1 ) 


The strength of the combined flange and bearing plate in bending should also 
be investigated. They form a Civnlilever beam of .span V and thickness i', Fig. 
52o or h. It is not always safe to assume this cantilever as a single beam of depth 
.since there may be insufficient connection between the flange and the bearing 
plate to resist the horizontal shear accompanying beam action for the whole 
depth. The moment of resistance of each should in such a ease be found and the 
two added. 

Tables may be prepared of the allowable projections of bearing platiCs based 
on Formula (1). They will vary in accordance with the allowable pressure and 
flexural stress as.sumed, but are usually from 3 to 5 times the thick m“.ss, 

68 . Design of Ribbed Bases.—The load aj)plied to a ribbed base, .such as 
shown in Fig. 52c, must be transmitted to tlie masonry by means of the ribs 
acting as short columns or prisms. These ribs sliould be so placed as to receive 
the load from th(! beam or girder in the most direct manner jmssible. One rib 
should be directly under the web and, when cast pedestals are used for ])lato 
girders, transverse ribs should be directly under the outstanding legs of the end 
stiffener angles. The rib under the pair of stilTeners nearest the edge of the 
support is much more highly .stre.ssed than the otluns by reason of the deileetiou 
of the girder. Some designers a.ssumo that the whole reaction is applied over 
this rib. If it be proportioned for the whole load and tlie other ribs made of the 
same thickness, the ba.se will be amply strong. While it is desirable to have three 
ribs running longitudinally, as shown in Fig. 52c, only twm need be run trans¬ 
versely if there be but two pairs of stiffener angles. With three pairs of angles 
there should be three riba. The top plate of the pedestal must bo fixed largely by 
judgment and experience, but should not be less than l}i in. The bottom plate 
is designed by assuming it as a cantilever projecting past the most heavily- 
loaded rib. The moment of the uniformly varjung pressure on the projection 
tiiken about the edge of the rib is then found and the projection, including both 
base plate and extension of ribs, is figured in the same manner as a cast iron lintel 
section (Art. 30). The ribs should not be thinner than 1 in. for important work 
and the bottom plate not thinner than lli in. 

To equalize the pressure on the masonry, it is desirable to make the top plate of 
the casting as narrow as possible in a direction parallel to the length of the girder. 

69. Design of Bolsters.—The design of the upper and lower parts of bolsters 
involves the same principles, although, by reason of its bearing on masonry, the 
lower part is usually the larger. Considering Fig. 536 or c, it is seen that the 
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ribs which transfer the load from the girder to the pin, and from the pin to 
the lower part of the bolster, must be of sufficient thickness to carry their loads 
without exceeding the safe bearing pressure on the ribs or on the pin. To deter¬ 
mine their thickness, the size of pin must, therefore, be assumed first. If the 
rib thicknesses are satisfactorily fixed and the moment or shear on the pin is 
excessive, the pin size will need to b(! increased, which may make it possible to 
use thinner ribs. The bottom plate of the lower part of the bolster must be 
investigated as a beam continuous under the ribs and cantilevered past them. 
The upward pressure may be assumed as uniformly distributed over the lower 
parts of the bolsters. 

Care must be taken not to make the ribs so thin as to render them likely to 
buckle laterally. To safeguard ag.ainst this it may be necessary to introduce 
transverse diaphragms between them. 

As both the upper and lower parts of the bolster are in effect beams resting 
on a single central sui>port, they should be figured in bending at the vertical 
section through the pin hole. Due to the lateral deformation of the pin under 
pre.ssure, causing it to bear again.st the right and left faces of the hole, no 
deduction need be made for the hole. 

60. Design of Expansion Bearings.--If sliding is provided for merely by 
allowing a sole or shoe jdato to .slide on a be.d idatc, as in Fig. 53a, the shoe plate 
is designed in the same manner as an ordinary simple bearing plate (Art. 67) and 
the bed plate i.s made about the same thickness. Each of these plates should 
cither be plan(^d or straightened to en.sure true contact. They are rarely less 
than Js in. thick. 

Round lioles for anchors arc provided in both sole and bed plates at the fixed 
(‘nd, but slotted holes must be provided in the sole jdato at the sliding end. 
These must bo elongat('d about Is hi. for each 10 ft. of span. 

Where the span is in excess of from 60 to SO ft., rollers must be provided. 
Since round rollers take up a great deal of room for their pressure value, seg¬ 
mental ones arc now very commonly used. Large rollers also tend to overcome 
the frictional diliiculties incident to the use of small rollers. This is evident 
from the formula for the iicrniissible pressure on cast si eel rollers which in pounds 
per lineal inch is usually placed at 600 time.s the diameter in inches. Railway 
bridge specifications now freipiontly require that rollers be not less than 6 in. in 
diameter. The bearing length provided mu.st be clear of all recesses engaging 
ribs on the shoe or bed plates. 

To make the masonry of the .same height at the two ends and at the same time 
keep the bolsters alike, a cast or built-up bed wiual to the height of the rollers 
and the bed phite at the exparusion end .should be placed under the bolster at 
the fixed end, as shown in Fig. 53c and d. In the case illustrated, this bed is 
made up of a cellular casting resting on a steel plate. 

To give true bearing on the masonry, beds are sometimes set Li to 1 in. liigh 
and grouted underneath. Another method is to place a sheet of lead Js in. 
thick under the bed, as shown in hlg. 53c and d. 

61. Anchors.—Beams and girders are prevented from shifting horizontally 
on their supports by means of anchors. For ordinary rolled beams resting on 
loose bearing plates, a round rod is frequently used, preferably bent so as to 
engage the masonry beyond the end of the beam. Sometimes two angles are 
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bolted to the end of the beam, the outstanding legs securing the beam to the 
masonry. Rod anchors are usually fi in. in diameter, projecting about 9 in. on 
either side of the web. Angle anchors should have a 6-in. outstanding leg and 
be or Ke in- thick. Such anchors are illustrated in the Carnegie Pocket 
Companion. 

If beams or girders rest on sole plates riveted thereto, anchor bolts are inserted 
vertically in the masonry through holes left in it for this purpose or specially 
drilled after the erection of the steel, care being taken to so locate the holes that 
this can be done. Usually two anchors, one on each side of the beam or girder, 
are employed. For building work, they should not be smaller than in. 
diameter, while for railway bridge work the minimum should be in. They 
should extend at lea.st 12 in. into the masonry and be well grouted or otherwise 
secured thereto. To this end, split bolts with wedges in the ends, or hacked 
bolts, are sometimes used. 

Holes for anchor bolts should be K or % in. larger than the bolts, to provide 
for errors in placing the bolts or for ea.sier drilling of the holes. 

STEEL TENSION MEMBERS 
By C. R. Young 

62. Forms and Uses.—Steel tension members vary in form with the magni¬ 
tude and character of the stress carried by them, with the character and situation 
of the structure of which they form a part, and with the methods of construction 
adopted. 

Round or square rods, single or multiple, made adjustable by end nuts, turn- 
buckles or sleeve nuts. Fig. 54a, 6 and c, arc used in many cases where loads 
are hght and cheapness is desired. In pin-connected bridges they are employed 
as counters, and sometimes, though inadvisedly, as laterals in both riveted and 
pin-connected bridges; in buildings they serve for lateral and sway bracing, for 
hangers and for tie rods in arch floors; in towers they are frequently used for 
bracing. The end connections are made by forging the bar into a simple or a 
forked loop. Fig. 546 and c, or, perhaps, by attaching a clevis thereto, as 
shown in Fig. 54d. 

Eye bars, which consist essentially of rectangular bars of metal with a head. 
Fig. 54e, forged at each end, through which a pin hole is bored, have an exten¬ 
sive use as tension members, usually in multiples of two bars. While formerly 
used for bridge and^roof trusses of almost all spans, their use is now confined very 
largely to the longer spans, where there is little likelihood of objectionable rattling 
or vibration. For such situations they afford a reliable, easily transported and 
readily erected tension member. In places where reversal of stress is possible, 
or where attachment of rivited work is necessary, eye bars are replaced by built- 
up tension members, as for the end panels of the bottom chord and for the hip 
hangers of railwaj' bridge trusses. 

Adjustible eye-bars are frequently used as counters in bridge trusses. The 
adjustment is midc possible by inserting in the body of the bar at a conveniently 
accessible point, a turnbuckle or a sleeve nut. Fig. 5^. 

Flats, or narrow plates. Fig. big, are little used, as they are flexible, easily 
become bent in transportation and erection and do not hold their length or 
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straightaess well against drifting or reaming. They are sometimes used as 
hangers, but apart from such use are seldom employed in America. 

Single angles, Fig. 54A, are extensively used as light tension membcni in 
trusses and as lateral and sway bracing. 

Double angles, arranged as in Fig. 54f or j, are used as truss tension mem¬ 
bers of medium capacity. 

Forms consisting of four angles arranged in H-shape and connected together 
by a single plane of latticing or tie plates, Fig. 54fc, or by a web plate, are very 
economical and are advantageously ased as bottom chords, tension diagonals, 
and hip hangers of riveted trusses. 
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Pig. 54.—Typical steel tension mombors. 


Two channels with flanges turned in, as in Fig. 541, and connected together 
by latticing or tie plates, are well adapted for bottom chords of through spans, 
and for tension diagonals and hip hangers of both deck and through trusses. If 
the two channels are arranged with their flanges turned out, as in Fig. 64m, 
the section is well adapted for the bottom chords of deck spans. 

Built channels, with flanges turned in, as in Fig. 54a, or with flanges turned 
out, as in Fig. 54o, and with or without added side plates, are the commonest 
forms for riveted tension members in both riveted and pin-connected trusses of 
both moderate and long span. 

63. Theory of Design of Tension Members.—^Assuming a uniform distri¬ 
bution of stress over that portion of the cross-section that may be considered 
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ns effective, it fellows that the effective area required in a member for the resis¬ 
tance of a given force is given by the formula 



where A = effective area of section required in square inches. 
P = force, or total stress, to be resisted, in jxiunds. 
p — permissible stress in pounds per square inch. 


If it should happen that the force to be resisted by the tension member is 
applied at some other point than the center of gravity of the net section, the 
meml>cr must be designed for a oombinid.ion of direct and bending stress. The 
principles governing the design of such members have been tlioroughly explained 
in Sec. 1. If the load is applied on a principal axis of the cross-section, then, 
neglecting the effect of the deflection arising from the eccentric application of the 
load, the maximum resultant stress at the most highly stressed fiber, distant c 
from the neutral axis, is given by the formula 


A 


i + 


Pec 


( 1 ) 


where e — the eccentricity, and I = moment of inertia of section about an axis 
normal to the plane of bending. 

Let p be the permissible stress on the most highly stressed fiber, and r the 
radius of gyi-ation of the section in the plane of bending. Then the total required 
area 



( 2 ) 


Should the resultant axial load be applied eccentrically and not on a principal 
axis of the cross-section, the maximum resultant stress' on the most highly .stressed 
fiber, as established by Professor C. Batho, is 

f _ P , P^,X?/i ~ ^1 tan n) 

■'* A ./ — ly tan o 


( 2 ) 


where X\ and pi are co-ordinates of the most highly stre.s.<ed fiber, the origin being 
at the center of gravity. 

Xp = x-co-ordinate of point of application of load P. 

a = angle which neutral axis makes ivith x-axis, found by cquating/i to zero. 

J = product of inerti;i of .section. 

ly = moment of inertia of section about x-axis. 

The necessary effective area can be found by a trial and error application of 
Formula (3). 

64. Choice of Section.—^Members should be composed, in so far as possible, 
of sections symmetrically placed and should be of forms such as to obviate large 
eccentricity in the end connections. In order to .secure the maximum efficiency 
of the material employed, the form cho,sen should permit the direct connection at 
the joints of as large a proportion of the area as possible. Thus, in the case of 
single—or double—angle tension members, connected by one leg only, unequal¬ 
legged angles shduld be employed and the longer legs connected to the gusset 
plate. Even though both legs are connected to the gusset, it is preferable to use 
unequal-legged angles with the longer leg in contact with the gusset, for the 

^8i^,Tran9aotions Canadian Society of Civil Engineere, Vol. 2G« 1912, p. 249. 
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reason that the avoidance of dependence upon rivets where possible requires 
that the amount of stress delivered through attached details—such as a lug and its 
two sets of rivets—should l>e reduced to a minimum. There is, too, the further 
advantage that the use of a relatively narrow outstanding leg effects a saving in 
the material of the lugs. 

For members of structures subject to vibration, rigid or stiff forms should be 
used. Ofjen sections are in all cases i)refcrable to clo.sed ones. Limiting sections 
and thicknesses prescribed by the governing specifications must be observed. 

66. Net Section.—The net section of a tension member at any right section 
is the gross area of the member less all rivet holes, pin holes or cuts, or fractions 
thereof, that diminish the re.sistanco of the member at that section. It is deter¬ 
mined in accordance with the form of the member. As explained in Art. 68, when 
thestre.s.s is assumed as uniformly di-stributed. sometimes only a fraction of the net 
section is effective. In .such cases it is this effective {Kirtion that must be considered 
in designing. 

For rods, the net .section is the section at the root of the thread, unless the rod 
is upset, when it is the .section in the body of the rod. 

In the case of eye bars the net sectK>i\ is the net area of the bo<ly, since con¬ 
siderable excess area is always provided in the eye. For adjustable eye bars it 
is also the area in the body. 

For ri\ele.d or built tension members the net section depends on the type.s of 
body .and end details adopted, and tlii^ arrangement and size of the rivets. De¬ 
tails in^•olving the minimum pracfic.able number of ri\ot holes on, or within 
certiun critical dLstanees of, any right .section through the body of the members are 
desirabhf .since they give the ma.ximum net section. Otlnu’ arrangements should 
be avoided if ])o.s.siblc. Obviously the. larger the rivet, the greater the loss of 
section. It is almost universal jnaetiee in calculating net areas to consider the 
diameter of the rivet hole as ta in. gr<!ater than the diameter of the rivet before 
driving. 

The number of rived holes that must be ehsductcd from the gross area of a 
right section, to give the net section, (hipends upon the number of gage lines and 
the stagg(;r of the rivets. Obviously, the md area .adopted should be such that 
nowhere on any diagonal or zig-zag section should the maximum stress due to 
the combination of normal ainl shearing stres.ses exceed that on a right section. 
Tliis result will be attained if the number of rivet holes N deducted from the gross 
right section be taken as the maximum number given on any zig-zag section 
by the formula 

A' = 1 4 Xi -f ar: -t- a-|i -f . . . . (1) 

where x = a fractif)n of a rivet hole 

_ 2 (!7'> + - fi-v/s'' 4- s* 

h h{g-\-\/g^ 

g = the gage, i.e. the distance between any two holes measured at right 
angles to the axis of the rnemlxn. 

s = stagger of these lioles. 

h = diameter of rivet hole as considered for deduction purposes = 
diameter of rivet 4- H hi. 


19 
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This formula is to be applied to alternative sections, the succrasive terms 
representing the deductions for successive holes considered in a chain across the 
member. The particular group of rivets to be considered is that which will 
give the greatest total deduction, whether the rivets lie on adjacent gage lines 
or not. 

To obviate the large amount of work required in solving Formula (1), the 
diagrams of Fig. 55 have been prepared. These give the theoretically correct 
deductions for any assured ratio of stagger to gage. The curves have been drawn 
for and %-in. rivets, for staggers up to 9 in., and for gages up to 16 in. 

66 . Proportioning of Rod Members.—If a tension member consisting of one 
or more rods or bars of uniform section is threaded for end connections or for 
insertion of a turnbuckle or sleeve nut, its strength will depend on the net area 
at the root of the thread. If, however, the rod is upset before threading, the 
rods may be weaker through the body than at the root of the thread. Good prac¬ 
tice requires that this be the case and hence the standard upsets for both round 
and square rods tabulated in the steel handbooks provide for an area at the 
root of thread usually between 20 and 30 per cent greater than through the body 
of the bar. If, then, standard upsets are to be employed, the designer need 
concern himself only as to the area to be provided in the body of the member. 

It is not always economical to use upset ends. If the rods are short and of 
small area, the actual saving of material effected by upsetting may be more than 
offset by the labor cost of making the upsets. For example, tie rods for floors 
and sag rods for roofs are not upset. 

Loops at ends are so proportioned as not to constitute a source of weakness 
to the member. If standard loops arc to be provided, no attention need be given 
to the looped ends in design. 

For adjustable rod members, the stress may, in most cases, be assumed as 
uniformly distributetl. The different rods, if there are more than one, may be 
given equal tension by adju.stment, and care should be taken to see that in service 
they are equally stressed. Only regular inspection can ensure thLs. If the rod 
is not at right angles to the pin to which it connects, the load will be applied at 
one edge and allowance would then need to be made for flexural stress in addition 
to the tensile stress. 

Illustrative Problem.—A round rod tension member of soft steel with ends threaded 
but not upset, is to carry safely a load of 22,000 lb. If the pemiissible stress in tension is 
15,000 lb. per sq. in., determine the necessary size of rod. 

Required net area = 22,000/15,000 = 1.47 sq. in. 

From Carnegie or Cambria, it is found that one 1 %-m, round rod with area of 1.52 sq. 
in. at root of thread, or two 1 round rods with combined area of 1.78.sq. in. at root of 

thread would do. One rod would bo cheaper, if practicable for the situation. 

lUustrative Problem. - A tension member is to consist of one or two round or square 
soft steel rods upset and threaded at the ends. Determine the required size. Load and 
permissible stress as in last problem. 

Required net area = 1.47 sq. in. 

Area of one 1%-in. round rod uirset = 1.49 sq. in. in Isidy of bar and 1.74 sq. in. at 
root of thread. < 

Area of one lJ4-iu. square rod upset 1.56 sq. in. in body of bar, or 2.05 sq. in. at 
roofj^lof thread. 

The round rod is the more economical. 

1-in. round rods, or two %-in. square rods, would also be sufficient. 
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Pro. 55.—^Theoretically-correct deductions of rivet holes for tension members. 
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67. Proportioning of Eye Bar Members. —For pin connected structuifes, the 
eye bar, Fig. 64e affords a very convenient unit from which to build up a 
tension member; The heads aiv now so well standardized that the designer 
need- have no fear of the bar failing therein. Examination of the tables of 
proportions of heads in Carnegie or Cambria shows that the area through the 
eye is ordinarily from 36 to 40 jier cent in excess of that through the body of the 
bar. The A.R.E.A. specifications require the excess to be 371-2 per cent. 

Experience has shown that there should be a certain minimum thickness for 
each width of bar, for reasons of manufacture and since very thui bars tend to 
fail by buckling in the head. This varies from I 2 in. for bars, 2 in. wide, to 
in. for bars 10 in. wide. On the other hand, the thinner bars simplify packing 
at joints and reduce pin moments. It is commonly specified that the thickness 
of the bars shall not bo le.ss than }s the width. 

The size of head to be employed will, of course, depend on the nece.ssary size 
of pin. Ordinarily, it is about 2}i times the width of the bar. In selecting a 
bar, care should be taken to ensure that the head is not too large to fit into any 
built-up member, such as a top chord, t-o which it may bo retiuircd to connect, 
liars should be selecd-ed with the size of pin in mind. It is now' often required 
that the pin be not over % the, width of the w'idest bar attached. 

Ample basis for fixing safe w'orking stresses on eye bars exists in the many full- 
sized tests that have been made. Their ultimate strength is on the average less 
than for small sj)ecimcns of the same material, usually about 35 to 90 per ciait :is 
great, due to the less perfect working received by the thick metal of the bar and 
to the annealing of the heads after forging. However, since the eye bar member 
is .subjected to low secondary stress in the structure, and also .since the probalJe 
{Xircentage los.s by corrosion is small and the resilience is large, the irermissible 
working stress may be quite as great as for riveted members. 

In building up eye bar tension meinbeas, the constituent bars should bo 
packed symmetrically ab(jut the i)lane of the truss with tin; inclination of any bar 
thereto .as small a.s possible and in no case greater I han ' i« in. per foot. By keej)- 
ing the inclination or “cradling” down, the flexural st.resses are thereby minim¬ 
ized. Bars should be secured against lateral shifting and so arranged that 
adjacent bars in the same j)anel will not be in contact with each other lest 
there be corrosion between them. 

lUustratiTe Problem.— A tension member of a truss earrying a load of 28!i,000 lb. is to 
consist of two or four medium stool, non-adjustiiblc eye bars connecting ut each end to a 
pin estimated to be 4 ^'2 diameter. The thickness of the bars is not to l>e loss than ono- 
eighth the width, nor less than 1 in., and the width of the bars not over eight,-sovenths of 
the diameter of the pins. Permissible tensile stress, p = 1 6,000 lb. per sq. in. Heads of 
American Bridge Co. standard. 

Required area in body of bars =- 286,000/16,000 -■ 17.82 sq. in. 

Maximum permissible width of bars = (4.5)— 5.1, say 5 in. Minimum thickness 
for 5-in. bars *= 1 in. 

Two bars, 5 X in. with total area of 18.13 sq. in. would bo sufficient. If four 

bars be used, they must each be 5 X 1 in. because of the rule respecting minimum thick¬ 
ness. This would give a eonsidorablc excess of urea, although the use of t,ho thinner bars 
is desirable for other reasons. 

68 . Proportioning of Riveted Tension Members.—Design of the simplest form 
of riveted tension member, the narrow plate, or flat, is vitally related to the 
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arran^ment of rivets in the end connections. To develop the highest possible 
eflSciency the rivets should be arranged in a triangular group, as shown in Fig. 
54j, with the apex of the triangle formed by a single rivet, poiilting towards the 
center of the member. With such a connection it is necessary to reduce the gross 
section by only one hole in proportioning for the full calculated stress, since at 
the second line ol rivet holes the stress in the member is less than the full stress 
in the body by the amount of the stress taken out by the first rivet. 

Practical objections to the arrangement of connections as shown in Fig. 6i.g 
usually result in a less efficient arrangement. The proper deduction to be made, 
however, can easily be determined by following the methods of Art. 66. 

Although a flat as a tension )nembe.r is (Uilicient in lateral rigidity and may for 
that reason contribute to the vibration of a structure, the rigidity of the end 
connections as compared with those of the pin type is an advantageous feature. 



Lt) (b) 

Flo. 50.—EHect of eiul i-oiinoctions on nllicioncy of flat tension mcniliers. 

One inherenl defect of a. single flat a.s a tension member i.s that by rea,son of the 
end (tonneetions being made to a gusset in the form of a lap joint, as shown in Fig. 
SOa there i.s an eci^entricity of oii(‘-lialf the thickness of the plate, assuming, as 
a])i)ears justifiable in the light of expcirinient, that the load is applied at the plane 
of contact of tlio member with the gusset. Tf there b(! two flats side by side 
forming a single-momher, and possibh’ stitcli riveted together, with the end con- 
neidions in the form of a butt joint, J''ig. W>, tlic effeid of eccentricity is not 
wholly over(!ome, for each component part, of su(4i a tension member tends to 
bend in its own way, due to the eccentric ap])liciilioii of the part of the apjilied 
load that goes to it. The bending is somewhat restrained, however, by the body 
details. 

With the single angle, or more complicated forms of tension members built up 
of nngle.s or other .shapes and plute.s, it i.s de,sir;ible to have as large a fiortion as 
possible of the cross-section directly connected to the end gussets. By .so doing, 
the length of the enil connections and si/e of gusset plates is thereby reduced and 
often a more equable distribufion of .stre.ss over the cross-section is brought about, 
thus improving the efficiency of the member. If possible, single angles should 
have unecpial logs and, if onlj' one leg is connected, it should be the longer one. 

In most riveted tension members thiire is an unavoidable eccentric application 
of the load, by reason of the fact that the component parts lack ficrfect symmetry in 
themselves or are connected to the guK.s(!ts in the manner of a lap joint. Typical 
cases of this kind are shown in Fig. 57. 

The load is applied to a single angle tension member, Fig. 67a, along the 
line of connecting rivets, and slightly inside the gusset. If G is the center of 
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gravity of the angle, there is oonseqJfently an eccentricity K(x = e. Ilie true» 
maximum stress resulting from this eomhination of direct and bencHng stress 
can only be calculated by employing the theory of unsyinmctrical bending, as 
explained in Art. 22. 

The main component parts of the members shown in Fig. 576 and c will 
receive their loads eccentrically. Each one should, therefore, properly be designed 
for a combination of direct and bending stress, unsymmetrical bending being 
considered for the case of Fig. 576. The pre.sence of connecting stitch rivets, 
tie plates, or battens does not entirely prevent this bending, but, according to 
Professor C. Batho* each component part tends to bend in its own way. 






e:.\ 
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Iff) (b) " (c) 

Fio. 57.—Eccentric ai>i)Ucation of load i>u tension niembers. 


The relation of the maximum to the mean stress is dependent on the amount 
of initial eccentricity and the restraining effect of the end connections. By 
utilizing heavy, wide gusset plate.s, the deflection of the member due to eccentri¬ 
city is lessened, which in turn tends to equalization of stress over the cross-section. 
While the effect of the restraint in a direction normal to the jilatc is small, it is 
important in the plane of the plate. The average decrease of the ratio of maxi¬ 
mum to mean stress for single angles due to the stiffness of the end plate in its 
own plane, was found by Prof. Batho to be about 35 i>er cent at the highest load 
applied. It, therefore, appears most desirable, in order to improve the efficiency 
of members connected unsymmetrically, to fix the direction of the ends as far 
as possible. 

The effort to equalize the .stress in an angle member by connecting it by both 
legs is shown by the tests of Prof. Batho to bring comparatively little advantage. 
In the most favorable cases it decreased the ratio of maximum to mean stress at 
working loads by about 4 pcir cent. The earlier tests by Prof. F. P. McKibben* 
showed an improvement in efficiency of under 15 per cent in the most favorable 
case and in most eases under 10 percent. For single angles connected by one leg, 
the efficiency ranged from 75 to 83 per cent, while for single angles connected by 
both legs, it ranged from 86 to 96 per cent. The practice of permitting only the 
connected leg to be counted for angles connected by only one leg, while allowing 
both legs to be counted if lug angles are used, is thus seen to be unduly favorable 
to the use of lug angles. 

Experimental investigation shows that a considerable change may be made 
in the position of the line of pull of the gussets with respect to the gravity line of 
the angles connected, without greatly affecting the stress distribution over the 

* TraMOctiont Canadian Society of Civil Enoineers, vol. 2G, Part I» 1912. 

* BnffineeriTiff Ntw», July 5.1906, and Aug. 22,1907. 
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angles fir the cpicie&cy of the member. Ffom Prof. McKibbea's tests, it appears 
that changing the line of pull from the gage line of a single angle connected by 
only one leg to the projection of the gravity line, improved the efficiency only 
5.5 per cent in the most favorable series of tests. In another series it was improved 
by only 2 per cent. No great sacrifice in efficiency is thus brought about by 
placing the gage line of an .angle member on the skeleton line of a truss. 

Double angle members, such as shown in Pig. .575, have the merit of some¬ 
what hindering each other from bending perpendicularly to the gusset plate, with 
the result that the ratio of maximum to minimum stress over the cross-section is 
thereby reduced. In Prof. McKibben’s tests, no particular advantage appeared 
to attach to this form of member, but Prof. Batho found them to give better 
results than single angle members. 

In the pr.actioiil design of tension members composed of either single or double 
angles, it is desirable to proportion on the .assumption that the stress is uniformly 
distributed over the cross-section. Allowamo can be made for the loss of 
efficiency arising from eccentricity by reducing the net area by a percentage to 
give the true effective area. This percentage will vary with the amount of eccen¬ 
tricity and the ratio of the legs of the angle, and will depend on whether lug angles 
are used or not. 

Although the tests cited indicate that only from 75 to 83 per cent of the net 
area of ropresent.ativc angles connected by one leg is effective, the adopted effi¬ 
ciency in design should be higher than this. Built tension members with an 
average efficiency of 87 i)er cent are regarded as I(X) per cent effective, and 
consequently for consistency, single and double angles should be considered as 
having an efficiency about 15 per cent higher than that shown by actual test. 
To be on the safe side, however, it would seem desirable to limit this excess to 
10 per cent. The jicrcentage efficiency of .single and double angles connected by 
one leg only has been found to be cxjjressed fairly well by the formula 

p - 100 - 30 ■ (1) 

where p = percentage of net area effective. 

.t = length of outstanding log of angle in inches. 

g = gage in inches of angle if one gage line only is used, or two-thirds of 
the sum of the gages if two gage linos are u.sed. 
c = length of connected log in inches. 

Efficiencies of angles connected by both legs may with safety be taken as 5 per 
cent higher than those given for angles connected by only one leg. 

These effective i)ercentages are to be applied to the net sectional area as 
determined by the principles of Art. 65. The reduced net area then becomes 
the true effective area. 

UloBtrative Problem.---Let it be required to find the effective percentage of the net sec¬ 
tion of a X 2 angle connected by the Sti'-in. leg, with rivets on a 2-in. gage, 
p = 100 - 30 si7/c“ « 100 - (30)(2.5)(2)/(.3.5)^ = 87.8 per cent. 

Find the effective percentage of the net sectional area of a 6 X 4-in. angle, connected by 
the 6-in, leg, with two lines of rivets driven on gages of 21'4 and 2^^ in. 

p = 100 - (30)(4)(0.07)(2.25 + 2.25)/(6)» = 90 per cent. 



296 


STRUCTVBAL MEMBERS AND CONNECTIONS [Sec. 2-68 


Although no records of tests of single channels in tension axe available, it is 
probable that single channels connected by their webs only, would, because of 
the relatively liigh ratio of eccentricity to corresponding section modulus as 
compared with angles of the same area, show an efficiency somewhat less than 
that of single or double angles. The relative areas of the flanges and the web, 
or the weight of a channel for a given depth, should materially affect the efliciency. 
It is probable that for single channels tlie effective area is about equal to the net 
area of the web plus 70 per cent of the not area of the flanges. 

Due to eccentricities and imperfections of material and workmanship, built 
up tension members will not devehjp under test the .same strength in pounds per 
square inch of not area ns would be given by a small specitnen. Tests reported 
by J. E. Greiner^ on (I) members of Il-shape made up of four angles 
connected by latticing, battens, and solid web plates, and (2) on members 
composed of two built uji chaiuicls connected by latticing and battens, showed 
that the efficieney ranged from 80.4 to 0(1 i)er cent. Some of the lower figures 
were for specimens wit h a highly e(;c(!n1 ric pin-plate connection to the outstanding 
legs of the angles of th<5 member. The lowcwt were, strangely enough, for box¬ 
shaped members with both legs of the four main angles connected to the end pin 
plates. This lack of strength was probably due to the fact that the pin plates 
did not c.xtcnd to the near ends of (ho end batten ])laies. 

In fixing working stresses, the ellicicncy likelj’ to be at tained should be 
borne in mind. In view of the fact that for festrs 
on eye bars, the average efliciency is ovi'r 90 per 
cent, the working stresses on built up tension mem¬ 
bers may safely be as great as on eye burs. 

Bodf/ Details .—AYhen a tension member is built 
up of an assemblage of rolled soction-s, it is desirable 
to connect them together at certain intervals de¬ 
pending on the character of the mendier. 

If angles or channels are used without web 
jilates, the connection may be in the form of stitch 
rivets. Fig. 5Sa, or latticing, Fig. 586, or battens. 
Fig. 5Sc, or d. Stitch rivets arc used where the 
two connected jiarts are suflleiently close together 
to make it practicable to insert washers between 
them through which the rivets may be driven. 
Latticing, formerly much used for the larger teu- 
,sion members, is now chiefly employed for com¬ 
pression members, or for members subject to 
reversal of strc.ss. Battens are found to be cheajier 
and practically as satisfactory as latticing for 
tension members. If wob plates are used, the con¬ 
nection of angles or channels thereto is made by linos of rivets spaced as described 
below. 

Body details such as shown in Fig. 58 serve several purposes. They lessen 
the transverse vibration by so connecting (he parts that they will act practically 
as one unit with a width or de])th equal to the overall lateral dimension. This 

* Transactions Amcricun Soi icly of Civil Engineers, vol. 38, 1897. 


(cr) 

/i '^'\j ' / / ' . 
; Uf- . 

<b) 



M) 

Fig. 58.—Body details of steel 
tension members. 
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reduces general vibration in the structure and minimizes the likelihood of loosen¬ 
ing of the rivets in the end coimoclions. Web or batten plates near the end of the 
member, Fig. USd, serve to lesson the effect of the eccentric application of load 
by restraining the end of the member against bending. Solid webs or closely 
spaced battens or ktlicing help to equalize the streas over the cross-section by 
transferring stress from a h(!avily loaded to a lightly loaded part. 

Where stitch rivets are used, they ar() spacet) from 2 to 4 ft. apart in angle 
members and, where they connect shapes to web i)lates or various plates together, 
they are spaced in the line of alre.ss a distance not over 16 times the thickness of 
the thinne-st outside metal, nor over 6 in. 

Latticing, if used, is designed and arranged in (he same manner as for com¬ 
pression members. 

Battens are sjjaced center to center about 3 or 4 ft. apart. 

The thickness of battens for tension members may be determined by the rule 
applied to singles lattice bars—that is, imt, less t han Ji,, of the distance between tlie 
rivet lines. In no case should it be less Ilian the miniinuin prescribed by the 
sirecifioation for secondary material. For light members the length of the batten 
jdates parallel (,o the axis of the member need not be greater than is required to 
accommodate t wo ri\'e1s in each line. At the ends of members, in order to con¬ 
tribute to the restraints of the individual parts of the inemlier and lessen bendiirg 
due to eccentricity, the b.atteiis should be as long a.s the member is wide and be 
placed inside the end gusset jilates. 

Illustrative Problem.—In tin- fnllowiia; iirohlenis, let the penriis-sihle stros.s in tension 
he 10,000 Ib. tier so. in. of cffei'live loea, and (he rivet.s in. diu. wilii holes 1 in. dia. 

(a) Fintl tlio size of a double Ihil jilulf* It'ntjion rnombt'r io <*urry -ITjOfK) U>., if u lino of 
Ktit.f’h rivets runs its iixi.*' and if jtrovisioii bv mndv ft>r two rivvls opposite ea<ih 

other at tho inner cdyio of the end fonno('t.l«»ns. 

Kof-juirod not an-a - ■17,tM)U/H>,(K)0 = sq. in. 

Not MMdion Will Ik* at tlir (Mul coniivctiou, and if //’ " width f>f |>lat<»s an<l I the thickness 
of it -- i a- - ‘Ji'Jf. 

Jleiifn (//’ — 2)2 - 2.5M stp in., Tnuri whifh n.ssuming ir - in., / rntpurod -- O.dOS in. 

'J’wo G X plati.'s will Ik* usi*d. 

(h) A siriKh* ariKU' with oiu* lejx tnily <*uniu*i't(‘d is to varry a load of 2S,0t)0 Ih. I'iiid th© 
required size. 

KfTootive area r<*(iuired ~ 2S,(M)tt/lG,00t) -• l.7..« s<p in. 

Assume u X d X (•.(uuierlvd by the ^ 

Not soetion 2.d0 - (l)(0.dS) - l.i»2 stp in. 

idTeetive perfenta^o of net seetjoa from i'oriiiula (J) is 

7 > ■’ 100 - (UO) - S."<.4 per coat 

and offoctivo area of angle = U).S."i4)(1.02) - l.M sq. in. 

The angle is not large enough. A :i'; X d X 'le-in angle gives an elTeetive area of 
1.89 H<i. in., an<l heiieo would be satisfjuttory. 

(c) Find the re«iuired size <jf angle* for probl(*ni {!>) if both h'gs were eonnoeied and the 
stagger of the inner rivets were 2 in. 

Asauming a 3*^ X 3-in. angle with gages of 2 and l'‘i in., respectively, in the 3>2-and 
3-in. legs, the dislanees of tlie rivet line.s apart, or y, lussuniing a thieknessa of in., is 
3..31 in. The deduelion, from Fig. •W. is 1 •(- 0.7 = 1.7 holes, and the net area = 2.65 - 
(1.7) (1) (0.44) ■= 1.90 8<i. in. 

Asauming the cftieiency as 5 per cent greater than for an angle eonnected liy one leg, or 
say 90 per cent, the eifeetivo area (0.90) (1.90) = 1.71 aq. in. This is slightly below the 
requirement but would in most cases be aeceirtod. 
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(d) A truss member carrying 235,000 ib. is to be of H-^hape, consisting of two pairs of 
angles 12^ n. back to back with connecting battens, as shown in Fig. 59. Dctennine the 
siac, airauming the rivet arrangement as shown. Assume the full net area as cffoctivo, 
because of the restraining effect of the end battens. 

Required effective area of member « 235,000/16,000 « 14.7 sq. in. 

>^ume four 6 X 4 X ^>in. angles. Considering one angle developed as in Fig. 59a, 
it is found by consulting lig. 55 that the least net section is the deduction from each 
angle being 2 hol(«. 

Net section =* (4) (4.75) — (8)(1)(^0 * 15.0 sq. in. which is adequate. 

(e) A truss member carrying 370,000 Ib. is to be made up of two channels, 12 in. deep, 
with flanges turned out, reinforced by two 11-in. plates on the backs of the channels, as 

shown in Fig. 60. Battens connect the flanges 
of the channels, the end batten being outside 
the gussetvS. Determine the necessaiy section if 
only 70 per cent of the net area of the channel 
flanges is considered effective. 

Required offectivo area ** 370,000/16,000 =* 
23.2 sq. in. 




Assume two 12-in., 30-lb. channels and two 11 X ,^-in. plates with the riveting at 
the inner edge of the connection as shown. 

Critical section in S — S, cutting four web holes and four flange holes. 

Gross area of section = (2)C8.79) 4- (2)(11)C0.5) — 28.5S sq. in. 

Area of 4 holes through webs of channels and plates (section + 

0,50) « 4.04 sq. in. 

Gross area of flanges of channels =totulaToa — area of wcIjh = (2)(S.79) — (2)(12)(0.51) 
« 5.34 sq. in. 

Net area of flanges, the grip being 34 in., *= 5.34 — (4)(1)(0.5) — 3.34 sq. in. 

Reduction of flange area = (0.30) (3.34) 1.00 sq. in. 

Effective area of member « 28.58 -- (4.04 + 1.00) 23,54 sq. in. which is adeciuato. 

69. Tension Members Subject to Cross Bending.—It frequently httpi)ens 
that tension members are subjected to transverse as well as to axial loading. 
This produces a combination of direct and bending stress for wliich the member 
must be designed. The problem is essentially the same as for a tension member 
subjected to eccentric axial loading and consequently a moment of eccentricity. 

Common cases of cross bending in bending members are a tension member 
subjected to its own weight or to a directly applied load. The bottom chords of 
roof trusses in mill buildings are frequently loaded with trolleys, piping, wires, 
etc. Another case is a tension chord subjected to the thrust of a cross strut of a 
lateral system. 

If the effect «f the deflection in augmenting the moment is neglected, the 
maximum fiber stress is 


A +/s 


P Uc 
A'^ I 


( 1 ) 
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If the deflection bo considered, assuming the ends free to turn, the maximum 
stress becomes 

P Me 

2 n, ( 2 ) 

^ IQE 

where /i = uniformly distributed stress due to axial load P. 

/s = flexural stress on extreme fiber. 

P = axial load. 

A — area of member. 

M = bending moment. 

c = distance from neutral axis to most highly stressed fiber. 

I — length of member. 

1 = moment of inertia in direction of bending. 

E ~ modulus of elasticity. 


niustrative Problem.—The botttmi chord of 
I consiBts of two 4 X 4 X angles with 

vertical legs back to hack and separated by 
a space of in. Washers and stitch x'ive 1 «s are 
insertcd 2 ft.apart. TUeuxialload is 40,000 U>. 
If a wind strut carries a load of 3,000 11). into 
the chord nt right angles to it and II 2 it- f>f>in 
one end, as shown in Fig. 01, find the maximum 
resulting stress, negle<tting the effect of th <5 
deflection. Rivets, fi-in. dia. 

As the angles are fairly closely siitch riveted, 
it will 1)0 assumed that they ai^t as a single 
section against transverse loading. 

Net area of nionil)er = (2)(;i.40j — (2)10.875) 
(0.3125) = 4.25 sq. in. 

Uniformly dLstributed stress 


;i truss is 15 ft. long between panel points 



/i - 


4.25 


Fio. 01.- 


— y,4(K) lb. per sq. in. 


-Tension ineml^cr subjected to 
•bending. 


Wind reaction at end of chord nearest the strut connection (3,000)(13..'))/15 =» 2,700 
lb. 

Wind moment at strut connection - (2,700)(1.5)(12) = 48,000 in.-lb, 

Gn>sa moment of inertia of chord about a vertical axis, 

- 2 [3.7 + (2.40)(l.;n)n - lo.O 

Moment of inertia of 2 holes in outstanding legs assuming a 2 )s 2 -m. gage, approximately, 

(2) (0.875) (6.3125) (2,69)2 = 3 . 9 . 

Net moment of inertia = 15.6 — 3.9 = 11.7. 

Extreme fiber stress duo to wind moment 

= 17.400 lb. per in. 

Total extreme fiber streas, A + A = 9,400 + 17,400 = 20,800 lb. per aq. in., an excea- 
sivo atreaa even conaidering the usual increii.se ijcrmitted fur a combination of dead load, 
live load and wind stresses. 

CAST-IRON COLUMNS 


By H. S. Rouers 

70. Use of Cast-iron Colunms.—Cast-iron columns are suitable only for 
small buildings of non-fireproof construction. They offer somewhat greater 
resistance to fire than unprotected steel columns and occupy a minimum of space 
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in the building, but cast iron is by no means as reliable as steel and the bolted 
connections of cast-iron columns allow more or less lateral movement which is 
serious in high buildings. 

Columns of this material should not be used with fabricated steel in skeleton 
construction or under conditions which produce flexural stresses of an 3 '' magni¬ 
tude, other than those due to concentrically-loaded column action. The 
unreliability of cast-iron columns is due to the variation in cjuality of the 
material, defects likely to occur in casting, and the difliculty of thorough 
inspection. 

71. Properties of Cast-iron.—Cast-iron has a very high unit compressive 
strength—usually considered to be about 80,000 lb. per r(j. in. This material, 
however, is not strong in shear or tension, the average ultimate shearing stress 
being 18,000 lb. per sq. in., and the average ultimate tensile stress 1 ■'5,000 lb. 
per sq. in. The ultimate intcn,sity of stress which can be developed in a inece of 
cast-iron varies with its fineness of grain, and depends largely upon its thickness 
and the rate of cooling, as well as its comixjsition. The higli comprc.ssive .stresses 
make it a verj' desirable material to use in compression, but because of (he some¬ 
what treacherous nature of cast-iron, the high compressive stresses fouml are often 
misleading. Also, the low sluiaring and tensile values preclude its use under any 
condition other than that of direct (;ompre.ssion. It does not rust as quickly as 
steel and resists fire somewhat better, but may, however, l)e suhjeiU.ed to serious 
strains bec.ause of sudden cooling with water from a fire stream. It is very hai-d 
and brittle, and fractures suddeidy without warning. Ko riveted connections 
should be made to Cfist-iron. All connections of girders to columns, or column 
to column, must therefore be made by bolts which im).)air the rigidity of a struc¬ 
ture by the allowance for clearance. 

72. Manufacture of Cast-iron Columns.—(last-iron columns may be cast in 
sand molds either upon the side or on end. In .cither case a baked core moldt'd 
to the dimensions of the inside of the column must be made of sand, flour, and 
water, and supported within the sand mohl. There an; })racti<ail conditions 
surrounding every part of th(! work whidi will determine the (piality of the 
column produced. Many ])ronounced defects found in eolumns aie due to the 
method of pouring used in their manxifact.uie. 

If the column is cast on its side, the core will be buoyed up within the mohl 
becau.se of the great difference in density between it and (he molten metal. 
I’rovision must, therefore, be made to prevent the core from rising toward the 
top side of the mold, or from being sprung from line .so that the mid-portion of 
the top side of the casting will be thinner than the (hisired thickn(!.ss. This defect 
produced bj’’ “floating cores” is one which is frequent IjTound in cast-iron columns. 
The molten metal rising in the mold carries dirt and air above, in which will 
form “honeycomb” and “blow'holes” along the top side of the column, unless 
provision is made by vents for the escape of the air. This provision can be made 
by forcing a wire rod through the mold at intervals. When these difficulties 
have boon overcome, there are still others which may ari.sc due to unequal cooling 
produced by the manner or speed of pouring, the condition of part of the 
mold, or by the uneciual radiation in the molds. The last may be due to an 
unequal uncovering of the mold. Unequal cooling may produce stresses which 
will crack the column before any load is placed upon it. 
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The end method of casting avoids some of these difficulties if the molten 
metal is introduced at the bottom of the mold. The dirt, sand, and air that 
collect will thus be borne to the top of the mold so that they can be removed, 
but the pressure produced by the head of molten metal will often be greater than 
the mold can withstand, if the column is of any considerable length. The defects 
found in columns cast on end Will not, however, be so numerous as those found 
in columns cast on the side. Those defects can be eliminated to some extent by 
careful foundry work. If not eliminated, they should be caught at the time of 
ina[)ectioa. 

73. Inspection of Cast-iron Colimms.—Cast-iron columns may have defects 
either in the surf.Tce, or within the metal, or may have insufficient strength due to 
variation in the section of the metal due to displacement of the core. Defects 
in the surface <!an be found by a c,-ireful examination of the column. Defects 
within the metal can be discovered by a careful tapping of the column with a 
hammer, as the lioneycoml) or sand spots will sound dead. In hollow square or 
round columns, variation in thickness of the metal can be determined by drilling 
two or three ,'f-in. holes through the column. If this variation is more than 
I' 4 -in., tlie column should bo rejecti.-d. The H-section affords easy access to the 
surface for inspection and painting, and opiiortunity to measure the section. 
Columns witli brackets should be carefully inspected at these details, esjiecially 
if the column has been poured on its side through (he bracket. 

74. Tests of Cast-iron Columns.—Tlie Do]>ar(menl of Buildings of New York 
(!ity made a si'ries of tests upon east-iron eolumns some years ago at the works 
of the I’hoenix Bridge do. Nine eoluimis were tested to destruetion and a tenth 
to the capaeify of the ti-sting machine. Six of tin- ten eolumns had a diameter of 
bl in., a length of 15 ft. 10 in., and a thickness of shell of J in.; two had a diameter 
of 8 in., !i ratio of L/d e(]ual to 20, and a .shell thickness of 1 in.; two had a 
diameter of 0 in., a ratio of L/d eijiial to 20, and a shell thickness of 1 in. 

The Columns broke at loads varying from 22,700 lb. per .sq. in. to over 40,400 
11). ijer sq. in., the latter being the intensity of stress in one of the 15-in. columns 
which withstood (he total eapaeitv of the machine. Tlie other five 15-iii. 
columns all exhil>i(,ed foundry dirt, honeycomb, cinderr)oeket.s, or blowholes. 

76. Cast-iron Column Formulas.- -The following are some of the formulas 
for cast-iron columns u.sed by different authorities; 


New York Huildina baw.B/.t —- 9,(K)0 — 40//r 

Cambria Sleet llaiulltook (Round t;oIuiuus).. . . P/A 

^ SOOd) 

Cambria Steel Handbook (HectaiiBular (Xilumns)... VfA - — 

1 -I- ■ 

^ 1.067U-) 

Chicago Building Law. P/A =• 10,000 — iiOlIr 

Boston Building Law. PlA = ll,.'t00 — 30t/r 

Watertown Arsenal Tests. PlA » 34,000 — 88t/r 


In these formulas r is tin; radius of gyration, d is the outside diameter, and ib is 
the least lateral diraon.sion. The formulas are nil for flat ends, and all but one 
are for working loads. The Watertown Arsenal Tests formula, which is for ulti¬ 
mate loads, is quoted by J. B. Johnson, who says it fits very well the results 
obtained on certain tests made on full sized cast-iron columns. 
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In order to compare the above column formulas, the allowable unit load has 
been calculated for a column 15 ft. long, outside diameter 10 in., and inside 
diameter 8 in. These dimensions give a radius of gyration of 3.2 and a slenderness 
ratio of 56.2. The results are as follows: 


Formxtla p/a 

New York Building Law.6,760 

Cambria Steel Handbook. 9,620 

Chicago Building Law.6,630 

Boston Building Law.9,615 

Watertown Arsenal Tests. 7,260 


A factor of safety of 4 was used with the Watertown Arsenal Tests formula. 

The results indicate that the Cambria Steel Handbook and the Boston Build¬ 
ing Law formulas give results wldch are probably somewhat too high. Any one 
of the other three formulas would be a safer one to use in design. 

76. Design of Cast-iron Columns.'—The sections of cast-iron columns in 
general use are shown in h’ig. 62. The hollow cylindrical section gives the best 
distribution of metal in a column, but the connection details do not work as 
nicely as those for the hollow square section, which is almost as efficient in dis¬ 
tribution of material. The hollow square section, on 
the other hand, has disadvantages which are not found 
in the hollow cylindrical section. The corners of the 
square section are very liable to crack, due to the cool¬ 
ing of the column; but this can be obviated by an outside 
curved corner and an imside fillet. The H-section, though 
not affording a distribution of material as efficient as the hollow cylindrical 
or hollowisquare column, has the advantages of being open to inspection, of 
being cast without a core, and of being easily built into a brick wall. It meets 
the greatest favor as a wall coliunn. 

In all the formulas given in the preceding article it will be noted that the area, 
A, and the radius of gjTation, r, both appear in the formula. Therefore, for the 
ordinary column, in a design problem, the designer is confronted with two 
unknowns, neither of which can usually be expressed in terms of the other. For this 
reason it is necessary to design columns by trial and error methods. The pro¬ 
cedure involves choosing a size of column which is assumed to be satisfactory, 
and then calculating the load which it can carry. If the column is too small or 
too large, then the dimensions must be increased or decreased, respectively, and 
a second trial calculation must be made. 

The following speciheations should be observed in the design of the shafts of 
cast-iron columns: 

The minimum thickness of the shell should not be less than % in.; the maxi¬ 
mum thickness should not be greater than 1% to 2Vg in. 

The maximum diameter should not be greater than 16 in.; the minimum diam¬ 
eter should not be less than 5 or 6 in. 

The slenderness ratio, L/r, should not exceed 70; the unsupported length of 
the column should not exceed 20 times the least diameter. 

All corners should be filleted -with a radius of to % in. 

1 By B. Komusha. 



Fig. 62.—Cast-iron col¬ 
umn sections. 
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No inside offset nor any sudden change in the thickness of shaft should be 
made. 

nittStratire Problem. —A hollow, round cast-iron column is 16 ft. long, flat ended, end 
is to carry safely a load of 200,000 lb. The New York Building Law formula is to be used. 

One rough method of making a first guess as to the size required is to assume that the 
column is a short compression member with l/r equal to zero. According to the formula 
tliis would mean that the unit load could be 9,000 Ib. per sq. in. The area required on this 
basis is “ 22 sq. in. This is known to be too small, so that an area of 30 sq. in. 

will be chosen lor a first trial. Assuming an outside diameter of 10 in., ^(10* — di*) = 30. 

dj = 7.85 in., and an inside diameter of 8 in. will be used. For the diameters of 10 and 8, 
the radius of gyration is 3.2 in. and the area is 28.3 sq. in. From the formula the load 

P = 28.3[9,000-—^ -^] - 187,0001b. 

wMch is a little too small. If the thickness of tho column is increased to IH in., the inside 
diameter will be 7.75 iu., the raditis of gyration will be 3.1(5 in. and the area will bo 31.4 
sq. iu. Substituting in the formula, 

P = 31.4[9,000 - = 206,000 1b. 

wliich is satisfactory. 

'i'he handbooks published by the steel companies contain tables of safe loads for various 
sisod columns, so that tho work of computation may be considerably reduced by using these 
tables. 


77. Column Caps and Bases.—Hollow cylindrical and square cast-iron col¬ 
umns are generally fastened together by a .simple flanged base and cap as shown 
in Fig. 63a and 636. The fl.anges should not be tliinner than the shaft of the 
column and should be at least 3 in. 
wide; which width will be sufficient 
for hexagonal nuts on *i-in. bolts. 

Those flanges should be faced at 
right angles to the axis of the col- 
uum. The bolt holes in the flanges 
should be drilled to a templet so 
that the columns can be fitted 
together in proper alignment and 
the flanges should be spot-faced at 
bolt holes so that they will give a 
square firm bearing to bolts and 
nuts. If the ends of cast-iron col¬ 
umns must be left rough, sheets of 
lead or copper should be placed between flanges of columns bolted together, so 
that an even bearing will be obtained by the soft metal taking up the inequalities 
of the surface. In no case should shims be used to wedge up one side of a column. 

If it is, desired to give any architectural pretentions to the caps or bases of 
cast-iron columns, the design of such should be made so as not to weaken the 
shaft section of the column by change of dimensions or offsets that will throw 
transverse stresses into the column. Ornamental caps or bases of large size 
should be cast separate from the column. 

78. Bracket Connections.—^The usual forms for the connections of beams and 
girders of cast-iron columns are shown in Fig. 63c, d, and « and in the table 
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of “Manufacturers’ Standard Cast-iron Column Connections.’’ The beam rests 
upon the bracket shelf and is bolted to the lug on Ihe column through the web. 
The holes in the web of the beam for bolting to the lugs should be drilled in the 
field in order to match the cored holes of the lug. 

Connections should be designed with a bracket directly below the web of a 
single girder or below each web of a box girder so that no transverse bending 
strains will be thrown into the bracket shelf. The bracket shelf should be given 
a slope of Js in. to the foot away from the column so that the load cannot be 
ai)plied at the end of the shelf. A bracket will bear only about one-half as great 
a load applied eccentrically at the edge of the shelf as one distributed over the 
shelf. A bracket .shelf may fail in one of three ways, (1) by shearing through 
shelf and bracket next to the column, (2) liy transvcrsi; Ixmdmg, or (.'!) by tearing 
out a section of the column as .shown in Fig. iV.if. 


MAmrv.ACTUKRKs’ Stan'daro (bvsr-juox Colh.un Con.vkctio.ns 
Dimen-sions in Inches 
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Tests by the Building Department of New York City have shown that 
brackets will not fail by shear or transverse bending on columns of more than 6-in. 
diameter if designed according to standard practice. Of 22 brackets tested, 
those on 8- or 15-in. columns failed by tearing holes in the body of the column, and 
4 on C-in. columns failed by .shearing or tran,sver.se stress. 

The (le.sign of bracktd shelv'os by any rigorous analytical method is irnpo.ssible. 
Some of the factors which coiui)licate it .are the rate of cooling, variations in the 
thickne.ss of metid, and impcrfection.s. The design should, however, be checked 
agiiinst failure due to .shear or transverse bending. 


STEEL COLUMNS 
111' J. B. KoMMlCIl!^ 

79. Steel Column Formulas.— A diagram of the allowed unit stresses for 
structural-steel eoluuins iis given by the priiuapal column formulas which have 
rceeiveal .sanction among engineers is shown in Fig. 04, given by C. E. Fowler, 
Eng. X<irn-Rcc., Feb. hi, li>l!). 'I'he formulas graphically represented are as 
follows; 


Am. It. . . , .Vm. Itridgo C'o. . 19.000 — lOOL/r 

A.lt.l';.A. Am. lly. lOiifs. Abbii. .. .. 10,000 - 70L/r 

.'V.lt.!;...\.,19I9 ... ,\ni. Uj'. Eng. .Assn. i>rop<)sial. ... l.S.OOO — 0.2GCL/r)* 

K.l.C ... J-aig. Inst. C.'aiiadit. .. 12.000 — 0..3(L/r)® 

R, lS9:t.. . I'cwIit's Spec-., isn:i.12,.';00 - 41?iL/r 

r., 1919 (Cl. A.l. I mvlnr's Spec., 1919. . ... l.A.OOO - OOL/r 

F., 1919 (Cl. Jt.). .. . Foivicr'.s Spec., 1910. 20,000 - 80L/r 

McK-1-'..... . - Fowler, itmd. t»y McKildxai. 12,,A00 — .AOL/r 

N. y. (<d<l). N(!W A'ork Bldg. Code (Old). 15,200 — 58L/r 

B. Boston Bldg. Code. 16,000/1 4-LV20,000r» 

(1. Gordon Formula.12,.500/1 -|-LV36,OOOr» 

P. I'hiladelphia. . 10,250/1 +LV11.000r» 


The limitations of the formulas .a.s to maximum unit stresses and maximum 
values of L.'r arc .sliowii by the diagram. All of the formulas lie in a diagonal zone, 
the u))per limit of which is J8,t)(K) — 607-/r and the lower limit of wliieh is 12,000 
— 607-/r with the exception of I'kiwlcr’s 1919 (Cl.B.). The average of the zone 
would be 15,000 — (i07-/r which i.s the formula that has been adopted in a 1919 
edition of “(letieral Specilieal.ions for Steel Roofs and Buildings” by C. FI. 
Fowler. The .A.R.FhA. formula, 16,000 — 70L/r, Avit.h a ina.ximum stress of 
14,000 lb. per sq. in. and maximum limit of L/r at 120 has received A'ery wide 
sanction in building code.s, being found in the codes of New A’ork, Detroit, 
(Chicago, St. Bonis, and Seattle. 

80. Forms of Cross-section.'—For economy, the radius of gyration of the 
section should be as large as possible. This makes it desirable to place as much 
of the material as possible; a.s far from the axis of the column as is consistent with 
good de.sign. The hollow cyliudfa- is theorelicadly the most oeonoinical form of 
column cross-section, for in this form all of the material is at a maximum distance' 
from the axis. 


* By CiiYUB T. Morris. 
20 
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Steel pipe columns are frequently used for light loads where the loads are 
quiescent and there is no probability of a lateral component to the forces acting 
on the column. The caps and bases of these are usually cast-iron and the use of 
this form of column has the same limitations as that of cast-iron columns. 

Figure 65 shows the more common forms of cross-section for steel columns 
and struts. 

Struts of 2 angles (Fig. C5o) are commonly used for light lateral bracing. The 
section is unsymmetrical and for this reason is undesirable for main compression 
members. Columns composed of 2 
channels laced (Fig. 65jr, h, and k) 
or 2 pairs of angles laced (l''ig. 655) 
are not as rigid in the plane of the 
lacing as those in which the p.arts 
are connected by plates. Care 
should be used in proportioning the 
lacing in such columns. Types i 
and I are forms which are com¬ 
monly used for top chords .and end 
posts of bridges. The lattice on 
the lower side permits access for 
cleaning and painting. The Beth¬ 
lehem H-section (Fig. 65c and /) i.s 
a form much used in building work. 

Type c without cover plates is very 
economical on account of the small 
amount of fabrication necessary. 

Type / is much more expensive as 
it is necessary to drill the holes in 
the heavy flanges of the Il-section 
for riveting on the cover plates. 

These flanges are too thick to 
punch. Z-bar columns (Fig. 65g 
and r) are seldom used in modem 
structures. The Grey column (Fig. 65.?) and the 4-angle column (Fig. 651) are 
frequently used in combined steel and concrete columns. 

81. Design of Cross-section.—The method of designing steel columns is 
quite similar to that used for cast-iron columns. Here also the radius of gyration 
and the area both appear in the formulas, and it is usually not possible to express 
one in terms of the other. This means that a column size must be chosen and tried 
out to determine whether it is satisfactory. 

The nature and size of the work will determine whether a single structural 
shape may be used !is a column, or whether several parts must be riveted together 
to obtain sufficient area. The method used in design will be illustrated by work¬ 
ing a problem using an I-beam, and a second problem using a section built up of 
two channels and two plate.s. 

niUBtraUve Problem.—A steel column is 8 ft. long, flat ended, and is to carry safely a 
load of 100,000 lb. The American Eailway Engineering formula, P/A “= 16.000 — 70</r 
is to be used. 



Mr 

cofamn 
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If the column were a short compression member with slenderness ratio sero, it could 

... . 100.000 

carry a uxiit load of 16,000 lb. per sq. in. On this basis an area of ' ’I’q’ oqq “ 6,25 sq. in. 

would be required. This is known to bo too small. Therefore, a size will be chosen from 
the tables of standard I-bearas giving a larger area. A 9-in. 30-lb. I-beam has an area 
of 8.82 sq. in. and a least radius of gyration of 0.85. SulMtituting in the formula 

= 8.S2[lO,000 - = 71,400 lb. 

which moans that the I-lx^am is too sm:Ul. To carry 100,000 lb. the area of the above col¬ 
umn would have to be increased about 40 per cent, then^fore the next choice will l>e a 12-in. 
40-lb. I-ijeam with an area of 11.76 sq. in. and a least radius of gyration of 0.90. Substi¬ 
tuting In the formula 

P =- 11.70 [l6,000 - 100,000 lb. 

which is sfitis/actory. 

In designing column.s it is good practice to calculate the sleiulernoss ratio after choosing 
a size for a tentative design, in order to detorminc w’hether the column is .a long column or 
not. In the above problem, if the column had Iwcn 15 ft. long the .slenderness ratio for 
the first tentative do.sign wouhl have lieon 212. This means t)mt the column is a long col¬ 
umn and that therefore the straight line formula cannot be used. In such a case Rankinc’s 
or Euler's formula may be employed. 

Illustrative Problem.— A steel plate and channel column is to be tlesignod to carry a 
load of 300,(H)0 lb. The cohiinn has flat ends and is 20 ft. long. The Milwaukee Building 
Law formula 2*/A = 17,100 — 57f/r is to bo used. 

The sttiiulard plate and cliannol columns, taken from the steel handbooks, will Khj used, 
becuu.so the work of oompulation is greatly simplified when the area and least radius of 
gyration can be found in the handbook tables. For Ifr — 0, a unit load of 17,100 lb. per 

, . , . , 300,00 

sq. in. could Ikj earned, so that on this Imsis an area of — l/,6 wj. in. will bo 

required. Sin(?e thi.s is known to be small, the first choice will be a column of 39.93 
sip in. area, niailo up of two pla u.-.. %- X 9-in, and two 7-iii. chaunels, each weighing 14.75 
lb. per ft. For this r'olumu the least radius of gyration is 2.5)3 iri. Substituting in the 
formula, 

P = 19.931^17,100 - j ^ 233,009 lb. 

which moans that the column is too small. T<j can*y 300,000 lb. the above column area 
should Iw increased about 30 iK*r cent. 'I’herefore, the next clioice will bo a column made 
up of two plates X 10-in. and two 8-in. channels, each weighing 21.25 lb. per ft. The 
area in this case is 25 and the Iciist radius of gyration is 2.SO. Substituting in the formula 

2.51^17,100 - (:'7Kj’0)(12) j ^ 

which is satisfaettory. 


82. Eccentrically Loaded Columns.—When a column carrying direct loading 
is also subjected to bending moment due to the column load, or any part of it, 
being applied away from tlic axis of the eolumn, the resulting fiber stresse,s maybe 
determined by the formulas given in the cliai)ter on Bending and Direct Stress in 
Sec. 1. The fiber stress maj' also be determined from the equation in Sec. 1, 
Art. 80, p. 1 which may be written in the form 


/ = 


P , Me 
'A + Ki 


(1) 
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Values of K for pia-ended columns are given in Fig. 66. For columns with fixed 
(•nds use one-half the column length in detennining values of l/r for use in Fig. 



Values of 

T 

FlO. CO,- U.*’ fur iMMi'Titiii'iilIy luiuJed enUimns wit.li pin inids. For columns with fixed 
ends use ' ■,/ in determining • 

' - X 


66. In all caso.s the rsulius of gyration .should be taken about 
to the plane of bending. Note that this vidue of r may not 
give the greatest value of i/r which should be used in the col¬ 
umn formula. 

Illustrative Problem.—Figure 07 shows a building column to 
which floor beams are connected unsymmetrieally, causing an 
eccentric load on the column. Determine the filler stre.ss in the col¬ 
umn section. Solvo by means of etj. (1), and also by means of the 
formulas given in the chapter on Bending and Direct Stress in Sec. 1. 

If the beams are riveted to the column in addition to resting on 
shelf angles, it is safe to assume tliat the load is applied at the face of 
the column. The deflection of tlio shelf angles would prohalily bo 
sufficient to bring the center of pressure very near to the face of the 
eoiuron in any case. 

The total load, P •= 90,000 + 32,000 -t- 32,000 + 40,000 = 
194,000 Ib. 

The bending moment, M = (40,000) (5= 235,000 in.-lb. 

Solution by eg. (1); 


normal 



Fio. 
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I 192 . I * P 

For th«* tfu'on roDclitions - « .S8. From Fig. 66 witli - »=38ai]ia-r 

r o.lo T A 

]U,21U, wii find K ().9.'i5. Than from i-q. (1), 

194,000 (2.10,000)(S.875) 

“ “19 (0.935) (4“99.0) 

- 10,210 + 2,960 = 13,170 lb. per sq. in. 

Solution hy eq. (5), j>. 139; 

194,000 (23.5,000) (.5.875) 

■' " 19 499. 

= 10,210 + 2,760 = 12,970 lb. per sq. in. 

Solution by rq. (14), p. 143: 

Since the ends of the column are probably partially fixed, use C “■ 


Then 


235,000 

jl/ =, - (194,000) (16)i‘('l2T»“ ” 246,000 m.-lb. 

^ (10) (30,000,000) (499) 

194,000 (246,000) (5.875) 

/ 'la +.499 


194‘,000 

""19"' 


= 10,210 + 2,890 = 13,100 lb. per sq. in. 

Since the results given by these three solutions are practically identical, we conclude 
that the second solution is preferable because it is more simple than the others. 


83 . Column Details.—^No element of a column should be left in a condition 
which will make it possible for this element to fail locally. A column made up of 
several parts must be so designed that no element can fail as a column between 
the rivets attaching it to the adjacent column parts. It is evident from Fig. 04 
that if the slenderness ratio for any element is made le.s.s than about 40 to 50, this 
possibiUty of failure will be provided against. Si)ecificatious cover this matter by 
prescribing rules for the pitch of rivets for lacing, the pitch of rivets for attaching 
plates, the thickness of side idates and cover plates, and the maximum pitch of 
rivets which attach plates to other shapes. 

84. Shear in Column.—Because a column fails partly by direct stress and 
partly by bending, it is necessary to make provision for the shear which is produced 
in a column because of the bending. In a column made up of two channels 
latticed together it is necessary to design the details so that the column may act 
as a unit. These details must be designed so that the column will have the 
necessary stiffness as well as the necessary strength. 

It may be well to recall that when two wooden beams, each 4 X 4 in. in cross- 
section, are placed one on top of the other to form a beam, the strength is propor- 

( 2 ) ( 4 )* 

tional to the section modulus of two 4- X 4-in. beams, or - g -- = 21.3. If, 

however, instead of separate beams a solid besim 4 X 8 in. is used, then the 
(4)(8)“ 

strength is proportional to - = 42.7. In the second case the beam is twice 

as strong as the two separate beams because of the horizontal shearing stresses 
which it can resist. The same effect could have been produced by fastening the 
two 4- X 4-in. beams together in some other way so that they would act as a unit. 

In a latticed column the lacing bars must provide the material for taking care 
of the shearing stoisscis which are develoiied because of the bending which occurs. 
If the column is made up of two 15-in. 4()-lb. channels, it wiU have a strength equal 
only to twice the strength of a single channel unless they are properly fastened 
together. Two such single channels 12 ft. long could carry a load of 114,600 lb. 
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according to the Carnegie Steel Company handbook. If, however, the channels 
are laced together they will develop a strength of 377,000 lb. 

Shear in columns may occur in the case of a rather long column bent into a 
single loop (Fig. 68), in the Ci.se of a short column bent in double curvature due 
to the fact that the load is applied with opposite eccentricity at the two ends 
(Fig. 69), or in the case of a short column subjected to secondary 
bending moments. 

One method of estimating the shear in a column is that 
specified by the specifications of the American Railway 
Engineering Association. These require that the shear be 
calculated as eciual to that ijrodueed by a uniformly distributed 
load, assuming that the column is loaded as a beam, and that 
the bending stress produced is equal to that assumed in the 
column foiTOula. The American Railway formula is P/A = 

16,000 - 70 l/r. Using the form P/A + 70 l/r = 16,000, it is 
evident that the direct stress, P/A, plus the bending stress, 

702/r, i.s limited to 16,000 lb. per sq. in. The bending moment produced by a 

Wl 

uniformly distributed load, 11', is ^ • Therefore, 

Wl ^ 70 l/r I 
8 



Fio. 68. Fki. 60. 


From which 


If - 


."iOO I 
rc 


.">60 Ar 

c 


For such a beam the maximum shear at tlie ends is V 


280 Ar 
c 


IF 
2 ■ 


Hence 


( 2 ) 


In which 



= area of cros.s-se(dion, in square inches. 

= radius of gyration of cj-oss-section, in inches. 

=: distance froTii bending axis to extreme fiber, in inches. 

Since this formula was developed from a safe load formula, it may 
bo used for working conditions. 

86. Design of Latticing.—When the shear which must be pro¬ 
vided for in a column is known the lattice bars may be so dc.signed 
as to take care of this shear. 

In a column with single lacing on each side. Fig. 70, the total 
stress in each lattice bar Ls 

V a 


F = 


(3) 


in wluch 

o = length of the lattice bar. 

6 = width between rows of rivets. 

This follows from the fact that if F is the total stress in the lattice bar it will 
have a horizontal component of F^> and the eijuilibrium equation is 

2F^‘ = V 
a 
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An alternative method makes use of the formula developed for the horizontal 
shearing unit stress in a beam, which was 


in which 

V — shearing unit stress, horizontal or vertical. 

V' = total shear at the section. 

Q = statical moment of one-half the area of the cross-section with respect 
to the neutral axis. 

I = moment of inertia of the cross-section. 
t = thickness of beam at neutral axis. 


If the unit shear is uniform, then the total shear for 1 in. along the beam, eith<!r 
horizontally or vertically, would be (r) (1) (<). From thi.s it is evident that the 

shc.ar f)cr lineal inch is ^^ ■ If the lacing is the same on both sides, then the total 
shear carried by a section covered by one lacing bar is • If the force hi the 


bar is F, then again, for single lacing 



(I 


VQh 

21 


ind 



Fiu. 71. 



Pia. 72. 


F - 


VQn 

21 


If the lacing is double, us in Fig. 71, then 


/,’ = 


r« 

■\h 


or 

F(^t 
~ 4/ 


(4) 

(h) 

( 0 ) 


If a column has thri'C' webs, as in Fig. 72, then again the shear pei- lineal inch 
is ^> and, if the lacing is the .same on both sides, then the total shear carried by 

a section covered by one lacing bar is ■ Here Q = statical moment of the 

outer rib section with respect to the column center. 

If the force in the bar is F, then for horizontal eiiuilibrium. 


and 


Fh VQh 
a ' 21 


F 


VQa 

21 


(7) 


Illustrative Problem.—A column 1.5 It. loan is composed of two 1.5-in. dO-lb. channels 
p!a<H3d as shown in Fig. 78. Doterminn iho size of the lat’ing bars nMiuircU. 

lOqualion (2) may W used to estiinalo the shear carried by ihu lacing bars. For the 
given column A = 26.48 sti. in., r = 5.48 in., and c = 8. llcno« 

(2SO)(26..18>(5.48) 


8 


= 5,100 lb. 
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F 


2,640 »>. 


» 0.1S4 sq. 


Since the column has single lacing^ eq. (4) is to be used. For the given column b = in., 
and a » 17 in. The stress in a lacing bar at the end of the column is then 

(5,100) (1^ 

(2)(14.75) 

This stress may be cither tension or compression. 

For the given channels the usual spccihcatiuns require a %-in. rivet. The minimum 
siao of lacing bar is generally taken as 2]'^ X H Assum¬ 
ing a ^forking stress in tension of 16,000 lb. per sq. in., the 
net area required for the lacing bar is 
2,040 
10,000 

The net area provided, allowing for a 1-in. rivet hole, is 

(2H - ViH) = 0.502 sq. in. 

Since the ends of the bars are rigidly fastent'd, the length 
used in the column formula may be taken as half the length 

of the bur. The allowable working stress forthe2)'2 X^g-in. 

bar is then 

(70KS.5) 

0.10S2 

and the area ref|uin!d is 
2,0-40 
10,.^.00 

I'he area furnished is = 0 0*17 sq. in. Hence the .assumed bar is bargor than 

nnpiin'd, but since it is the minimum .allowed by good pr.actico it will be adopted. 


10,000 - 70 ^ = 16,000 
j r ’ 


= 10,500 lb. per sq. in. 


0.2S s<i. in. 



86. Design of Tie-plates and Forked Ends.^—At the ends of <!oinprcssion 
iiienihcrs tlie lacdng is geiicriilly r('l)l!i(;<‘d liy tie-plates, !i.s shown in Fig. 74. These 
plates act as lacing and in addition tln^y hold the segnionts of the member rigidly 
in lin(!, and assist in transmitting the stress uniformly over the cross-section of 
the cohiinn. 

The end connections for comiircssion mernhers, whether riveted or pin con¬ 
nected, are generally so constructed 
that moments are sot up due to 
eccentricity of aijplication of the 
applied load. Thus in l-'ig. 74a, 
th(! usual typ(! of connection Ls so 
arrang('d that the stress at the end 
of the nicml>er is transmitted to the 
web of the channel at lines h-t). In 
the body of tin; member the load 
may !«' consi<lc,red as applied at 
the center of gravity of the seg¬ 
ments, as shown by the lines a-a.. 
The moment due to eccentricity 
is tiien the load on that segment 
times the distance between lines a-a 
and b-h. This moment must be re¬ 
sisted by the tie-phite and the rivets conncicting the tic-plate to the segments 
of the member. 

Tie-plates should be placed as near the end of the member as possible. The . 
loads should be transferred from the member to the joint or bearing plates as out¬ 
lined in the chapter on Column Bases which follows. In pin-connected structures 
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it often happens that the tie-plates cannot be placed at the ends of the members 
due to interference with other members at the joint. This makes necessary the 
use of a forked end, as shown in Fig. 746. These forks must be designed to carry 
the shear to the tie-plate and lacing. The total moment carried by both forlcs 
is yc, where V = shear determined as in Art. 84. The distribution of the shear 
V between the two forks is indeterminate. It will probably be best to design 
each fork for a moment equal to M Fc. If the forks are overstressed, they may 
be strengthened by side plates placed on tire webs of the channels and extending 
beyond the edge of the tic-plate. 

COLUMN BASES 
By C. R. Yoong 

87. Types and Uses.—To transmit the load of a column to the masonry with¬ 
out exceeding the safe bearing pressure on the latter, the lower end of the column 
must be enlarged by constructing a ba.se for it. This may be either an independent 
construction or an enlargement of the column itself. 



(c) 

Fig. 7.5.—Cast bases for columns. 


If the former, it may be a separate steel plate or slab; it may be an iron or steel 
casting, as shown in Fig. 75a, b or c; or it may be a built up steel bolster or 
grillage, such as shown under the casting in Fig. 15. The solid tapered cast plate, 
shown in Fig. 75a, can bo u.sed for only light loads, and, if its thickness would 
exceed about 4 in., it should be replaced by a ribbed pedestal. This may be 
either rectangular or circular, usually the former. The advantage of the separate 
base is that is can be placed and levelled much more easily than can a column 
with a base riveted to it. Steel grillages are preferred by some engineers as 
being more reliable than cast-iron bases, and cheaper than east steel ones. They 
lend themselves well to situations where long narrow bases must be provided 
and where the bending moment on them is very large. 

Steel columns resting on separate plates, slabs, or cast bases require at most 
only side connection angles to the base merely to hold them in position. For 





Sec. a-881 DJESION OF STEEL AND CAST-rUON MEMBERS 


315 


light columns not subjected to lateral forces or uplift, no connection between the 
column and the separate base is required. 

If the base is riveted to the bottom of the column, forming an enlargement of 
it, the spread must be large, and projecting side angles must be used, supple¬ 
mented perhaps by side plates and by stiffener angles. The type sl^own 
in Fig. 76o is the simplest of these, consisting of a base plate and two pairs of 
side angles. Type 6 shows the addition of distributing gussets or side plates; 
type e shows the further addition of stiffener angles to assist in the distribution 
of load; while the type illustrated in Fig. 78 shows a base with stiffener angles 
arranged to transfer the pull of anchor bolts to the column shaft. This latter 
type is used only where an uplift on the column is likely to occur. 







V i 
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Vus. 70.—Built-up bases for columns. 


88. Design of Plain Bases.—To find the size of any base, the load to be 
transferred by it must be divided by the allowable pressure on the masonry as 
fixed by the specification. If the base consists of a plain steel plate or slab of 
rectangular shape, the thickness may be determined by figuring the maximum 
moment on the plate, or slab, and applying the common flexure formula to the 
dangerous section. If it is assumed that the moment is a maximum at the 
center of the base—^an assumption on the side of severity—the moment in 
the direction of the length is 


1 

II 

(1) 

and in the direction of the width 


M = HW(B - b) 

(2) 

where W = total upward reaction on base. 


L = length of slab in inches. 


B - breadth of slab in inches. 



I ■= outside dimension of column parallel to L. 
b “ outside dimension of column parallel to 6. 
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If the moment be taken at the edge of the columti shaft, corresponding for¬ 
mulas may bo readily written. The whole width of the plate or slab is assumed 
to be effective in calculating the resistance. 

Knowing the bending moment on the base, the thickness may then be 
found. 

89. Design of Ribbed Cast Bases.—Having found the required size of the 
base in plan, and having fixed the dimensions of the top plate so as to provide the 
neoessiiry area to receive the column and to accommodate the connecting bolts, 
the height of tlie base, the number and arrangement of ribs, and the thicknesses 
of all parts must be determined. 

It has been found that the height of cast bases is best made l>otw(!cn one- 
third and onc-lialf the .side of the bottom plate. This enables the upjjcr edges of 
the ribs to Ix^ sloped down at .apinoximately an angle of 45 deg. If the .sloj)e is 
appreciably flatter than tins to the horizontal, the flexural .streK.ses in the part 
of the base projecting pa.st the upjrer plate become high and lessen the efliciency 
of the base. ]'’or the same reason it is found that as the reacting pre.ssurc in 
pounds jier square inch increases, the economical ratio of height to side of 
the base also increaBcs. 

The arrangement of the ribs underneath the column shaft should correspond 
as closely as pos.sible to the shape of the column, so that the jiressure may be taken 
directly down to the bottom jilate without putting muidi flexure in the top plate. 
The plan views of the bases shown in h’ig. 755 and c show how tw’o bases were 
arranged to suit an H-column. Frequently, a circular hub is provided at the 
center of the casting, as in Mg. 75c, with ribs radiating to the edges. A jjar- 
tion rib across the space within this hub is provided, if the (xflunui has one central 
web, .so as to receive the load from the web. The number of ribs to be provid(?d 
will deiwud on the size of base and the load to be carried. There may be us many 
us 10 radiating from th(! center to tin! edges. The sectional area of the ribs 
should be such that tlui portions under the load will take the verti(!ul load safely 
as short (tolumns or prisms. It is best to limit their ratio (.f clear height to thick¬ 
ness.to about 15 and ))ro|mrtion for a compressive stress of not over !S,000 lb. per 
sq. in. if they are of cast-iron. The heaviest ribs are, of course, under the load. 
Those radiating to the edges are the thinnest. In no ease .should ribs bo thinner 
than 1 in. 

The bottom plate is proportioned as a beam (jontinuous und<w the various 
ribs. Between ribs, it should be calculated as a restrainc^d beam at the allowable 
tensile flexural stress for cast iron, or about .'?,(K)0 lb. i)er sep in., il’ the base be of 
this material. The projectuig portions .should be calculated as cantilevers and 
similarly proportioned. To strcaigthen the edges of the bottom plate, a flange is 
frequently provided around the outer edge, as shown in Fig. 75c. This is 
commonly from 'A to 5 in. deep overall. The bottom plate itself may be from 1 
to 3 in. thick. 

To test the sufficiency of both the ribs and the bottom plate, the moment on 
the projection past the edge of the top plate on one of the four sides should be 
calculated, .and the moment of resistance of the section cut by a vortical plane 
passing through this edge should be computed and compared with the bending 
moment. The moment of resistance is found in the same manner as that of a 
cast-iron lintel. Art. 30, p. 231. 



Sec. 2-.90] DESIGN OF STEEL AND CAST-TRON MEMBERS 


317 


To ensure that the pressure is uniformly applied to the top of the base, it 
should be planed. If it rest on a steel grillage, both the latter and the bottom 
of the base should be planed. 

Holes should be left through the bottom plate to enable grout to be poured in 
under the base plate after it is brought to the required height and levelled. 

90. Design of Built-up Bases.-—The size of the base plate for a built-up base 
IS found by dividing the total load by the permissible bearing on the masonry. 
Its thickness .shoidd be .sufficient to withstand the upward uniform pressure 
without exceeding the allowable flexural stress on steel, or without undue deflec¬ 
tion. The portions that project farthest past the column shaft, or span the 
greatest distances between column flanges or side plates, should bo investigated 
as cantilever or continuous bc,am.s, as the case m.ay be. The thickness of base 
may vary from i*,4 in. for light angle columns to Vi in. for very heavy columns. 
It is fre()uently somewhat less in practice than a strict calculation of bending 
strcs.ses would w.'irrant. 

To attach the base plate to the column shaft, one or two pairs of angles may 
be used, two i)airs being used for the Larger columns. The.se transfer pressure to 
the base i>lnt(! up to flic limit of capaca'ty of the rivets that .attach them to the 
column shaft. The strength of the outstanding leg in flexure may need to be 
inves1ig;itcd to diseov('r if Iht? angle can transfer outward at right angles to its 
length, the load (hat its connecting rivets would warrant. The thickness of 
angles commonly used varies from ■'‘s to in. The length of vertical leg is 
commonly fl in., but the liorizontal leg is usually S’-j or 4 in. 

Side platc,s are from ?ic to in. thick and .should be attached by sufficient 
rivets 1,0 the column shaft to ensure that the load which th(!y are supjrosed to 
transmit to (he ba.se |)lat.e may be developed safely. It should be reraombered 
that the rivets through both (ho ba.se angle.s and the side plates have to do double 
duty. 'J'hc uiqier edges of the side platcw and end.s of the base angles riveted 
over them arc usually cut to one slope, as shown in Fig. 76ft and c. This is 
not lasually h'ss tlmii 4.a deg. with the horizontal. 

Stiffeners, where us(al, .are ;!s or hi in. thick with outstanding logs wide enough 
to cover the outst.'inding legs of the l)ase angles on which they Ixtar. Their 
attachment must be suflicient to dcvlopc; the load they are supposed to transmit. 

The proportion of the tot;d column load to bl^ taken by the side plates, b-ase 
angles, and stiffeners, will depend on how much is assumed as transmitted to tKe 
b.ase plate din'ctly by (he fa.(^od end of the column shitlt. Thi.s is commonly 
taken at only 40 or 50 jicr cent of the total load, so that the side details must 
acc(<unt for the other 50 or 00 [Xir wait. 

Illustrative Problem.—a riveltid Htool i>lalo and angle haae for a lO-in. 
Hethiehom H-whmin of the type shown in Fig. 77. The v'ortififil centric load is 170,000 
ib. Consider 40 per cent of the total axial load as carried directly to the base plate by 
the fared end of the column shaft. Rivets, in. Anchor bolt holes in. larger than 
the bolts. Permissible stresses: 

Bonding = 10,000 lb. per sq. in. 

Bearing on end of column 10,000 lb. iM?r sii. in. 

Hheariug on shop rivets = 12,000 lb. per sip in. 

Bearing on shop rivets «= 24,000 Ib. i>er sip in. 

Bearing on concrete « 500 lb. per sq. in. 

Baseplate, —Required area of plate, A = 170,000/500 =» 340 sq. in. 
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To facilitate detail*, adopt a plate 18 X 19 in., eiving an area of 342 eq. in. The IS-in. 
diznension is made parailoi to the web to accommodate two base angles with 3^4n. hori- 
aontal legs and two side plates. 

Calculations of the thickness required, assuming the base plate as an overhanging or 
continuous beam, gives results in excess of the thickness found satisfactory by experience. 
For a base of this character, the base plate is usually about % in. This thickness will be 
adopted. 

Side Plates find Base Angles .—Since only 40 per cent of the total axial load is assumed 
to be transferred to the base plate by the faced end bearing of the column shaft, the remain¬ 
ing 60 per cent, or (170,000) (0.60) « 102,000 lb., must be delivered to the base plates by the 
side plates and base angles. To make this possible, enough rivets must be placed through 
the column shaft to develop 102,000 lb. Aasuino 16 rivets through the flanges, for which 
the least value (single shear) in (0.44) (12,000) » 5,280 lb., and 4 rivets through the web, 
for which the low9t value (bearing on 0.36-in. web) is (0.36) (0.75) (24,000) =“ 6,480 lb. 
The total safe resistance of those two groups of rivets, therefore, * (16) (5,280) + (4) (6,480) 
■» 110,600 lb., which is adequate for the load. 


/■Base p/afe 

p/erfes /2'>i'*/-7' 


Fig. 77.—Design of a built-up base with side plates. 

The side plat^, which for a column of the section c'onslderod should [>e about ^ in. 
thick, will extend across the full width of the plate to help transfer load out to its edges, 
and will be 12 in. deep so as to accommodate two rows of rivets outside the base angles, 
Which are riveted to it. 

The base angles riveted to the column flanges are run full width of the base and two 
rivets are driven through each angle into the side plate. There are, therefore, 6 rivets in 
single shear through each angle, so that the angles will deliver to the base plate (12) (5,280) 
«» 63,400 lb., or 37 per cent of the total column load, leaving 23 per cent to be delivered 
by the side plates and the base angles on the web. 

Four rivets through the base angles in the column web will develop (4) (6,480) = 25,900 
lb., or 15 per cent of the total column load. This leaves only 8 per cent of the total column 
load to be delivered to the base plate by the two side plates. 

All vertical rivets through base angles must bo countersunk on the under side. Only 
su^cient rivets are employed to hold the angles and plate tightly together. 

Anchor bolt holes are provided in. larger than the anchors, which will be 1 in. diam. 

91. Anchorage.—If there be no appreciable lateral force or uplift exerted on 
oolumnn, the bases do not really need to be anchored down to the masonry. The 
frictional resistance of the base on the top of the pier, once the column has received 
as full dead load, is sufficient to prevent it being displaced by blows or shock. 
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In case there is considerable lateral force exerted on the base, anchor bolts 
will need to be provided. To resist sliding, their shear value should be equal 
to the difference between the lateral force and the frictional resistance of the base.* 
As a safeguard against overturning of the column, the anchor bolts sliould be 
embedded far enough in the masonry, or sufficiently anchored thereto, to develop 
the maximum tension likely to come on them. The mass of masonry engaged 
should weigh at least 1 H times the tension on the bolt. 

In order to develop high resistance to overturning, the bolts should be placed 
as far apart as possible in the direction of the moment. 


lUustrative Problem.- -A column consisting of a 24 X %-in. web, two 5 X X 
iu. angles and two 5 X 33^2 X ^^-in. angles with the 5>iiii. legs outstanding, as shown in 



Flo. 7S.—Design of an ancljorage for column. 


Fig. 78, is subjected to an over turning wind moment of 05,000 ft.-lb. The minimum axial 
load is 20,000 Ib. applied 1 in. off eenter on the side towards the wind. Assuming the baso 
plate, side angles, and side plates shown as already fixed, design the anchor bolts and an 
attachment for them to develop’the required tension. 

Net overturning moment about leeward edge of baso plate, M ** (05,000) (12) — 
(20,000) (18) = 420,000 in.-lb. 

If the bolts pass through the outstanding legs of t.he base angles on the column fiange. 
their distance from the far edge of the plate would be 31 % in. 

Tension in windward bolt = 420,000/31.63 » 13,300 lb. 

Kequirod area of one bolt at root of thread = 13,300/16,000 =« 0.83 sq. in. 

One l3'^-in. diam. bolt with a net area of 0.89 sq. in. at root of thread will bo adopted. 

Shelf angles, 6 X 4 X 3'2 ui., riveted to the sides of the column, as shown, will take the 
anchor bolt tension into the column shaft. Two stiffeners, X 3^ X will bo 
employed under each shelf angle. The rivets through the shelf angles and the stiffeners 
are ample at any ordinary working stresses to carry the stress into the column. 

The embedment of the anchors in the masonry must be such as to develop the tension 
in them. Each should engage a mass of masonry weighing at least times the amount 
of the uplift in it. The pressure on the masonry under the leeward side of the base plate 
should also be investigated to ensure that the safe bearing pressure on it at the leewar^ 
edge of the base plate is not exceeded. 
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SPLICES AND CONNECTIONS FOR STEEL SiEMBERS 

Bt C. a. WiMiSON 

1. Kinds of Connections.—Three different kinds of connectiori.s arc used in 
steel construction, as follows: (1) lUveted connections; (2) bolted connections; 
and (3) pin connections. Uivets are used for fastening together the eh^meiits of 
a built-up structural nienuber and for connecting the members themselves in the 
finished structure. Bolts are used for holding the parts together while riv'ets are 
being driven and in certain cases arc used for permanent connections in place 
of rivets. AVhere several members must be connected in such a way that they will 
be free to turn with respect to each other at a joint, a ])in connection must be 
used. Since the stresses involved in riveted connections and bolted connections 
are alike, and since the design of pin connections involves several distinctly 
different features, the first two will bo discussed together while the sxibject of pin 
connections will be treated separately (see Art. 18). 

2. Kinds of Rivets and Conventional Signs for Riveting.—When classificai 
with regard to the method of driving, there are two kinds of rivets, namely: 
(1) Those driven at the fabricating shop, called nhop rivets, and (2) those driven 
at the place of erection called field rivets. At the fabricating shop ino.st of the 
work ia done by means of heavy hydraulic or pneumatic riveters and facilities 
arc provided for properly supporting the members while the rivets arc being 
driven. At the place of erection the riveting must be done by a much lighter 
portable device, called a pneumafic riveting hammer or air gun, or it mu.st be 
done by hammering the rivet set with a slodgehamnier. Kxc(!i)t on very small 
jobs, this latter method is not used. While the blows delivered i;y the pneumatic 
hammer are rehitively light, yet they are delivered rapidly and very satisfactory 
work can be produced by this method. 

Shop rivets arc used whenever practicable since higher working stresses may 
be allowed for them than for field rivets. They are used entirely for connecting 
the various p,arts of built-up members and .also for connecting members so as to 
make larger parts w'hich may be handled and transported conveniently as units. 
Necessarily, field rivets must be used to join parts of the structure which are 
transported to the place of erection separately. 

Rivets nmy bo classified as follows, depending on the way they are made: 
(1) Full button heads; (2) countersunk .and chipped; (3) countersunk and not 
chipped; and (4) flattened. Rivets having full button heads are used almost 
entirely in structural work. In special cases where sufficient clearance cannot be 
obtained by the, use of< button head rivets, it may be necessary to flatten the 
heads. Where a smooth surface is desired the rivets must be countersunk and 
clipped. 
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Of course, rivets with countersunk and flattened heads are not as strong as 
those with full button heads. The practice of R. Fleming of the American 
Bridge Company is as follows.* 

Sboar and bearing values of countersunk rivets are assumed at three-fourths the values 
of rivets with full heads when the metal is not thinner than ono-half the diameter of the 
rivet. As a rule, countersunk rivets are not used in thinner metal, but when unavoidable, 
they are rated at three-eighths the values of full-headed rivets. Flattened heads are 
assumed equal to full heads when their height is not loss than % in., or ^ the diam¬ 
eter of the rivet for ^-in. rivets and less. Rivets flattened to less than these heights are 
regarded as countersunk rivets. 

In order that the designer in the office might be able to indicate to tlie man in 
the shop or out on the job just what kind of rivets arc desired at different points, 
it has been found necessary to adopt a system of indications or signs which would 
convey this information. The system of conventional rivet signs shown in Fig. 
1, known as the Osborne System, is the one which is used almost entirely in this 
country. Holts are usually indicated by notes. 



Fn:. 1.-“OoTivcutioruil rivet signs. 


3. Sizes of Rivets.—^Thc diaincter of rivet to be used in any particular case k 
dependent upon tlie kind of rivet ki be us(k1, tlie stresses involved, and the width 
and thickness of each of the parts to be coniiocted. It will take more field rivets 
than shop rivets for a given strength, other things being equal. With a given 
number of rivets in a connection, the difirneter must increase if the stresses 
increase. A rivet of large diameter cannot be used in a meunber or portion of a 
member of relatively small width, because of the reduction of the area of the 
cross-section at the rivet. The maxiimun sizes of rivets which can be used in 
angles and in the flanges of beams and channels are given in Tables 1, 2, and 3. 

The sizes of rivets used most in structural steel work are % in., in., and % 
in. Rivets f -j in. in diameter are sometimes used in very light work, while in 
very heavy work rivets 1 in. in diameter are emjfioyed, and occasionally larger 
sizes are necessary. In the Hell Gate arch bridge there are about 840,000 shop 
rivets and 334,000 field rivets, of which 400,000 are 1J4 in. in diameter.’* 

' Enoinecriny Neu'a-Itecitrd, Fob. 24, 1921, p. 330. 

^ Enginetring and Contracting, vol. 50, p. 394. 
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From Pocket Corapa&ion, 22nd edition, Carnegie Steel Co., Pittsburgh. Pa. 
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Tabm! 2.'—Gages fob Angles 
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iJ’Vom Poi'k<‘t C’oiiijninion, I’Otli edition, Steel Ck>., I’itt^burRh. I’u. 


For column clctuilw, fi-in. Ice (J-a in. thick or less) nwainst column shaft, {/t =* I ?4 in., ps * in. 
For iHagniml nii>iU‘s, etc., gattcm middle, where ri\ eted leg otiual.'* or oxcetuls 3 In. for ^4 in. rivets 
3^3 in. for ?s-iii. rivets. 

Use special gages to a«laj>t work to multiple punch, or to secure <lesirale details. 


4 . Spacing of Rivets.- liivctH uro lociitcd on linos running parallel to the 
edges of the members. These lines are ealled gugc lin<t< (see h'ig, 2). The dis- 
tanoc between gage lines, or the distaiiee from a gage liiu! to somesurfaec, is known 
as gage. Standard gages for angli!s, beams, and ehannel.s are given in Tables 1, 
2, niid 3. The distance from the center of a rixet to the edge of a member is 
called the edge di.da.ncc. There must be enough distance between the rivet and 
the edge of the memlaw so that there will he no tenden(^y to cause bulging of the 
w OmiManct material and eoiiseuuent failure. The distance 

from a shc'ared edge should alw.ays bo greater 

_ ejggc fhiwi tlie distance from a rolled edge since the 

-jf^ -—^- -jA - \'r'.' metid near a .she.ared edge is injured to a cer- 

tI tgipt ^ e,vtent in the shearing proee.ss. The mini- 

mum distance from the center of any rivet to 
“■ a .sheared edge .should not be lo.ss than the 

diameter of the rivet plus 1 i in. The di.stauee center to center of rivets measured 
along the gage lines is called the pitch. In extreme cases the distance between 
centers of rivet holes may be made three times tlie diameter of the rivet, but a 
minimum distance of 3 in. for Js-in. rivets an<i 2,' i in. for -*.1411. rivets is preferable. 
For members eom]K).sed of jdates and shaixjs the niaxiimim pitch in the line of 
stress should be G in. for Js-in. rivets and 5 in. for ?i-in. rivets. Where two or 
more plate.s are used in (amtact, or rvhere two anglcw in contact are used as tension 
members, a maximum iriteh of 12 in. may be allowcal. A rivet cannot be placed 
close against the web of an I-beam or close to (he leg of an angle because sjmcc is 
nece.s.sary for the die which forms the hcaul of the rivet. This space is called the 
clearance and is andtlaw of the factors controlling the sjjacing of rivets. Data 


representing standard practice in regard to the ijitch and clearance for various 
sizes of rivets are given in Table 4. 
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Table 3.'—Standakd Gages anu Dimensions eob Channels 



Nominal ditnoitflions are: flango width and “o” in eighths, web thickness in sixti'oriths. Gages for 
connection uhkIos are tlclerminoU by )-i web thickueBS. Standard gages may he varieti if conditions 

require. 


Depth of 
channel 

Weight 
per foot 

Flange 

width 

Web 

tilick- 

Ja web 
thick- 

i 

1 Gage 

; Grip 

i 

1. 

Distance 


Max. 
rivet in 

(in.) 

(lb.) 

(in.) 

(in.) 

(in.) 

1 

i (in ) 

i (in-) 

i 

! / 
(in.) 

1 0 

1 (in.) 

! h 

1 (in.) 

(in.) 


5.5. 0 

:iH i 


K, 

sv-i 


12'.i 

)“i 

: H 



.50.0 

;i?4 1 

?4 

H 

2H 

1 '.'•je 

12a 

! !“» 

: 


15 

4.5.0 

(if! . 




; 5» 

13)4 

: i?» 

: 'ti. 

! H 


40. 0 

3^ : 

1., 


2 


13)4 

' 1?K 



3.5. 0 

3‘-i ; 

? i e 

u 

2 

: ?» 

12).i 

, 1% 




33.0 

; 



- 

1 

i2;.i 

ih, 

H 



60.0 

4®k : 

‘»i« 


3 

1 »i. 

IOI4 

i 1?S 

lU 



4.5 0 

4,‘•4 ' 

■'•16 




10^4 

' 1?H 



13 

40 0 

■1 

"le 

''le 

2«4 


lou 

' 1?K 

?» 

H 


37 0 

4''8 ' 



as 


10'-4 

' as 




:i:>. 0 

4S • 




?l « 

101.4 

; I ■%' 




31 .K 

1 



2>i 

.‘‘i « 

J0'-4 

i !“„■ 

*4 



■10 0 

3 

■U' 

.1^ 

2 

' !U 

10 

: I 

'S.'e 



3.5 0 



'‘ifl 



10 

i 1 

‘.t.8 


12 

30.0 

•l?-4 

« „ 

1 

1^4 

1 

10 

1 

!’i« 

7.' 


25,0 

3S 


•■‘.e 

1^4 


]0 

> 1 

7.« 


20.7 

3 


’-8 

1?4 

*-■> 

10 

1 

3« 



;w.o 
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'3i« 
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1‘''4 

,'•7 
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1 '» 



10 

2.5 0 
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he 
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i ’16 

8)4 

1 V 



1.5 3 
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Si.' 



25 0 

2%- 



1 



7^ 



0 

20 0 

*■% 

h « 


1 4 

’-•i 

7t.i 

li 

'■3 

?4 


1.5 0 

•m 


?,6 

1’. 




Si 



13,4 


’•i 

H 

l?S 

7i. 



Si. 



2 1 .25 
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•'h 

"is 

m 

’i. 

•i'i 


'-H. 



1H.7.5 

2S 



a. 

"le 





8 

u; 2.5 


’■i. 

“i. 


’1. 


tii 

>> 

S4 


13 7.5 



“in 

I'V 


lih 


?8 



J 1 5 

Sii 


}'S 


^is 

0,Vi 

7s 

Si. 



I9.7..i 

lil-s 


"U 

m 
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...i.; 


'}(, 



17 25 




l'-2 

’■i. 

r,'.j 


‘••is 


7 

M 75 

-'■’S . 

’l. 


lU 
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J.lj 

Si 
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l'-4 


.-.'a 





0.8 


)'4 

'» 

1'4 


.-.k 

n 

Si« 



16..5 

2'..; , 

'■i. 





?4 

S'S 


6 

13 0 

2'.4 ■ 


I4 

14k 


4)-^ 

?4 

H 

H 


10.5 

2.',f . 


‘1. 

m 
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K.2 


>1. 

H 



4 > sj 

?i 
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2^ 
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■’i. 


% 
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ft 
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H 

Si 
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0 7 
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}-H 
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H 
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H 1 


A 
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1 
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2>4 
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H 


.5.4 
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H 

1 

h. 

2?4 

H 1 

}i 1 
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M. 
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3 

6.0 
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; 

H 
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H 

m 
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H 


H 

iH 
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t From Pocket Companion, 22nd edition, Carnegie Steel Co., Pittsburgh, Pa. 
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Table 4.'—Rivet Spacing and Clbabances 
Minimum Rivet Spacing 

Alt diniontuotia in iuchoa 


Diameter of rivet. 

1 H ; 

H 

1 

1 

K 

minimum. 

I'A 

IH 

1 IH 

2H 

preferable. 

IH j 

' 2 

2,H 

3 



Distance Center to Center of Staggered Rivets 

Values of x for varying value of g and p 


in. 

i 




H ! 1 ! IH 

1 1 

m 

i 

m jyj 

i 

i« 

l H.il H il K.lliMell H il H 

IH 

1 H.il H I’M.! 

11 A 

I H I’M. 

IH 

l H |l’M. I H 1 

1 H 

I’M. 2 

IH 

1 H Il’H. I K 1 

I’M. 

2 2 H \ 

IH 

1 H il H 2 1 

2 Me;2 H 2 M. 

IH 

I‘M.!2 |2 Me 2 M : 



2 2 K« 2 J ^|2 2 

2 Ki .,2 ,>.» 2 I' |a % |2 l-icb ^ 
2 w 2 ;.'» 2 M.'2 H5 2 H p-;; 
iiiib '')« 2 « I2 '-a |J 77 , 2 ip 


i _^|2 5 « |2 2 H 

2 ; 21 M«i 2 »?i '6 21 ?,c 


|H<«l2 2 “ns 2 I2 Mel s H ! 2 f.^ 2 ?14 ;2»K«'2>K6'3 |» H |3 Mo 

j2 K«;2 2 H 2 K<i|2_Hj25B isiKo 2 2*K6:2 'Ka» la HelS Ke 3 M 

;2 Kc|2 He. 2 ta 2 »i-; [2 6, '2>h'o 2 ,2 % SlH.jS ,3 H«i3 HelS H |3 H 

•2 | 2 »<Bl 2 .2H,„'2 j2i'Ho 2 2>5fo 3 13 H 3 H»\3 H i3 « |3 Jfo 

fo S/ !f*l*y to 1 ' 'olRy' I** n iy l r o »y lo 1/ o */ '•> 7y o U' 


• 2 ! 2 >Ke ;2 H i 2 »Mo !2 K 


3 Hflis H 3 H«:3 3 H 3 Moln Mo 


Values helow and to right of upper sigzag lino are largo enough for M rivets. 
Values below and to right of lower zigzag line arc large enough for rivets. 


Minimum Stagger for Rivets 

All dinicnaions m inches 
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Clearance for Cover Hate Kiveting 


Dimensions in inches 



« 


1 

I.H 

2 

2>^ 

3 

3H 

4 


5 

SH 

■l 

p 

21^ 

2H 

2H 

2H 


2'A 

3 

3H 

SH 

ati 

3>i 

3H 

/ 

0 ~ 

H 

1 

IH 

2 

2H 








2M 



2 

IH 

H 








6. Rivet Holes.—Depending upon the class of the work, the rivet holes are 
made in three different ways as follows: (1) Punched to the final size in a single 
operation; (2) punched under size or sub-punched and then increased in size by 
reaming; or (3) drilled. In order that the heated rivet may enter the hole easily 
the hole is made Hs iO’ larger than the nominal diameter of the rivet in each of 
these three cases. 

If a reasonable amount of care is taken in laying out and punching the holes, 
results sufficiently good for all ordinary work may be obtained in the single 
operation of punching to the required diameter. However, since there is an 
unavoidable injury to the metal surrounding the hole, in the better classes of 
work, sub-pimehing and reaming are often required. The punch used in this 
case should have a diameter not less than e in. smaller than the nominal diam¬ 
eter of the rivet and then the hole should bo increased in size by reaming until the 
diameter of the hole is i r, in. larger than that of the rivet. 

Tapered rods known as drift pins are used in assembling but their use in lining 
up rivet holes which do not match should not be tolerated tecause of the injurious 
effect upon the. material surrounding the hole. Instead, the metal causing the 
difficulty should be reamed out. Such work cannot be considered as regular 
reamed work, however, since only a part of the metal surrounding part of the 
holes is removed. 

Where the very highest class of work is desired, the rivet holes are drilled. 
Holes so m.ade are truly cylindrical in form, are accurately centered, and the 
metal surrounding the hole is damaged less than in punching or in sub-punching 
and reaming. 

6. Lap and Butt Joints. —Two kinds of joints are used in structural work— 
the lap joint and the butt joint (see Fig. 3). In the lap joint, shown in Fig. 3o, 



Lapjott^ 

(») 


p 


Butt joinf Sfrjgte 

COFcrptr/v 

(b) 


P 


Fia. 3. 


__ 

Buttjoint fhH) tm> 
cover ph^ 


shearing stresses in the rivets along the plane of contact of the two plates are 
induced and in addition the pressures which the rivets and plates exert upon each 
other induce high bearing stresses. Since the phate is usually harder than the 
rivet, the resistance of the connection to this latter kind of action is limited by 
the bearing strength of the rivet. The rivets tend to shear along only one plane 
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and therefore arc said to be in single shear. This is also true of the butt joint of 
Fig. 3i. Shearing stresses along two planes are induced in the butt joint 
shown in Fig. Sc, hence in this case the rivets are said to be in double shear. 

The strength of the rivets in single shear is usually the factor which determines 
how many rivets shall be used in joints such as those shown in Figs. 3a and 36. 
Ordinarily in such a joint as the one shown in Fig. 3c the bearing pressure 
will determine the number of rivets necessary. However, if this plate is com¬ 
paratively thick, the strength of the rivets in double shear may control the 



Fi<i. •!. Fni. •’>. 


number requiretl. The joint of h’ig. 3c is the best one of the three, since the 
other two joints will deform as shown in h’igs. t and b thereby causing some 
direct tension on the rivets. 

7. Rivets vs. Bolts in Direct Tension. In many specifications there is the 
statement that rivets shall not be subjected (o direct tension but that turned 
bolts may be used in tension. 

11. Meming, Engineer for American Bridge Eomirany, Now York tlity, states 
that he does not think it is necessary to substitute bolts for rivets in tension in all 
cases—the kneebrace, for instance. Neither does he believe that it is nec(!ss.ary 
to use turned bolts, but that ordinary bolts will answer. lie n'coinmends the 
use of a unit stre.ss of 7,000 lb. per sq. in. for rivets in tension and a unit stress 
of 0,000 lb. per sq. in. for, bolts in tension.' Mr. Fleming states the value of 
0,000 for bolts is specified in the present New York building code but that a 
value of 14,000 was given in the previous code which was copied into many other 
building codes. 

In the building code recommended by the National Board of Fire Under¬ 
writers, fourth edition, 1020, the following recommendation is made: 

When bolts are used in tension, the w’orking stress(>s shall be reduced to 7,000 
lb. per sq. in. of net area for steel, and to .'),(K)0 lb. per sq. 'ii. for wrought iron, and 
the load shall be transmitted into the head or nut by washens distributing the 
pressure evenly over the entire surface of the same. 

8. Distribution of Stress in Riveted Joints.—In the design of riveted joints 
it is usually as.suinod that the stress is uniformly distributed over the rivets. 

However, in a great many cases, the end rivets of 
a connection are .subjected to a unit stress which 
is greater than that of any of the other rivets of 
the connection. This fact may be illustrated 
by a consideration of the joint shown in Fig. 0. 
Since plates B and C are each one-half ns thick !is A , the unit stress in all three 
plates will be the same and will be represented by f. If we assume, as is usually 

F 

done, that the rivets are equally stressed, then each rivet carries a load equal to g- 

Then the unit stresg in plate A between rivets 1 and 2 is equal to Js/, and between 
rivets 2 and 3 it is equal to %f- The unit stress in plates li and C between rivets 
1 and 2 is equal to f and between rivets 2 and 3 it is equal to }if. If we let I 

*£ne. Nevs-Bccori, Feb. 31, 1921, p. 336 
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represent the distance between rivets, then the total deformation in the length 

fl 

I is hi or Therefore the deformation of plate A between rivets 1 and 2 is equal 
to I and between rivets 2 and 3 it is equal to ^ '^v' Likewise the deformation 


2 fl 

of plates B and C tetween rivets 1 and 2 is equal to ^ "g and In'tween rivets 2 and 
3 it is equal to Thcti if we let k represent the ilistortion of rivet 1, the distor¬ 


tion at rivet 2 will be equal to k plus the deformation of plate A between rivets 
1 and 2, minus the deformation of plates H and C in this same length. This is 
equal to 


^ + 3 Ji 


2 fl_ l fl 
■iE ^ 3E 


The distortion at rivet 3 will lx; equal to that at rivet 2, plus the stretch in plate A, 
minus the stretch in plates If and This is equal to 


k - 


1 fl,2fl 
3 E'^ 3 E 


1 fl 
3 E 


= k 


Therefore, the stresses in the first and last rivets are equal while the stress in the 
middle rivet is less. In general it will be fouiul that the end rivets receive the 
most striws whili! those near the center receive the least stress. The results of 
tests confirm this conclusion. 

Whore more than two rows of rivets an- used, an approach to uniformity of 
st ress may be made by varying the cross-section of the cover plates as shown in 
Fig. 7. 

In the above analy.sis no allowance is made for the frictional resistance which 
i.s develoiiod by the clamjiing action of 
the rivets. In reality the load will ri^ach 
a considerable amount before thi.s fric¬ 
tional resistance is overcome. Until this 
occurs, there is no slipjiing of the jilates 
and only a very slight distortion of the 
rivets. After the frictional resistance 
is overcome and slijiping of the plate 
liegiins, an appreciable movement takes place before all the riv(ds come into 
action due to the fact that the rivets <lo not lit perfectly, h'roin the point where 
all the riv(!ts <'ome into a(dion to the yi(dd point, of the rivets or the members in 
tension, the deformation is about j)roportional to the load. The frictional 
strength of riveted joints varies from 7,(M)0 to ]2,I)IX) lb. })er sq. in. as given by 
tests. A value of about 1I),0()0 lb. per sq. in. of rivet shear area was obtained in 
tests of both ordinary and nickel steel riveted joints made at the University of 
Illinois. 

9. Splices in Tension Members.—In the do.sign of .sidices for tension members 
allowance must be made for the reduedion of area caused by rivet holes. Since 
the metal around a rivet hole is injimd in the process of punching or drilling, it is 
customary to deduct for a hole ,'g in. Larger in diameter than the rivet. The 
areas to be deducted from plates of various thicknesses for rivet holes of different 
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(liamotcrs arc given in Table 5. Where the rivet© are staggered, it is necessary 
to consider the net area not only on a section normal to the axis of the member but 
also on an inclinctl section through a greater number of rivets. While adequab; 
experinuiiilal data on this subject is lacking, the usual custom is to make either 
the inclined net section equal to the normal net section, or else to let the section 
giving the smaller net area govern the strength of the connection. The pitch 
necessary to give a diagonal net section equal to the normal net section is shown 
in Tabic 0. 

Tests of anglfes connected by only one leg, where free bending of the angles 
has been allowed, have .shown results which are only 7L to 80 per cent of the 

strength of the material. These results have 
been increased 5 to 10 per cent by connecting 
both legs. However, other tests in which 
the stress was applied along the gravity 
axis of the member and in which bending was 
prevented, have shown there was no ad¬ 
vantage from connecting both legs of angles. 
Therefore we may conclude that in a case in 
which the angles are more or less free to bend, 
an advantage will be gained by the use of 
lug or clip angles, as shown in Fig. S, 
whereas if the connection is such that bending of the angles is prevented, then 
little or nothing is gained by the use of lug angles. In any ca.se the use of a lug 
will help distribute the stress over the member to which the angle is connected. 

In the General Specificaitions for Steel Railway Bridges adopted in 1920 by 
the American Railway Engineering Association, the following unit stresses are 
recommended: 

Shear in power-driven rivets and pins. 12,000 11). per sq. in. 

Bearing on power-driven rivets, pins, outstanding legs 

of stiffener angles, and other steel parts in contact... 24,000 lb. per sq. in. 

The above-mentioned values for shear and bearing shall bo reduced 25 per cent for 
countersunk rivets, hand-driven rivets, floor-connection rivets, and turned bolts. 

Thus for rivets generally known as shop rivets we have unit stresses of 12,000 
and 24,000 lb. i)er sq. in. and for rivets generally known as field rivets we have 
unit stresses of 9,000 and 18,000 lb. per sq. in. Values of 10,000, 11,000 and 
12,000 lb. per sq. in. for rivets in shear, and values of 20,000, 22,000, and 24,000 
lb. per sq. in. for rivets in bearing are generally used. 

These three sets of values will be used in the examples in this section. In 
Table 7 are given the shearing and bearing values for rivets of various sizes and 
for plates of different thicknesses with these working stresses. In this table the 
single shear value is equal to the area of the rivet times the allowable unit shearing 
stress, and the bearing value is equal to the diameter of the rivet, times the 
thickness of the plate, times the allowable unit bearing stress. 

If it is desired t« use unit working stresses other than those given in the table, 
values similar to those tabulated therein may be obtained by proportion. For 
instance, suppose single shear is to be taken at 7,500 lb. per sq. in. and bearing at 



Fio. g. 
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Table fi.—R eduction of Area for Rivet Holes 

Arao, m equare inchm » diameter of hole X thickness of metal 


Diameter of hole, in. 


of metal, 
in. 


4. 

H 

Ks 

% 




■>A 

•Ha 

1 

IK. 

IK 

K. 

0. 

05 

0. 

09 

0. 

11 

0 12 

0. 

13 

0.14 

0.15 

0. 


0. 

18 

0.19 

0 

20 

0.21 

H 

0. 

06 

0. 

13 

0. 

14 

0.16 

0. 

17 

0.19 

0.20 

0. 

22 

0. 

23 

0.25 

0 

27 

0.28 

K. 

0. 

08 

0 

10 

0. 

18 

0.20 

0. 

21 

0 23 

0.25 

0. 

27 

0. 

2» 

0.31 

0 

33 

0.35 

H 

0. 

00 

0 

19 

0 

21 

0.23 

0. 

26 

0.28 

0 30 

0. 

33 

0. 

35 

0.38 

0 

40 

0.42 

M. 

0. 

11 

0 

22 

0. 

25 

0.27 

0 

30 

0.33 

0.30 

0 

38 

0. 

41 

0.44* 

0 

46 

0.49 

M 

0 

13 

0 

25 

0 

28 

0.31 

0 

34 

0.3S 

0.41 

0 

44 

0 

47 

0.50 

0 

53 

0 66 

M« 

0 

14 

0 

28 

0 

32 

oar. 

0 

30 

0.42 

0.46 

0 

49 

0 

r,3 

0..50 

0 

00 

0.03 

H 

0 

10 

0 

31 

0 

35 

0.30 

0 

43 

0.47 

0.51 

0 

55 

0 

59 

0.63 

0 

66 

0.70 

>Kt 

0 

17 

0 

34 

0 

39 

0.43 

0 

47 

0.62 

0..50 

0 

CO 

0 

B.1 

0.69 

0 

73 

0.77 


0 

10 

0 

38 


42 

0.47 

0 

52 

0.60 

0.61 

0 

60 

0 

70 

0.75 

0 

80 

0.84 


0 

20 

0 

41 

0 

40 

0 51 

0 

56 

0.01 

0.66 

0 

71 

0 

70 

0.81 

0 

86 

0.91 


0 

22 

0 

44 

0 

19 

0..5.5 

0 

60 

0.00 

0.71 

0 

77 

0 

82 

0.88 

0 

93 

0.98 

■Ka 

0 

23 

0 

47 

0 

.53 

0.59 

0 

64 

0.70 

0.70 

0 

82 

0 

88 

0.94 

1 

00 

1.05 

1 

0 

25 

0 

50 

0 

50 

0.03 

0 

00 

0.75 

0.81 

0 

88 

0 

04 

1.00 

1 

00 

1.13 

1 K. 

0 

27 

0 

53 

0 

00 

0 00 

0 

73 

j 0 80 

0.86 

0 

.93 

1 

00 

1.00 

1 

1% 

1.20 

1 H 

0 

2S 

0 

m 

0 

03 

0.70 

0 

77 

! 0.84 

0.91 

0 

08 

1 

05 
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1 

20 

1.27 

1 Ka 

0 

30 

0 

59 

0 

07 

0.74 

0 

82 

I 0.80 

0.90 

1 
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1 

11 

1.19 

I 

26 

1.34 

1 K 

0 

31 

0 

03 

0 

70 

0.78 

0 

86 

i 0.04 

0.02 

1 
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1 

17 

1.25 
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33 

1.41 

1 Ht 

0 

33 

0 

GO 

0 

74 

0.82 

0 

90 
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1 
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1 

23 
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i 
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39 

1.48 

1 ?« 

0 

34 

0 

09 

0 

77 

0.80 

0 

95 
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1. J2 

1 
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1 

29 

1.38 

1 

46 

1.35 

1 Ka 

0 

30 

n 

72 

0 

81 

0.90 

0 

99 
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1.17 

1 
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I 

35 

1.44 

> 

53 

1.62 

1 H 

0 

38 

0 

75 

0 

HI 

0.94 

I 

03 
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1.22 

1 

31 

1 

41 

1.60 

1 

59 
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Table 6.—Staooer of Rivets to Maintain Net Section 

American Bridge fiompany Standard 



d diameter o^rivet + H iu- 
g tl ms y/g‘J pi 2d 0' — 2d ^ I 

+ p* — 3d__ IH 

p "■ ■y/^gd + d* P — \/ 2ff'd 4 d* 2 

0 ■■ sum of gages minus thickness of 2^ 

angle. 3 

rivets, can be taken at H in. 3H 

less than for ^-in. rivets. 4 

I'in. rivets, can be taken at H in- more 4^^ 

than for H-in- rivers 


Dimensiona in inches 


1 

'U’-in. 1 
rivet j 

rivet 

o' 

H~in. 

rivet 

K-in- 

rivet 

P 

V 

\ 

1 

P 

P 

1 1 H 

I H 

5 

3Ka 

3H. 

1 H 

2 

SK 

3K 

3H 

2 Ha 

2 K 

6 

3K 1 

3K 

2 H 

2 Ha 

OK 

3K 

3H 

2 Ka 

2 H 

7 

3K 

3K 

2 Ha 

2>Ha 

VK 

SK 1 

4 

2»H. 

3 

8 

3K ! 

*K 

2>H. 

3Ha 

8K 

4 

4K 


i i 
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16,000 lb. per sq. in. The desired viilues may be obtained by multiplying thost 
given in the first part of Table 7 by the ratio 0.75. 


IIIustratiTe Problem.—Find the number of %-in. rivets required to make a lap joini 
between two 2)2 X Jis-in. plates carrying a stress of 10,000 )b. Assume working stresses 
of 11,000 and 22,000 lb, per sq. in. 

From Table 7 the rosistanoo of each rivet in single shear is .3,370 lb. per sq. in. and in 
bearing is .'>,100 Ib. jwr sq. in. Therefore single shear governs and the number of rivets 

required is = 2-97 or ,3 rivets. On the basis of ?' 4 -in. rivet holes, the area to l)e 


deducted for each rivet hole, as given in Table 5, is 0.28 sq. in. Then the not area of each 
plate at a rivet is X — 0,28 = 0.94 — 0.28 - 0.6G sq, in. Therefore tho unit 

stress is — 15,150 lb. per sq. in. Since this is less than the safe working stress of 


16,000 lb. per sq. in., the design is satisfactory. 


10. Splices in Compression Members.—^Assuming that the rivet holes are 
completely filled by the rivets, compressive streH.s Ciin be transmitted through the 
rivets and hence no deduction need bo made and the total or gross area may be 
regarded .as effective in transmitting stress. When a connection is made between 
two members carrying compre.ssive stress, as at a splice in the top chord of a truss, 
the usual practice is to mill the abutting ends. 'J’hen splice i)lato,s with only a 
couple of rows of rivets each side of the joint arc needed to hold the members in 
fine. No reliance should be allowed on the abutting ends if they are not milled 
but enough rivets must bo placed in the splice plates to transmit all the stress 
across the connection. 

Columns uswl in building construction are made in one, two, or three story 
lengths. When columns one story in length are used, the designer may vary the 
size of the column with the lo.ad. In the case of columns two or three .stories in 
length the section is constant throughout and sufficiently large to carry the load 
at the lower end. Too many connections are required when columns one .story 
in length are used while columns three stories in length are difficult to erect. 
Hence the two story column is the one most frotjueiitly encountered in practice. 

The column splice must be phuTd above the floor line far enough so that the 
splice pl.atos will not interfere with the connections of beams to the column. 
Ordinarily the splice plates are not assumed to carry much stress but the ends of 
the abutting column sections are milled. Where a radical change of size or shape 
of section is made a bearing plate must be introduced. 

11. Connection Angles.—Connections of beams to beams, of beams to giniers, 
and of beams to columns are made by means of short lengths of angles, called 
cmne.diun angles, which are riveted to the members joined. There are two 
general types of angle connection—web connections and seat connections. In 
the fonner case the connection angles arc riveted to the web of. the member which 
is to be supported, a.s shown in Fig. 9. In the latter case tlie connection angle 
forms a seat upon which the beam to be supported may rest. This form of con¬ 
nection is shown in Fig. 10. 

It has been found from experience that angles of a certain size and with a cer¬ 
tain number of rivets may be used for the average conditions of loading for beams 
of a certain size. Therefore it has been found convenient to make a list of these 
ootmections and their limitations and to use them wherever possible. Such lists 



Table 7.—Shearing and Bearing Values of RmsTS 

Values above or to the right of upper zigzag lines are greater than double shear. Values below or to the left of lower zigzag lines 

are less than single shear. 
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of connections are called standard connections. A set of standard beam connec¬ 
tions is shown in Fig. 11. The limiting values of these beam connections are 
given in Table 8. The use of standard connections reduces the number of differ¬ 
ent connections which must be designed and fabricated, and hence simplifies 
the work in the office and in the shop. Of course, these standard connections 
cannot be used in all ca.seB, such as for very short beams or very heavy concentra¬ 
tions of load. Wherever there is any doubt as to the strength of a connection for 

T.vBnE 8 .'—Limiting Values of Beam Connections 


Value of Vulut'rt of outstundiiiK 1 ok» of oonnc'ctioD aniclos 

I-l>oam8 web con- l .. .. - 

nocUon | Field rivets | Field bolts 


luchos 

depth 

Wpight. 

lb. 

per ft. 

Shop 
rivets in 
enclosed 
bearing, 
lb. 

? 4 -in. 
rivets or 
ttirncd 
bolts, 
single 
shear, 
lb. 

Minimum 
allowable 
span in 
feet, uni¬ 
form loud 

in. 

? 4 -in. 

rough 

bolts, 

single 

shear, 

lb. 

Minimum 
allowable 
spuit in 
feet, uni¬ 
form loH<l 

t, 

in. 

27 

00 

82,.*-.30 

61,900 

18.9 

H 

49.500 

23.6 

H 

24 

/ 7i),« 

67.500 

.53,000 

17.5 


42,400 

21.9 

?H 

\74.2 

64.260 

.53.000 

16.4 

H 

42,400 

20.4 

H 

21 

«0.4 

48.150 

44.200 

14.2 

H 

35,300 

17.8 

H 

20 

{*.'1.4 

4.5, (KK) 

35,300 

17.6 

H 

2S..100 

22.1 

H 

IS 

f ri4.7 

41,400 

35,300 

13.3 


28..300 

16.7 

M 

W 8.2 

34.200 

.35.300 

12.8 . 

SU 

28.300 

15.4 

?« 


/ 42.0 

36.900 

, 3.5,300 

8.9 

H 

28.300 

11.1 

H 


1 37.3 

20.880 

,3.5,300 

9.7 

H 

28.300 

10.2 

He 

12 

/ 3 I .8 

23,600 

26,5IX) 

8.1 

?/, 

21.200 

9.0 

N 

1 27.9 

19.170 

26,.500 

9.2 

K. 

21,200 

9.2 

H 

10 

1 2.5.4 

27,900 

17,700 

7.4 

% 

14,100 

9.2 

H 

\22.4 

22.080 

17,700 

6.8 

% 

14,100 

8 . 0 . 

H 

0 

21.8 

26,100 

17,700 

5.7 

% 

14.100 

7.1 

H 

8 

f 18.4 

24.300 

17,700 

4.3 

H 

14,100 

5.4 

H 

\ 17.6 

19.800 

17.700 

4.4 

H 

14.100 

5.5 

H 

7 

n.z 

11.300 

8.800 

0.2 

H 

7.100 

7.8 

H 

6 

12 .r> 

10,400 

8.8f)0 

4.4 

H 

7.100 

5.5 

H 

jj 

10.0 

9, .500 

8,800 

2.9 

H 

7.100 

3 a 


4 

7.7 

8.000 

8.800 

? 2 


7,100 

2.7 

H 

3 

.*>.7 

7.700 

8.800 

1 3 

H 

7.100 

1.4 

?B 


Allowabi.e T'nit Stukss in I^)Uni)8 pkh Square Inch 


: Rivets. 

. Shop 12,000 

Rirets—enclosed. 

. Shop 30,000 

«... j Rivets and 

Single .hear . 

turned 

. Field 10,000 

. j Rivets—one side. 

1 ‘'‘^^*'*‘** 1 Rivets and turned bolts.. 

. Shop 24.000 
. Field 20.000 

1 Rough bolts.. 

. Field 8,000 

! 1 Hough bolts. 

. Field 16,000 


t Web thickness, in bearing, to develop max. allowable reactions, when beams frame opposite. 

Connections are figured for bearing and sboar (no moment considered). 

The above values agree with tests made on beams under ordinary conditions of use. 

Where web is enclosed bctweim connection angles (enclosed bearing), values are greater because of 
the increased efficiency due to friction and grip. 

Bpoeial connections shall bo used when any of the limiting conditions given above are exceeded—* 
such as end reaction from loaded beam being greater than value of connection; shorter span with beam 
fully loaded; or a less thickness of web when maximum allowable reactions are used. 

< From Pocket Companioni 22nd edition, Carnegie Steel Co., Pittsburgh, Fa. 
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20", 18", 16" 



2/0 X 4" X M" X l'-2M" 2/8 4" X 4" X K«" X O'-llH' 

■ Wiuuht 33 lb. Weight 23 Ih. 


lO^', 0", 8" 








2/'8 0" X 4" X H" X 0'-3" 2,^8 6" X 4" X X 0'.2" 

Weight 7 lb. Weight .5 lb. 


Rivets and bolts K-in. diameter. 

Weights pven are for fi-in. shop rivets and angle connections; about 20 per cent should be added 
for field rivets or bolts. 


Fiq. 11.—Beam connections. 
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n. given set of conditions, an investigation should be made. Draftsmen who have 
much of this sort of work to do, soon become familiar with the limitations of the 
various standard connections, and since they may bo used in tlie majority of 
cases, a considerable savmg of time and exjwnse is effected by, their adoption. 

Scat angles arc often used in erection for supporting beams to be carried by 
web connections. Since the two connections cannot be assumed to act simultane¬ 
ously, the web connection is de.signod for the full load and no allowance is made 
for the strength of the seat angle. When a beam, however, is to l)c supported 
by a seat connection, it must be held rigidly against Lateral displacement either 
by web or top atiglcs. As in the preceding case, no allowance is made for the 
strength of these auxiliary angles, but the seat connection is designed to carry 
the whole lo.ad. 

12. Eccentric Connections.—In order that the stress at the connection of a 
member shall be uniformly distributed, the line of action of the stress in the 
member must pass through the center of gravity of the group of rivets. If this 
is not the case, a bending moment will bo produced at the joint, and in.stead of the 
stress on the rivets being uniform it will be variable and will be nnuh! up of two 
coniponent.s, one due to the direct stress and the other duo to the moment strews. 
The stress in the rivets duo to the direct, force will bo uniform while the .stnws in 
a given rivet due to the bending moment will vary with the distant* of the rivet 
from the center of gravity of the group. Therefore, one of the outside rivets will 
receive the greatest resultant of direct stress and moment stress. I'lie strengih 
of the. connection will bo governed by the fact that this restdtant stress must not 
exceed the allowable w'orking stre.sses in. shear, bearing, or tension. 

Let P = magnitude of the total force. 

e — the distance from the lino of action of P to the center of gravity 
of the group of rivets. 

n = number of rivets in the group. 

X, y — coordinates of any rivet referred to the (lentce’ of gra\ it}' of tin; group 
of rivets as an origin. 

z = distance of any rivet from origin = a/s:* + y'‘. 

X, Y — <!Oordinatc.'' of rivi^t receiving maximum nwultant stnws. 

Z = distance from rivet rei'civing maximum nwultant stress to origin = 

Vixy- + (Yy 

fp — direct stress on each rivet. 

fp = moment stress on a rivet at a unit (listanc,e from the origin. 

fm = moment stress on any rivet =• f„z 

The moment of resistance of the moment stress on any rivet is 
fp.z = = Mx^ + 2 /“) 

The total resisting moment must e(}ual the total turning moment or 
/„(2x= + Y:y'‘) = Pe, /„= 

The moment stress on the rivet nmeiving the maximum resultant stress is 

PeZ . Pe 
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and the direct stress on this rivet is 



Then the resultant stress in shear or bearing on the rivet receiving maximuri) 
stress is the resultant of /„ and Let X and Y be the coordi¬ 

nates of such a rivet with the center of gravity of the group 
regarded as the origin, and let Z be the slant distance from 
the origin to the rivet. From Fig. 12 the horizontal component 

Y 

of/r equals that of or is equal to The vertical compo¬ 

nent of Sr equals /, plu.s the vertical component of /», or is 
equal to /, 4- Tlicu 

/.= + 

Since -Y® + F* = wo find upon reducing that 

fr = \j(f,.y + 2^J,.f„r+U^y 

Th(! maximum value of f, oceans when and f„ arc colinear. Then 

/.=/,.+/- (4) 

Since the \ alue of L is not known until after the number and arrangement of 

/j 

rivets have becTi determined, it will l)e found convenient to assume that ^ = 1 

(hence/, = /„ 4 /„), and to make a prelimiiiarj^ design baaed upon this assum})- 
]’ Pc 

tion. Substituting , for/„ and ,,^,2 for/„ in eq. (4), we gel 


(5) 


X 

n ^ 4- 

Z 


Neglecting the quantity 


1 

7r _ e. 

P 4- 

Z 


we have 


i’r* 4- sy* 
Z 


Sr 



I’lG- 12. 


(3) 


The value of /, may be obtainml from Table 7 for the given rivet size and 
working stresses. 

Values of thequantity— ^^ of eq. (1) have been calculated for fifteen 

different typical arrangements of rivets and for rivet spacings varying in both 
22 
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dirpctions from 2 in. to 6 in. and have been plotted in Diagram 1. In this dia¬ 
gram h represents the number of rows of rivets in one direction, •> represents the 
number of rows of rivets in the other direction, while g and p represent the dis¬ 
tances in inches between the rows of rivets in the first and second directions 
respectively as indicated in the typical groups of rivets given above the curves of 
the diagram. Therefore, in any case, the coordinates of the rivet receiving maxi¬ 
mum stress are 


Y (.V - i)g 
^ 2 

(6) 

II 

(7) 


(8) 


In the design of connections, the apimiximate number of rivets is found by 
substituting in eq. (5). In this equation/, is the value of the allowable stress in 
shear or bearing for the size of rivets and the thickness of metal under considera¬ 
tion. When the arrangement of the rivets has been assumed, the value of the 
resultant stress /, can be found by substituting in eq. (3). If this value of /, is 
within a few per cent of the value of the allowable stress, the a.ssumed design 
is satisfactory. If this is not the case the assumed design may be altered until 
a satisfactory design is obtained. 


lUuctratiiTe Problem.—Design a eonnection for a direct, .stress of 90,000 lb. aii<l a bend¬ 
ing moment of 00,000 in.-lb. on the assumption that the governing stress /, is 6,010 lb. given 
by J^-in. rivets in single shear afa unit stress of 10,000 lb. per s(|. in. 

From eq. (5) n = g 1.5 rivets. Let us assume that n — 15 rivets, » = 3 rows, 

A « 5 rows, p = 4 in. and g = 4 in. From Diagram 1 


Substituting in eqs. (1) and (2) 


From eqs. (6), (7) and (8) 




60,000 

72 

90,000 

15 


8.2:) lb. 
0,000 lb. 


X 

Y 

Z 


(3 - 114 
2 

(5 - 1)4 


4 in. 
8 in. 


= V(4)s -t- '(8)* = 8.95 in. 


Bubstituting the above values in eq. (3) 

“ yJcO.OOO)' -1- 2(j^‘J,,.)(li,000)(8:i;?)+ (833)’ 

= V41,164,000 = 6,410 ll>. 

This value is gieater tluiii the allowable stresa. If we cbanKc from jp *= 4 in. and 4 in. 
top = (> in. and ff »= 0 in., the maximum spaeing, ^ - = 107 in. from Diagram 1. 

and /« = 660 Ib^, /p = 6,000 U>., X « 6 in., Y 12 in., 2 « 13.4 in., and A = 0,270 lb. 
This value also is greater than the allowable stress. Therefore, let us assume that n « 16 
rivets, t •« 4 rows, ft 4 rows, p *» 4 in., and g » 4 in. From Diagram 1 • ” » — “ 



Sec. 8-13] BPLICES AND CONNECTIONS FOR STEEL MEMBERS 339 

76 Jn. Then fm =■ 880 lb., ■= 5,625 lb., X = 6 in., K =• 6 in., Z >■ 8.49 in. end /, ' 

6,220 Ib. Since this value alao is too large, we shall try p 6 in., ; • 6 in. In thiS' base 

Xx* + Sj/* * 

- Z - ” consequently /« = 631 lb. Also — 5,625 lb., X «'9-in., 

y =■ 9 in., Z = 12.78 in., and /, = 6,010 lb. This design is satisfactory. 


The quantity -for a group of two or more rows of rivets becomes 

2 ?/* 

y for a single row of rivets. Values of this quantity for a row of nvets varying 


from 2 rivets to 24 rivets in length, and for rivet spacings varying from 2 in. to 
6 in. are given in Diagram 2. The lower left-hand corner of Diagram 2 is shown 
to an enlarged scale in Diagram 3. 

In either of the above case.s, namely, one row of rivets, and two or more rows 
of rivets, it is assumed that the line of action t)f fp is parallel to a row of rivets. 
If this is not true the dirert stre.ss may be resolved into components parallel to 
the rows of rivets and the moment stress f„. Then the design may be made 
according to the methods whi(!h have been given. 

In addition to causing moment stresses in the rivets in a connection, eccen¬ 
tricity cause.s bending stresses in the members connected. If a relatively flexible 
member is connected to a rigid member, then the greater proportion of the bend¬ 
ing moment due, to eciamtricity is resisted by the more rigid member and its con¬ 
nection. The bending stresses in the more fle.xiblo members are occasionally 
very high and therefore eccentric connections should be avoided whenever prac¬ 
ticable. Of course, in many cases it is necessary to use eccentric connections 
but sometimes they are used in places, where, with .slight modifications, concentric 
connections might be obtained. 

13. Bracket Connections.—In the preceding article methods have been given 
for the design of connections subjected to direct stress and a bending moment 
acting in the pltine of the connection. (Juite frequently it becomes necessary 
to design a connection which will withstand a shearing force acting in the plane 
of the connection and a bending moment acting in a plane perpendicular to that 
of the connection. In such a connection all of the rivets are stressed in shear and 
bearing by the shearing force and most of the rivets are stressed in direct tension 
due to the bending moment. The ordinary bracket connections are of this type. 
Many connections of beams to girders and columns are also of this type and may 
be designed according to the methods given in this article. 

In the cases where the rivets are subjected to shearing or bearing stresses 
we can assume tliat the center of gravity of a group of rivets is the center of 
rotation and Diagrams 1, 2 and 3 are based on this assumption. However, in 
the case of a connection in which the rivets are in direct tension the center of 
rotation will move toward the portion of the connection which is in compression 
due to the fact that the tensile deformation is greater than the compressive de¬ 
formation. This movement of the center of rotation will continue until, in the 
limiting case, the end rivet on the compressive portion of the connection becomes 
the center of rotation. Diagrams 4 and 5 have been prepared for use in this case. 

Since the shearing stress and the tensile stress in the rivets produced by the- 
shear and the bending moment respectively are principal stresses (see Art. 63, 
Sec. 1), the presence or absence of one has no effect on the other. Hence it is 
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only neeessaiy to design the connection for cither the shear or the bending 
moment, whichever requires the larger number of rivets. 

Due to the fact that the moment acts in a plane perpendicular to that of the 

Vj2 4- 

connection, the factor becomes for each row of rivets 

in a line parallel to the plane of the moment. 

If V is the shear, M is the moment, f„ the stre.sa in shear or bearing on the 

V 

most highly .stre.ssed rivet and /, the tensile .stress on this rivet, then f, = -- 


M 

and ft = “f" b>r purposes of design 

■y 


and 




(9) 


( 10 ) 


Sy" _ M 

y /. 

In this case values of the allowable stress per rivet in shear or bearing and in 
tension should be substituted for /, and /, respectively. 


Illustrative Problem.—Design a connection for a shear of 50,000 lb. and a bending 
moment of 400,000 in.-lb. acting in a plane pcrpendiiiular to that of the connoction. As¬ 
sume the stress ijor rivet in shear is 4,420 lb. given ]>y ^^-im rivets at a \u\it stress of 10,000 
lb. i>er sq. in. and assume the stress per rivet in tension is 3,100 lb. given by ^i-in. rivets 
at a unit stress of 7,(MM) lb. per sip in. Only one row of rivets is to be used. 

Substituting in oqs. (9) and (10) 


Y 


50,000 

4,420 

400,000 

3,100 

:sy- 


— 11..3 rivols 
129 in. 


At least, 12 must be used. 


When n — 12 rivets, and ’'y * 1~9 in. wo limi from Diagram 4 that p 


3 in. 


Illustrative Problem.—Design a connection for the same conditions ns given in the pre¬ 
ceding problem except that two rows of rivets are to be used, 

27/3 

The least number of rivets is 12 as Ijcfore. 'W'ith two row of rivets, 2 y — 129 in., 

xyi 

or - y =s G4.5 in. for C rivets. From Diagram 5 we noto that p « 0 in. 

Assume that another condition is added that the connection shall bo made as compact 
as possible. 

Ill the first solution the height of the connoction is (n — l)p = (12 — 1)3 — 33 m. 
In the second solution the height is — 1 )/> = — l)o = 30in. If wc assume that 

Vt/3 

the minimum spacing of 2.5 in. for 9i-iii. rivets is used with “y 04. 5 in. for two rows of 
rivets, we find from Diagram 4 that there must be 9 rivets in each row or 18 rivets altogether. 
The height of this connection is — 1 ^ P — 1 )2.5 => 20 in. 


14. Besign of Coxmectioiis Subjected to Bending, Direct Stress, and Shear.— 
The connection of a steel mill building column to its base is quite often subjected 
to bending, direct stress, and shear due to the vertical dead load and the horizontal 
imnd load. In the ordinary case of bending, direct stress, and shear, all three act 
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in the plane of the connection and the direct stress and shear are perpendicular 
to each other. Then this case is the same as that of Art. 12 except that we have 
the shearing force added. 

If we assume that the shear is the force acting parallel to the K-axis and that 
the direct stress is the force acting parallel to 
the X-axis then the forces acting on the rivet 
which receives the maximum stress arc as indi¬ 
cated in Fig. 13. 

For the purpose of computing the resultant 
stres.s f„ we may resolve/„ into two conipoiumts 
parallel to /, and Then the horizontal com- 
Y 

ponent of /, is and the vertical com- 

X 

ponent of f, is /, + Therefore 





yJ(J. 




-V. 


+ 4- if. + 


Since X* -|- F’ = Z^, we find uiwri reducing that 

f' = yju.y + (/.)* + {f^y + oj. + xf.) 


( 11 ) 


If P = direct stress, V = shear, and /, = allowable stress per rivet in 

P + ^ 

shear or bearing, then in selecling a trial design let «=_ 2whenPi8 

fr 

V + ^ 

greater than V, and let w = 2 when 1’ is greater than P. Then from Art. 

fr 

12, eq. (1) 

f ^ .. 

J" V.-2 -t. T,,! 


n’-f- r?/* 
Z 


From eq. (2), /, = ; from Art. 13, cq. (9), /» = " , and values of X, Y and Z are 

obtained from cqs. (fi), (7), and (8) of Art. 12. When these quantities are deter¬ 
mined they may be substituted in eq. (11), from which the true value of f, is 
found. If this value is not close to the allowable stress, the result will indicate 
which way the design should be changed. 


Illustrative Problem.—Ilosign a connection for a direct stress of 55,000 lb., a bending 
moment of 50,000 in.-lh., and a shear of 20,000 lb. Assume that each rivet can take a 
stress of 5,300 lb given by Jj-in. rivots in single shear at a unit stress of 12,000 lb. per sq. 
in. 


Substituting in the equation 


we have 



V 

2. 


60, 000 + 
5,300~ 


20,000 


n 


«= 11.3 rivets 
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Let US assume that n ■= 12 rivets, » - 3 rows, A = 4 rows, 8-4 in., and p - 4 in. From 
Diagram 1, = 51 in. and from oqs. (6), (7), and (8) X = ° 4 in., Y >= 


(4-1)4 
2 


= 0 in., and Z = V(4)^ + (0)'® = 7.21 in. 


If = 51 in., fromeq. (1) 


=’0.1000 
ol 


From oq. (2) 
and from etj. (9) 


, 5i),()00 

/p = *4,.5S0lb. 


. 15,000 , ,, 

/•- — JO “ l,2o0 lb. 


Substituting these values in eq. (11) we have 

f^= \j (4,rySl)yi + (1,250)2 + (590)2 + (7 oj) (500)((>(.1,5K0) + 4(1,250)] 
= 5,:uo lb. 

This design is satisfartery. 


16. Design of Connections Subjected to Torsion.—Suiipo.so tliiit I-bciims 
canying a floor load are riveted to oue side of the channel girder shown in Fig. 14. 
Then torsion is induced in the channel due to the end moinonts of the floor beams. 
'I’heroforc the conneclioti .showTi in Fig. 14 is subj(!cted to torsion. In tin' ordi- 
n.ary case of a c.onnectiou subj(!cted to torsion the (lonnection must be designed for 
bending moments in two mutually perpendicular iiLanes in 
addition to ii .shear or a direct stress. One of these moments 
which we sludi call (he torsion.al moment acts in a plane l)er- 
jjendicular to that of the connection and hence; produces ten.sile 
stresses in most of the rivets of the connection. The other 
moment, which we shall cull the bending moment, acts in the 
plane of the connection and hence; produces shearing or 
l iee. 14. be.aring stresses in the rivets of the connection. The shear 
or direct stress whie;h is iirescnt also produces shearing or bearing stresses in the 
rivets of the cemncctiein. 


Pt 


0 o o ^ 

O 0 0 9 

O O 0 o 

0 0 0 0 

— 1 1 

i 

1 

b 



The cemnection may be de.signeel te) resist bending and direct strc.ss by the 
method of Art. 12 anel then its resistance to torsional moment may be invc.stigated 
by the method of Art. 13. The de.signcr should use a lower working stress for 
the torsional moment which jiroduces tension in the rivets than for the bending 
and direct stress which produce shearing or bearing .stresses in the rivets. 

Due to the lack of adeipiate experimental data the exact nature of the 
stress distribution in a riveted joint subjected to torsional moment is not 
knowm. However, if a connection such as the one shown in Fig. 14 is acted upon 
by a torsional moment, it is quite evident that the row of rivets nearest the force 
producing the torque, i.e., the row of rivets on line ah must carry more of this 
tor(}ue than any other single row. Therefore if v represents the number of rows of 
rivets resisting the torsional moment, it is recommended that the row of rivets 
nearest the force producing the toniue T (row ah of Fig. 14) be designed for a 
l.flT T 

torsional moment of imstead of a torsional moment of -- which would result 

V V 

on the ftssumption of a uniform distribution. This means that with two rows of 
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rivets, one row must carry 76 per cent of the total torsional moment; with three 
rows, one row must carry 50 per cent; and with six rows, one row must carry 25 
per cent. 


Illustrative Problem.—Design a connection for a direct stress of 90,000 Jb., a bending 
moment of 60,000 in.-lb., and a torque of 20,000 in.-Ib. Assume that the working stresses 
are 10,000 H). per sq. in. and 7,000 lb. per sq. in. in shear and tension respectively, and 
that %-m. rivets are used. Therefore A = 6,010 lb. and A = 4,210 lb. 

A connection was designed in Art. 12 for the bending and direct stress specified. There 
it was decided to make n = 10 rivets, = 4 rows, h ^ 4 rows, p = 6 in., and g » 6 in. 

From Diagram 5 we note that = 28 in. when » — 4 in. and p » 0 in. The torsional 
moment which one row of rivets must carry is 


M 


1.5T 

V 


1.5(20,000) 


7,.500 in.-lb. 


From eq. (10) of Art. 13 we have 


This design is satisfactory. 


/, = == = 06S lb 

•" iw” 2H 

y 


16. Plate Girder Web Splices.—Plate girder web splices are necessary when 
it is impfissible to get the size of web plate desired or when it is inadvisable to ship 
the web plate from the shop to the place of erection in one ])ioce. Botli web and 
flange splices arc almo.st invariably made in the form shown in Fig. 3c. I'ho 
thickness of each cover jilutc is made half the 
thickness of (ho ))art which is spliced. A plate 
girder web splice .should lx; made equivalent to 
the w'eb net .section as nearlj' as jKissible. In 
order that this may be accomplished (he splice 
must be designed for .shearing and bending stre.sse.s. 

It is reasonable to .assume that all rivets are sti’essed 
equally by the vertical .shear and that the stress on 
each rivet due to the bending moment is in direct 
proportion to its distance from the ncuti-al .axis. 

Therefore the best splice for (he portion of the web 
plate between the flange angles is one in which the 
rivets are uniformly spaced as in Fig. 15. There 
are several ways of transmitting the stress in that portion of the web plate under¬ 
neath the flange angles. One way is to use si)lico plates a'ong the flanges as in 
Fig. 15. Sometimes it is possible to locate the .splice at a sect ion where the flange 
area is enough in excess of that actually required so that the excess area can be 
assumed to carry this stress. Another way is to create excessive flange area 
intentionally by extending a cover plate beyond its theoretical point of cutoff far 
enough to lap over the web splice. 

Since the resistance of a rivet to bending moment is proportional to its distance 
from the neutral axis, .some designers have reasoned that a more effective web 
splice would result if the rivets of Fig. 15 were rearranged a.s showm in Fig. 16. 
Undoubtedly the moment of resistance of the rivets in the latter case is greater 
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than in the former case. However, the variable rivet spacing of the splice of Fig. 
16, disturbs the natural linear distribution of moment stress in the web plate 
since it produces higher stresses near the flange angles and lower stresses near the 
neutral axis than would normally exist in the web plate. Therefore such a design 
is not in accordance with the principle that the web splice should be made equiva¬ 
lent to the web net section as nearly as possible. 

The web splice of Fig. 17 is also a result of the idea that a splice is improved by 
placing the rivets as far as possible from the neutral axis. In this form of splice 
the total shear is carried by the rivets in group efgh while all of the rivets carry 
moment stress. The stress in the portion of the web underneath the flange angles 
may be carried by splice plates on the flanges as in Fig. 15, by excessive flange 
area or the main web splice may be designed for the total bending moment. 
The first and second methods are better than the third. 




While neither of the web splices of Figs. 16 and 17 are in accordance with the 
principle that the splice should be equivalent to the web net section, yet both 
forms have been used and there seems to be no record of any serious effects 
resulting from their use. 

In the design of a web splice such as the one shown in Fig. 15 it is generally 
possible to locate the splice at a section where there will be an excessive flange 
area. Then the main web splice is designed for the total shear and for a moment 
of resistance equal to that of the portion of the web between the flanges. 

If the allowable extreme fiber stress on the net section of the girder is 16,000 
lb. per sq. in. then the extreme fiber stress on the gross section may be assumed 
at 14,400 lb. per sq. in. 

Let h = total height of girder 

hi = clear depth of main portion of web between flanges 
t — thickness of web plate 
n — number of rivets on one side of splice 
V == total shear on the section 

M = resisting moment of portion of web between flanges 


or 





2,400tti» 

"A 


( 12 ) 
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Then for the horizontal component of the stress in the most highly stressed rivet 
we have 


/- 


M 2,4mth^ 



and for the vertical component wo have 


Since the resultant stress, 


we 'have 


/. = 




/r = 


Y ' 


‘(¥). 

2,400toi 


O’ 




(13) 


(14) 


Since a web splice is usually placed at a section where t he moment is much more 
important than the shear, wo may miglect th(' shear in making a trial design. 
Equation (14) then IxH’.oitu^.s 

S!/* 2,400«A,» 

Y = hf, 


in which /, is the allowable value in l)earing or shear. 

Values of the quantity -y- for a single row of rivets are g ven m Diagrams 2 


and 3. Value.s of this quantity for .several rows of rivets may be obtained by 
multiplying the value found in the diagrams by the number of rows. This 
may be done because here the bending moment produces flexure and not rotation 
about a point a.s in the ease of an eccentric connection. Hence the moment stress 
on any rivet varies in proportion to its distance from the neutral axis and not in 
proportion to its distance from the center of gravity of the group of two or more 
rows of rivets. 

After a trial design has been made by means of eq. (15) and either Diagram 
2 or 3, the exaet value of the resultant stress/, can be found by substituting in eq. 
(13). If this value is not sufficiently close to the allowable value the design may 
be revised quite readily. 


Illustrative Problem.—Design a splice similar to Fig. 16 for a plate girder web for the 
following conditions' V = 150,000 lb., ft = 80 in., ft, => 68 in., t = IIg in., and/, = 9,190 
lb. given by I^-in. rivets in bearing on a lie-in. plate at 24,000 lb. per sq. in. 

Substituting in eq. (15) wo have 


Y 


2,400(K«)(08)> 

80(9,190) 


= 4.50 in. 


From Diagram 2 we note that for one row of 10 rivets, with p 


zyt 


180. For 


three rows of rivets 


zy’ 


i3)(180) 


540 in. and n 


(3) (10)= 48 
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SubBtitiitinf' tlitw valuta in oq. (i;i) vve (tot 


A “ 




400(7-1 «)(GS)^ 
»0(540) 




This design is satisfactory. 


Since plate girders are usually designed on the assumption that one-eighth 
of tlie web area is effective in resisting bending moment and since this in turn is 
based upon the assumption that the net area of tlie web is equal to throe-fourths 
of the gros.s area, it is necessary that the rivet spacing in the web splice should 
conform to this practice. Tliis means that the rivet pitch should equal four 
times the diameter of tin; rivet hole. 

The general principles which have just been developed and illustrated for the 
design of a splice of the tyi)e shown in Fig. 15 also apply to the design of a splice 
of the typo shown in Pig. 17. Howisvor, in this case, Diagrams 2 and .3 cannot be 

used in the determination of the ciuantity j, • In finding the value of tliis quan¬ 


tity for an irregular group of rivets such as ahmti, Fig. 17, which is composed of 
several elementary rectangular groups of rivets such as (ibal, rfyli and Idinn it. has 
been found simplest to find the value of for caidi group of rivets wilhres])cct 
to its own horizontal axis of symmetry first. Then the valium of for the group 
of rivets alml with rcsixict to any other axis smth as tlie horizontal axis of sym¬ 
metry for the whole grouji may be found by an application of the same principle 
used in finding the moment of inertia of an an'a with respect to another axis 
which does not, pass through the center of gravity of the area. In Art. 16, Sec. 1, 
it has been stated that' 


/, = /„+ A,U 


where /„ = moment of inertia of the liguro about an axis through its center of 
gravity. 

= moment of inertia about a parallel axis. 

A = area of the figure. 

(/ = distance lietweeu axes. 


If we regard the area of each rivet as equal to unity, as wc have Ixien doing, 
then Sy" is analogous to 1 and A i.s analogous to the number of rivets. Hence if 
we desire the value of Si/" for an elementary rectangular group when y is measured 
from an axis other than the axis of symmetry of the group we may u.se the follow¬ 
ing relation; 

Syi" = Zy" + lid" (ft)) 

where y is measured from an axis of symmetrj'. 

j/i is measured from an axis parallel to an axis of symmetry. 
n = number of rivets. 
d — distance between axes. 

Values of Si/" for one row of rivets containing from 2 to 12 rivets and for rivet 
pitches varying from 2 to 6 in. are given in Diagrams C and 7. 

In the design of a splice of the tyiie shown in Fig. 17 it is generally assumed 
that the rivets in the group e-fgh take all of the shear and a portion of the moment 
which is governed by the fact that the resultant rivet stress should not exceed the 

1 For proof of this t»tatemeot> Appendix B, p. 578. 
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allowable stress and by the fact that the net area should be maintained at about 
three-fourths of the gross area. The remaining and generally the major portion 
of the moment is carried by the groups of rivets ahcd and klmn. It is also gener¬ 
ally assumed that the resisting moment of the full height of the web jdate is to 
be developed and not just that portion of the web plate between flanges. There¬ 
fore hx of eq. (12) becomes h and we hav'c for the total moment carried by the 
splice 

M ^ (17) 



let 


To gel the jiorlion of the total mom(;nt e.arrietl l»y the niid<lle group of rivets, 
1 ' — lol.al slaair. 

m = portion of moment carried by mi<l<lle grouj) ol rivels cfgli. 


Then 


II and “• rchsr to this group aloia;. 


■' Xy- 


f. - 

fr = 




from which 




Since the outer groups of rivets carry none of the .shear 

_ „ '’ll “ w _ M — m 

N ~ ~ sj/i => ~ ’Sy" -f- nd^ 

Y 


(IS) 
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or 


Sy* -i- nd^ 


(M - w) r 
. A 


(19) 


UlustretiTO Problem.—Design a splice similar to Fig. 17 for a plate girder web lor the 
conditions given in the preceding problem: namely, that V ^ 150,000 lb., ft » 80 in., fti 
68 in., e = J'lc in., and /r *= 9,190 lb. given by J^-in. rivets in bearing on a piate at 

24,000 lb. per sq. in. 

In order that the center group of rivets may carry the shear, the number of rivoU in this group 
must equal at least 


V 

fr 


150,000 

9,lob 


16.3, or 17 rivets 


We shall use two rows of rivets with 9 rivets in each row and a rivet pitch of 4 in. For each row of 


rivets we find from Diagram 2 that 


Si/* 

Y 


5A in. 


Hence for two rows of rivets 


r 


(2)(r>8) 


110 


in. and also n (2)(0) » 18 rivets. Substituting these values in cq. (18) we find for the moment 
oarriod by the center group of rivets that 


m « 116 V(9,190)2 . 


From oq. (17) 




= 2.400(ho)(80)* « 6,720,(100 in -lb. 



In this case wc can asauinv that 

r 

Substituting in oq. (19) we get 


~ 4 * 30 in. 


(6.720,000 - 448.0(M»:(O „„ , 

Sf/- 4* = — - ■ —^iT"riu\ ■ ■ 20,r»oo m.* 


9.IW) 

This value is for both outer groups of rivets (abed and klmn of Fig. 17), so the value for one group Is 
20.r)00 
2 ' 


10,250 in.2 


Since we know the sise of the center group of rivets, the value of bi and V wo find that each outer 
group of rivets may be composed of three horizontal rows of rivets 4 in. apart and hence that d » Y 
4 in. « 30 — 4 “ 26 in. The value of 2 ;/* for one vertical row of three rivets with a 4-in. pitch is 
found from Di^ant C to be 31 in.* With » 31 in.*, n = 3 rivets, and d « 26 in., we find for one 
vertical row of rivets of this outer group that 

Si/- + nd* «= 31 + 3(26)? » 2,159 in » 

Therefore the number of vertical rows of rivets irt the outer group on each side of the break tn the web 
plate must be . 

10,2r>0 

2,Tft9 “ ® 

The completed design is shown in Fig. 18. 
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17. Plate Girder Flange Splices.—The following quotation from the 1920 
Specifications of the American Railway Rngineering Association is representative 
of good practice regarding the splicing of plate girder flanges: 

Splices in flange members shall not be used except by special pormisaidn of the engineer. 
Two members shall not be spliced at the same cross-section and, if practicable, splice 
shall bo located at points where there is an excess of section. The net section of the splice 
shall exceed by 10 per cent the net section of the member spliced. Flange angle splices 
shall consist of two angles, one on each side. 

There must be enough rivets on each side of the splice so that their strength 
in single shear shall be equal to the strenath of the splice angles or splice plates. 
The rivets which arc used in the flange fjJjither purposes are also available for 
this purpose and therefore by making the splice angles or splice plates long enough 
no excess rivets will be required. However, it is considered better practice to 
use a closer spacing of rivets in a flange splice so as to reduce its length to a 
minimum. 

18. Pin Connections.—^As stated in Art. 1, where it is neceasary to have 
several members meet at a joint in such a way that the members will be free to 
tuni, a pin connection must be used. Pin connections arc particuhvrly well 
suited to designs in which mo.st of the tension members are composed of eye-bars, 
since such members may be arranged on the pin with a good deal of facility. Pin 
connections are not so well suited to designs in W'hich built-up members are to be 
connected, since it is not convenient to have the different widths of members 
which would be necessary where several such members meet at a joint. However, 
it is sometimes necessary to use pin connections in such cases. 

19. Stresses Induced in Pins and Pin Plates.—In addition to the shearing and 
bearing stresses to which both rivets and bolts are subjected, pins are subjecte<i 
to heavy bending stresses which are not usually considered in riveted connections. 
Therefore it is n(!ce.ssary to analyze a pin as a short cylindrical be.ara subjected to 
shearing, bearing, and bending stresses. Quite, frequently the bearing stress on 
the web of a memlaer, such as a channel, becomes exces,sive and hence it is neces¬ 
sary to reinforce the w'eb by riveting a plate to it at the pin. Such plates are 
called pin platex. 

In calculating the shearing stresses on a pin, it is convenient to get the hori¬ 
zontal and vertical components of the.se stresses and then sum up these com¬ 
ponents separately and get the resultant from the formula V = \/ {WY •+■ 
where V — resultant shear, and W and V„ are the summations of the hori¬ 
zontal and vertical .shearing stres.scs respectively. However, it is only in 
special cases that the shearing stresses will govern the size of the pin. 

It is generally assumed that the loads are concentrated at the centers of 
bearing of the members when the bending moments are being calculated. Strictly 
speaking the loads are distributed over the bearing areas but the difference in 
results obtained by the two methods is small ordinarily and therefore the simpler 
method is adopted. The horizontal and vertical components of the forces acting 
at a joint are calculated as in the determination of the shear, and then the resul¬ 
tant moment is found by the formula M = \/jMhY + M,Yt where M = resultant 
moment, and Mi, and Af, are the moments produced by the horizontal and vertical 
components respectively. 
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In general the maximum stresses in all the members meeting at a joint will 
i\ot oecur simultaneously. Therefore in calculating moments it is usual to 
consider two conditions of loading, one in which the stress in a chord member is 
a maximum, and the other in wliich the stress in a web member is a maximum. 
In each case the simultaneous stress occurring in one other member is calculated 
and then the simultaneous stresses in the other members intcrsectuig at the pin 
may l)e obtained quite readily by means of a .small force diagram. 

Horizontal compression chord members arc built continuous at the joints so 
that only the difference in stresses between the two segments is in action on the 
pin. 

In the Sfmcifications of the American Tlailway Engineering A.ssociation an 
allowable bending stress on pins of 24,000 lb. per stp in. is recommended. This 
comparatively high value is allowed because of the fact that the assumption of 
concentrate<l loads gives bending moments in excess of the true values and also 
because of the fact that any slight bending of t he pin ])rodu(x,‘H some change in 
the magnitude of the forces which effect a reduction in the bending moments. 
Aiiother reason for the use of a higher working stress for pins than for members is 
due to the fact that the large sec'ondary stresses which often occur in membtrs do 
not exist in the pins. 

As soon as the maximum bending moment is found, the diameter of the pin 


Me 


may bo obtained from the formula S = j • Eor juns c = radius, r, a 


nd / 


(i 

• Substituting for r wo get 


_ A/(/(4)(l(i) _;t2M _ ’/lO.lSTAi 

/,l\ “ 27rd‘ Tr<P ' V / 

"(2)^ 

/= 21,00011). i>ersq. in.,rf = 


Value.s of the allowable bending moments on ])ins of different sizes with .several 
unit stresses arc given in Table 9. 

The bearing stresses arc found as in riveted connections. The bciiring area 
for riveted members is provided by adding pin plates until the resulting bearing 
stresses come within the allowal)le. With the allow.able unit tension in the eye- 
bars known and the allowable unit bearing stress known, the limiting value of 
the ratio of pin diameter to width of widest bar which will result in a safe bearing 
stress may be found. For instance, if the \init. t,ensile stress in the eye-bar is 
10,000 lb. per sq. in. and the unit bearing .stre.ss is 24,000 lb. t)er sq. in. then this 
allowable bearing stress will not be exceeiled if the diameter of the pin is equal 

to or greater than ^ of the tvidt.h of the widest member. Values of the 

allowable bearing stresses on pins of different sizes with several unit stresses are 
given in Table 10. 

Quite a little attention must be given to the arrangement or packing of the 
members on the pin in order that the resulting bending moments will be reduced 
to a minimum. In general, members producing stresses in opposite directions 
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Tabi.e 9.‘—Pins—Beabing Valges in Potinus on Mbtae One Inch Thick 


Bearing Value = Diameter of Pin X Bearing Stress per Square Inch 


Pin 



Bearing HtrcHHCs in pounds per square ind 


Diameter, 

Area, 

12.000 

1.5,000 

! 20.000 

1 22,000 

I 24.000 

inehcM 

t 

HI], in. 



1 



1 1 

078.'. 

12,000 

1 r ,. 000 

20.000 

22.000 

24,000 

IM ' 

1.227 

1.5.(M)0 

18.800 

2.5.000 

27,500 

30,000 

It-i 1 

1.7(57 

18,000 

22, .5(K) 

30.000 

33.000 

36,000 

m j 

2 .4 or, 

21,000 

20..300 

35. (MM) 

38. .500 

42,000 

2 

3.142 

21.000 

30.000 

40, (KM) 

44.000 

4.8,000 

2M : 

3 070 

27.000 

33.«(M) 

45,000 

49,500 

.54,000 

2H 1 

4.009 

30.000 

37. .500 

.50.000 

.55.000 

GO.000 

2H 1 

5.040 

.33.000 

41,300 

.55,000 

00 ,,SOO 

GG.OOO 

••i 1 

7 Of.i) 

30, r»oo 

45,000 

60,000 

GO. (M)0 

72,(K)() 

3'.' ' 

8 200 

39.000 

48.8(M) 

6.5.0(K) 

7J.a500 

78.000 

•i.S ! 

0.021 

42.(K)() 

52.500 

70.000 

77.000 

84.000 

.•i»4 : 

11.01.5 

1-5. (KIO 

50,300 

7.5.000 

S2,.S00 

90,000 

•1 

12.500 

48.000 

00.000 

80.000 

88.000 

9G.000 

4*.^ 

11 180 

.51.000 

('.3,800 

85.000 

93. .500 

102.000 


1.7.‘f04 

.54,000 

07. .500 

90.000 

99.000 

108,000 

4 •■’4 

17.721 

.57,000 

71,3(M) 

95,(M)0 

104,500 

114.000 

5 

lO.i'.Sr, 

00.000 

75,000 

ion,(HX) 

110.000 

120.000 


21 048 

03,000 

78.800 

105.000 

1 15.500 

12G.000 


2.3 7.78 

00,000 

82..500 

llO.OfK) 

121.000 

132,000 

.'.a, 

2.7 or,7 

09,0<K> 

80.300 

11.';, (WO 

12(5,500 

l.'W.OOO 

a 

2.8,271 

72,000 

90.(M)0 

120.000 

132,000 

144,000 

(V-i 

30 (-,80 

7.5. (X>0 

93,800 

12.5.000 

137.500 

150,000 

0 4 

33 1.83 

78.000 

!I7, ■'•.no 

130.000 

113,000 

1.56.000 


3.7 78.7 

87 .(MM) 

ini,3(K) 

135,000 

148.,500 

162,000 

7 

3.S. 4.8,7 

84,000 

105,000 

140.000 

3.51,000 

168,000 

"^'4 

41.282 

S7.(MM) 

108.800 

1 1.5.000 

159,500 

174.000 

71; i 

41. 170 

90.000 

1 12..500 

1.50,000 

165,000 , 

180.000 

7U i 

47 173 

93.000 

1 10.300 

155.000 

170,500 j 

180.000 

8 i 

r,() 2(47 

90,000 

12<),<H)fl 

TOO.non 

176.000 1 

192.000 

8.'-4 ! 

.5.3 4.5ii 

09.000 

123.800 

105,000 j 

JS1.500 

198.000 

84 ’ 

no. 74.5 

102,000 

127..500 

170.000 1 

187,000 

204,000 

sH 

00 132 

10.5.0(K> 

1.31,300 

175,000 i 

192,500 

210.000 

f> ' 

03 017 

108.000 

135.000 

ISO,000 i 

198,000 

216,000 


07 2(H 

lU.OOO 

iss.sno 

18.5.000 1 

203 .500 

222.000 

' 

70.8.82 

114,000 

142..500 

190.000 

2(K».000 

228.000 

0^4 

74.002 

117.0(K) 

Hfi.SOO 

195,000 

214..5(M) 

234,000 

10 1 

7S.aM0 

120,000 

1.50,000 

200.000 ; 

220,000 

240.000 

loti 

.S2.51C 

123,000 

1.53.800 

20.5.000 

225 .500 

246.000 

10.*-2 

80..500 

120,000 

157.500 

210.000 

231.000 

252,000 

lOH 1 

90.703 

129,000 

101.300 

215.000 

236 .5(M) 

2.58,000 

n 

9.5.0.33 

132,000 

1 fi5. {K)0 

220.000 

242. (MX) 

204.000 

104 

00.402 

13.5.000 

108,800 

225,000 

247 .500 

270.000 

IU 2 1 

103 809 

138. (K)0 

172,SOO 

230.000 

2.53.000 

276,000 

n ?.i 

108.4,34 

1 11 .0(K) 

170,300 

235. (XK) 

258..500 

282.000 

12 

IJ3.097 

144,0(M) 

180,000 

240.000 

204.000 

288,000 


* J'Vonj Pofkot Conji)aiiion, 20th etlit.ion, Carnegie Steel Co., Pittsburgh, Pa. 
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Tabm 10.' —Pins—BEN biNO Moments in Inch Pounds 

Bending Moment = (Diameter of Pin)’ X 0.098176 X Stress per Square Inch 

Pill 

Fiber stress in pounds per square inch 

Diameter, 

inches 

1 Area, 

1 sq. in. 

15,000 

W.fKK) 

20,000 

22,000 

22,500 

24,000 

25,000 

1 1 

0.786 

. 1,600 

1,800 

2,000 

2,200 

2,200 

2,400 

2,600 

m 

1.227 , 

2,900 

3.500 

3,800 

4.200 

4,300 

4.600 

4.800 

iH 

1.767 

5,000 

0,000 

6,600 

7,300 

7,500 

8,000 

8,300 

IH 

2.406 

7,900 

9.600 

10,500 

n.OCK) 

11,800 

12,600 

13.200 

2 

3.142 

11,800 

14,100 

15,700 

17.300 

17,700 

18,800 

19.600 


3.976 

16,800 

20.100 

22.400 

24,600 

26,200 

26,800 

28.000 

2H 

4.909 

23,000 

27.600 

30,700 

33,700 

34,500 

30,800 

38.300 

2M 

6.940 

30,600 

36.800 

40.8(K) 

44,000 

46,900 

49,000 

51.000 

3 

7.069 

39,800 

47,700 

63.000 

58,300 

69,600 

63,600 

66.300 

3H 

6.296 

50,600 

00,700 

07,400 

74,100 

76.800 

80,900 

84.300 

SH 

9.621 

63,100 

75,800 

84,200 

92,600 

94,700 

101,000 

1 Oil, zoo 

3« 

11.046 

77,700 

93.200 

103.600 

113,900 

116,500 

124,300 

129.400 

4 

12.566 

94,200 

113.100 

125.700 

138,200 

141,400 

150,800 

I.IT.IOO 

*H 

14.186 

113.000 

136,700 

160.700 

166,800 

169. (iOO 

180.900 

lss.4no 


16.904 

134,200 

101,000 

178,900 

196.800 

201.300 

214.700 

223,700 

iH 

17.721 

167,800 

189,400 

210.400 

231.500 

236.700 

252,500 

203.000 

5 

1 19.6.36 

184,100 

220.900 

246,400 

270,000 

276,100 

294.500 

306,300 


21,648 

213,100 

265.700 

284,100 

312.600 

319,600 

34(^,900 

3/>5.200 

SH 

23.768 

246.000 

294.000 

326.700 

369.3(H) 

3(>7.5(M) 

392,000 

408,300 

6« 

25.987 

280.000 

330,000 

373,300 

410.600 

419,900 

447,900 

466,600 

6 

28.274 

318,100 

381.700 

424,100 

406,500 

477.100 

508,900 

630,100 


30.680 

3.69,600 

431.400 

479.400 

627,300 

639.300 

576.200 

599,200 

6M 

33.183 

401,400 

486.300 

539.200 

693,100 

606,6(K) 

647,100 

674,000 

6H 

36.785 

4.62,900 

643,600 

603.900 

664.300 

679.400 

724,6(H) 

764,800 

7 

38.486 

.605,100 

606,100 

673.500 

740,800 

757.700 

808.200 

841.800 

ty*. 

41.282 

601,200 

673.400 

748,200 

823,100 

841,800 

807,900 

[ 936.300 

7M 

44.179 

621.300 

746. .600 

828,400 

911.200 

931.900' 

994.000 

1,036.400 

7« 

47.173 

086.600 

822,000 

914,000 1 

,005,400 1 

.028,200 t 

.096,800 

1.142,.600 

8 . 

50.265 

764. (KK) 

904,800 1 

.005.300 1 

. I06.8(K) I 

.131.000 1 

.206.400 

1.2.66.600 

SM 

53.456 

820.900 

992,300 1 

,102,500 1 

,212,800 1 

,240,400 1 

,323.(XMJ 

1.378.200 

8M 

56.745 

904.400 1 

,085,300 1 

.205,800 1 

.320.400 1 

.3.x,600 1, 

,447,000 

i 1,507,300 

8K 

60.132 

980,600 1 

,183.900 1 

.316,400 1 

.440,900 1 

.479,800 1, 

.578.500 

1,644.200 

9 

63.017 

1.073,500 1 

.288,300 1 

.431,400 1 

,574.600 1 

.610,300 1, 

.717.700 

1.780.200 

»H 

67.201 

1,105.500 1 

.398,600 1 

, 564 000 1 

,70ll,4b0 1 

,748,300 1, 

.864,800 

1.942.600 

9H 

70.882 

1,262,600 I 

,516,100 1 

,083,500 1 

.851,800 1 

.893.900 2. 

,020,100 

2.104.300 

9H 

74.662 

1,364,900 1 

,037.900 1 

,819.900 2 

.001.000 2 

.047,400 2, 

,183.900 

2,274,900 

10 

78.540 

1.472,600 1, 

,707,100 1 

.963.500 2 

,159.8002 

.208.900 2, 

.356.200 

2.464.400 

tOH 

82.516 

1,685,900 1. 

,903.000 2 

.114,500 2 

,326.900 2 

.378,800 2, 

,637,400 

2,643,100 

JOH 

86.590 

1,704,700 2 

,045.700 2 

,273,000 2 

,600.300 2 

.557.1002, 

,727,600 

2,841,200 

lOH 

90.763 

1.829,400 2 

.196,300 2 

.439,200 2 

.683,200 2 

,744.100 2, 

.927,100 

3,049.100 

11 

95.033 

1.960,100 2 

.362,100 2 

,013.400 2 

.874.800 2 

,940,100 3 

.136.100 

3.266,800 

IIW 

99.402 

2.096.800 2 

.610,100 2 

.795.700 3 

.075,200 3 

,145,1003 

,354.800 

3,494.600 

IIH 

103.809 

2,239,700 2 

,687.000 2 

,980,200 3 

,28-1,900 3 

.369,600 3 

, 683.500 

3,732.800 

n« 

108.434 

2.388.900 2 

.866.700 3 

,185.309 3 

.603,800 3 

.583.400 3 

,822,300 

3.981,600 

12 

113.007 

2.544.700 3 

,053.600 3 

,392,900 3 

.732,200 3 

.817.0004, 

.071.600 

4,241.200 


* From Pocket CompHiiion, 20tli edition, Carnegie Steel Co., Pittsburgh, Pa. 
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should be placed close together. Each pair Of members should be so located 
that the couple which is produced will be of opposite sign to that of the pair 
adjacent on each side in order that the moment will not accumulate toward the 
center of the pin. 

lUastratiTC Problem. —Compute the maximum moment on the pin in the joint shown 
in Fig. 19. 

The stress in each diagonal bar is = 8^480 lb. The horizontal and vertical 

oompononts of 8,480 lb. are 

8,480 (sin 45°) = 8,480(cos 45°) ^ 6,000 lb. 




Figure 20 shows the stresses in their assumed positions with the distance of each from 
the center line of the pin. 

Hor. mom. about 5 = (50,000)(iHc) = 34,580 in.-lb. 

Hot. mom. about c « (50,000)(1H) - (50,000)(H«) “ 34,380 in.-lb. 

Hor. worn, about d = (50,000)(1H«) - (50,000)06) + (0,000)(K6) = 37,000 in.-lb. 

Hor. mom. about e « (50,000)(5>6) - (50,000)(4iH«) + (6,000)(4«) - (6,000)(3iM») “ 

37,000 in.-lb. 

Vert. mom. about c — 0 

Vert. mom. alwmt d «= (G,000)(H8) = 2,630 in.-lb. 

Vert. mom. aboute' = (0^000)06) + (O,OOO)(M 0 ) ^ 7,880 in.-lb. 

Vert. mom. about fi — (6,000)(496) (6,000)(3*Me) "" (l2,000){3)-6) ““ 7,880 in.-lb. 

Max. mom. then, is at e and is. 

V^(37,000)“ + (7,880)« = 37,800 in-|b. 
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DESIGN OF WOODEN MEMBERS 

Bv Hkniiy D. Dkwkll 


WOODEN BEAMS 

Under this heading will be considered only timber beams and girders of solid 
and uniform section. 

1. Factors to be Considered in Design.—The factors determining the selec¬ 
tion of the size of a wooden beam are: 

(а) The maximum unit fiber stre.ss in bending must not be excessive. 

(б) The maximum unit stress due to horizoiital shear mu.st not be excessive. 

(c) The deflection of the beam under maximum loading must be within Ihe 
allowable limit. 

(d) The depth in building construction must bo within any limits of space 
between floor and ceiling, or in accordance with any restrictions as to clear story 
height. 

(e) The cross-sectional dimensions should be of a size ea.sy l,o obtain. 

(/) The cross-sectional dimensions should be considered as to requirements of 
details of connection. 

(g) One or both of the cross-sectional dimensions may be limited. 

The fundamental bending formula used in (he d(;sign of beams, is treated in 
the chapter on “Simple and Cantilever Beams” in Sec. 1. Shear and deflection 
arc also treated in the same chapter. 

2. Allowable Unit Stresses.—Unit stresses for design of wooden beams are 
usually prciscribed by building ordinances for the various kinds of timber. Tho.se 
allowable stresses vary widely in different cities, the older ordinances in general 
prescribing lower limits than the more recent ones. The tendency in revising 
ordinanec.s is to increase the allowable uni t streasses in limber, at least for timber 
in bending. This feature is due largely to fh(^ elTorts of the lumber man ufacturens’ 
organizations in competition w'itli the constantly widening use of reinforced con¬ 
crete. At the same time these manufacturers, in conjunction with engineering 
organizations, are giving more attention to the grading rules and to furnishing 
timber of uniform high quality. In comparing the allowable unit stres.ses found 
in various building ordinances the prescribed live loading must also be taken into 
consideration. Iter example, a limit of 1,500 lb. per sq. in. in bending with a 60- 
lb. live load will give the same size beam as a 40-lb. live load with a limiting fiber 
stress in bending of 1,000 lb. per sq. in. 

It is obvious that the allowable unit stresses are dependent on the quality of 
timber used. In this respect most of the newer building ordinances allow higher 
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stresses for a, select grade of lumber, whereas older ordinances make no distinction 
in grade, or, more accurately speaking, they prescribe for the grade of timber 
most likely to be used. 

Probably the most comprehensive study ever made of the strength values of 
structural timl)er was that made by the American Railway Engineering Associa¬ 
tion, through their Committee on Wooden Bridges and Tresthw. The ultimate 
and working stresses recommended by that committee are given in the table of 
Appendix D, p. 597. The table gives no working unit stresses for pure tension. 
The working unit resistance to ttmsion may be taken the same as for bending. 

3. Kinds of Timber.—The timbers most commonly used for wooden beams 
are long-hsaf yellow pine and Douglas fir, the lirst being employed almost exclu¬ 
sively throughout the Eastern st.ates, and the latter having its widest, use in the 
Paeitic Coast states. l.es.s extensively emidoyed, may be mentioned short-leaf 
yellow pine, white pine, Korway pine, spruct!, hemlock and redwood. 

4. Quality of Timber.—The desinsl quality of timber is d(!t.ermined by speci¬ 
fications or by referring to grading rules estal.)lished by t he lumber manufacturers. 
I’lnis, the timber for joists or girders may be speeilied by the designer to be Select 
Sti uclnral, 1 )ense Crade, Sound Crade, No. 1 (lommon, or Select No. I Common. 
In th(! Pacili(^ Coast stali!S, the two latter t(!nns arc; generally u.sed, very little 
structural timber cutiuing inlo a building being above No, 1 Common. Both 
the Southern Pine Association and the West (toast Lumbermen’s Association have 
established a Structural Crade for long-leaf yellow' ))ine and Douglas fir, and in 
the larger citie.s luniibcr of this cpiality can probably bcobtained. In many case.s, 
however, the lumber may be purcha,sed from the smaller yards, and, even if 
specified as No. 1 Common, may (amtain a considerable i)er<'eutage of No. 2 
(tomiuon, sinc(5 it is a ])ractice of .some lumber yards to purchase No. 2 Common 
material and select the better pieces to be sold as No. 1 Common. 

6. Horizontal Shear.— In deep short beams the safe unit str&ss in horizontal 
shear may bo the determining feature. This W'ill seldom be the case in the design 
of joists, but may be a factor in the selection of the proper size for girders. In 
this (Kumcction the effect of possible checks at the ends of the beam, in or near the 
horizontal idaiu', should b(! considrsrod. Such checks obviously decrease the 
section of Ixuim for resisting shearing stresses. 

6. Bearing at Ends of Beams.—Sufficient bearing must be provided at tins 
ends of all beams, so that, with the maximum reat'tion at tlie support, the timber 
may not crush in side bearing. Most struclurid timbers are comparatively weak 
in cross bearing. The details at the ends of timber beams are often poor, insuffi- 
(iient bearing area being provided, so that the beams could never develop their 
safe loads as determined by bending strength. In gimeral no beam should have 
a smaller bearing area than given by the product of the width of the beam by 4 in. 
Details of end connections of beams and girders arc discussed in Arts. 16 and 
16, Sec. 5. 

7. Deflection.—If a beam has insufficient depth for its span, it will deflect 
excessively. The result may be a cracked ceiling, if the latter is plastered, or, in 
an unplastered building, merely a floor that shakes when walked upon. The limit 
of deflection of a timber joist is generally placed at of the span. 

Timber is different from the other building materials, such as steel or concrete, 
in that, if loaded excessively with a constant load, its deflection will continue to 
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increase with no increase of load, even though the maximum unit stress in bending 
be within the elastic limit of the particular timber. For this reason, many 
specifications require that the modulus of elasticity for “dead,” or constant, loads 
be taken as one-half the modulus of elasticity used for “live,” or occasional, 
loading, the latter quantity being the value determined from a short-time loading 
test. For example, the Am. Ry. Eng. Assoc, through the committee on “Wooden 
Bridges and Trestles,” recommends “To compute the deflection of a beam under 
long-continued loading instead of that when the load is first applied, only 60 
per cent of the corresponding modulus of elasticity for short time loading is to be 
employed.” Tests by Tieneman* indicate that a beam may be loaded to within 
20 per cent of its elastic limit without danger of increase of deflection. 

The recommendation is here made that for constant or “dead” loads the 
modulus of elasticity be taken at three-fourths that for short time loading, while 
for occasional or “live” loading the full value be used. 

8. Lateral Support for Beams.—A timber beam needs to be supported laterally 
in the same manner as a beam of steel or concrete. Floor joists are braced by the 
flooring and also by the bridging, while the girders are held by the attachment of 
joists. 

In the case of a beam unsupported laterally, the maximum unit fiber stress in 
flexure should not exceed the value 

^ ^ “ 90 ■ i.) 

where fi = basic unit flexural fiber stress, I — span of beam in inches, and b — 
breadth of beam in inches.® 

9. Sized and Surfaced Timbers.—The fact must always be borne in mind 
by the designer of timber beams that a variation from the nominal size of timbers 
is allowed by all grading rules; also, that if timber beams are sized, the actual 
depth is less than the nominal depth. Further, if timber is bought from a local 
lumber yard, joists may come surfaced one side. In general, all-rail shipments 
of timbers are surfaced one side one edge (SlSlE) while all-water shipments are 
not surfaced. The actual dimensions of the finished stick must be used in all 
calculations. Tables 1, 2, 3, 6, 7, 8, and 9 show the relation between actual sizes 
and nominal sizes. 

10. Joists.—^Joists usually carry only a uniform load composed of the weight of 
the joists themselves plus the flooring plussuperimposed loads of people,funiiture, 
etc. The latter loads are commordy termed “hve” loads in contrast with the 
constant loads due to the weight of the floor construction itself, called “dead” 
loads. The joists carry the flooring directly on their upper surfaces, and are in 
turn supported at their ends by girders, bearing partitions or bearing walls. 
Joists are always single sticks of timber. Joists may, and often do, carry con¬ 
centrated loads in addition to the uniform loads mentioned above. Such con¬ 
centrations may be caused by heavy pieces of furniture, safes, etc., by cross parti¬ 
tions resting on the floor, or by special floor framing as required by openings in 
the floor. 

t 

1 See Snff. Ntwf, vol. G2, pp. 216-217. 

’ Properly the factor Ko holds only for the case of simple beams loaded uniformly and at the tliird 
points, and for cantilever beams with uniform loading. For a simple beam with single oonoentrated 
load at any point of span the factor is Hao, while for quarter point loading the factor is Ho. 
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Many designs of joists or girders are faulty in that the designer has not 
considered such concentrated floor loads in addition to the uniform loading. In 
design, with the use of tables giving safe loads for timber, the beams selected 
thereby may not be sufficient for all cases of framing where loading has been 
assumed to be uniform. For such cases, the concentrations are sometimes 
reduced to equivalent uniform loads before entering the tables. A correct 
and satisfactory method, except for the simpler cases, is to compute the separate 
bending moments due to each load and combine these partial moments to get the 
amount and position of the maximum moment. The combination of the partial 
moments may bo quickly accomplished by graphical methods, as illustrated in 
Art. 16. Having this, the required section is easily found (see chapter on 
"Simple and Cantilever Beam.s,” Sec. 1). 

Table 6 gives the resisting moments of rectangular beams, computed on the 
basis of the actual finished sections, for maximum unit fiber stresses varying from 
1,000 to 2,000 lb. per sq. in.; also the factors by which the moments in the tables 
arc to be multiplied to get the resisting moments of the rough sections. 

11. Girders.—Girders may Ix) single sticks or composite sections. Girders 
usually support joists, and in turn are supported by columns or bearing walls. 
When girders are carried otherwise than by columns, the fact must always be 
borne in mind that such girders deliver a concentrated load of some magnitude 
to the wall, or bearing partition, and care must be taken to see that such wall or 
partition is strong enough in column action to carry the load imposed upon it by 
the girders. 

For ordinary building construction, where timber not better than No. 1 
Common is likely to be used, it is recommended that the maximum unit fiber 
stress in bonding for long-leaf yellow pine or Douglas fir be limited to 1,500 lb. 
per sq. in., and the maximum unit longitudinal shearing stress be limited to 150 
lb. per sq. in. For timl>er of the grade of Select Structural, or Select No. 1 
t’oinnion, the unit flexural stress, computed always on the basis of actual finished 
sections, may be increased to 1,800 lb. per sq. in., and the unit longitudinal shear¬ 
ing stress to 175 lb. i)cr sq. in. 

Tables 1, 2, and 3 give the safe loads, deflection, and maximum unit shearing 
stresses for 2-, 3- and 4-in. joists, respectively. The maximum unit fiber stress in 
bending is D.TOO lb. per sq. in., computed on the finished size of joist. The deflec¬ 
tion is based on a modulus of elasticity of 1,643,000. The maximum intensity of 
horizontal shearing stress is given for the shortest span. To use this table for 
other unit flexural fiber stresses, the values in the tables must bo multiplied by the 
factors of Tables 4 and 5. 

Illustrative Problem.—Required to find proper size of joist to support a load of 5,500 
U>> on a 14-ft. spun, with a fiber stress of 1,200 lb. per sq. in. 

From Table 6 we find factor of multiplication to be 1.250. The new load to use in 
entering Tables 1, 2, and 3 is therefore 6,500 lb. X 1.250 = 6,870 Ib. From Table 2 it is 
seen that a 3-X IG-in. joist on a 14-ft. span has a safe oarrying capacity of 7,]50 lb. (at 
1,500 lb. per sq. in.). 

lUttstrative Problem.—Given a 2-X 14-in. joist on a l6-ft. span. Required the safe 
load as limited by a maximum unit fiber stress of 1,200 lb. per sq. in. in bending. From. 
Table 1, the safe load for l,s500 lb. per sq. in. in bending is seen to be 3,085 lb. From 
Table 4, the factor of multiplication is seen to be O.SO, giving the safe load as 2,468 lb. 
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Diagram on p. 301 gives a simple method for solving the strength of any 
timl)er beam as determined by maximum unit strength in bending, also for 
determining the proper size of any timber beam to support a given load in bending. 

lUttStrative ProWom.—Given a total floor load, dead and live, of 174 lb. per sq.ft., 
span 13 ft. 1 in. What sisse joists, spaced l(i in. on centers, will support this load with a 
maximum unit fiber stress of 1,800 lb. per sq. in. 

Lay a flexible straiaht odec, such as a card, on the diagram, p. 301, joining point.d. 
(174 lb. per sq. ft.l with B (Ifi-in. spacing), and mark intersection C on Working Line. 
Pivoting card about C, connect C with D (13 ft. 1 in.) and read 5,000 ft.-lb. at E. Con¬ 
nect E with F (1,800 lb. per sq. in.), crossing Working Lino at<7. Pivoting card aboutf?, 
set card on 1K in. (width of beam) at If and read 11in. (depth of lienm) at K. 

12. Explanation of Tables.—In T.ablcs 1, 2, and 3, the first lino of figures in 
each group represents tlic safe load for the particular beam, including the weight 
of the beam itself. The .second line of figures gives the defiectioii in inches forthe 
beam at the maximum safe load, com[)utod for a modulus of elasticity of f ,643,000 
lb. per sq. in. The third figure, where such figure! occurs, indicates the maximum 
unit horixoutal shearing stress. The shearing stress is given, only in tho.se cases 
in which such shear is in excess of 1 .'50 lb. per sej. in. .411 epuentitiesin thetse table's 
are based Ujeon the surfaceel size!s e)f stieeks. Te) obtain thee safe loaelsfeer the reeugh 
or fedl nominal sizees of timber, the leiaels eef Tablees 1, 2, aiiel 3 must bomultil)lieel 
by the “multiielying factors” eef Tiiblc 6. These: tables heive been adaptedfreem 
simihir tables in the “Structured 'I'inibeir llandbeeeek on I’aeafie: Cfemst Woods” 
published by the West (ieeast lAimbermen’s .'Vsseeeeiatieni. 

Tables 7, S and 9 give fejr timber jeeists: (1) The seifc loads e'orre'sjHinding toei 
mejximum flexural stress eif l,.S0t) lb. per sep in., ineliceiteel in the: teefeles by the: 
letter “B”; (2) the safe hieid, uniformly distributes!, limiteel by a maximum 
intensity e)f horizontal shear of 175 lb. pew sq. in., inelieeate'el in the tables by the 
letters “//.S'”; (3) the einiformly distributed loael that j>roduces a deflection of 
?djo in. per foot of span, indicated in tlie tables by the letter “/.)”; and (4); the 
deflection in inches for a load of 1,(K)() lb., uniformly distributed, indicatedin the 
tables by “/>!.” All deflections .are computed for a modulus of el.'isticify of 
1,620,(K)0 lb. per sq. in. All hauls and deflect ions are computed on the finished 
or surfaced size.s of joists. For convenience, the sectii.)n moduli of the viudous 
sizes of joists are given, ba.sed on finished sizes. Those tables arc takenfrom the 
“Southern Pine Manual” published by the Southern Pine Association. 

Attoritiou is called to the variation of sizes of finished joists in Tables 1, 2, 3 
and TaVdes 7, 8 and 9, representing the difference between the standards of the 
West Coast Lumbermen’s AssocL'ition and the Southern Pine Association, the 
finished sections of the Southern Pine Association utilizing a greater percentage 
of the rough timber than the standards of the Wc.st (toast Lumbermen’sAssocia- 
tion. All sizes of joists in Tables 1,2, and 3 (West Coast Lumbermen’s Associa¬ 
tion) arc for joists surfaced one shle and one edge, or surfaced four sides (S4S). 
All size.s in Tables 7, 8, and 9 (Southern Pine Association) are for joists 
surfacezl one side and one edge (SISIE). 
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Table 1.—^Tasle op Sap® Loads and Deflections fob Timbeb Joists with 
Nominal Width of 2 In., Unifobmly Loaded, Based on Maxihhm 
Flexhbal Fibbb Stbbss of 1,500 Lb. fbb Sq. In. 



‘ SISIE — Kurfiioed one aide and one edge. 
S48 » surfaced four aidea. 
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Table 2.—^Table of Safe Loads and Deflections for Timber Joists with 
Nominal Width of 3 In., Uniformly Loaded, Based on Maximum 
Flexural Fiber Stress of 1,500 Lb. per So. In. 



Rough sise 

3X0 

3X8 

3X10 

3X12 

3X14 

3X16 

3X18 

Sizes 

Surfaced size 
Si 81E or 8481 

2HX5H 

2HX7H 

2HX9H 

2KXIIK 

2KXI3H 

2J-2 X 15)-! 

mxnn 


Section 

modulus 

12.60 

23.42 

S7.ai 

65.10 

75.94 

100.10 

127. 60 


4 

[3.1.50 
{ 0. ()7tt7 
( 172 








G 

/2.520 
\ 0. 12.5 








6 

[2,100 
j 0.170 

3.903 
0.131 
IGC 








1,800 

.3.340 

.5,373 






7 

1 0.244 

0.179 

0.141 
170 






8 

f 1, .57.5 
] 0.310 

2,928 

0.234 

4.701 
0.185 

6.888 
0. 153 
180 





0 

[1,400 

10.404 

2,tM)2 
0. 290 

4,179 

0.234 

6.122 

0.193 





10 

f1.260 
^ 0.408 
( 

2,.342 
0. .3fJ.5 

3.761 

0.289 

,5.510 

0.238 

7.594 
0.203 
169 



1 11 

j 1,14.5 
jo. 003 

2,129 

0.442 

3,419 
0. .349 

5.009 

0.288 

6,904 

0.245 

9,100 

0.214 

176 


1 

12 


( 1 9.52 
j 0. .526 

3,134 

0.41G 

4 .592 
0.343 

6,328 

0.292 

8,342 
0. 254 

10,633 
0. 225 
182 

c 

e 

i;i 


i 1 802 

\ 0. 017 

2.89.3 
0.487 

4,239 
0. 403 

5,842 

0.343 

7,700 

0.299 


a 

Vi 

14 


/ I 673 
to. 710 

2.686 
0. 56.5 

3.93G 

0.467 

5,424 
0. 397 

7,150 

0.347 

9,114 

0.307 


J."> 


f 1 ..561 
\ 0.822 

2.507 
0.649 

3.673 

0.536 

5.063 

0.456 

6.673 

0.398 

8,.507 
0.352 


ir> 



2,3.51 

0.738 

.3,444 

0.610 

4,746 
0. 519 

6.256 

0.453 

7,975 

0.401 


17 



[2.212 

10.8.34 

3,241 
0. 688 

4,407 
0. 586 

5.889 
0. 611 



IK 



/ 2.089 
t 0.935 

3.061 

0.773 

4,219 

0.057 

.5,561 
0. 572 

7.089 

0.607 


JO 




/ 2.900 

1 0.917 

3,997 

0.732 

5.268 

0,637 

6,716 
0. 5f>5 


20 





f3,797 

1 0.811 

.5,005 

0.706 

6,380 

0.620 


2l' 





[3.616 
10.895 

4.767 

0.779 

6.076 

0.090 


22 





[3,452 
\ 0.981 

4,550 
0. 8.55 



2.3 






/ 4.3.52 

1 0. 93.5 

5.548 

0.820 


24 







/ 6.317 
\ 0.901 









/ .5,104 
\ 0,970 


> SlSlIij "" surfaced one side and one edee. 
S4S -■ surfaced four aides. 
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Table 3.—Table op Safe Loads and Deplections fob Timber Joists bttu 
Nominal Width op 4 In., Uniformlt Loaded, Based on Maximom 
Flexural Fiber Stress of 1,500 Lb. per Sq. Ik. 

I i' 4X4 j 4X6 ’ 4X* j 4X10 j 4X12 | 4X14 j 4Xlfl j 4XW j 


lai^eillSI^:a^^X3}■i'k^^XSh:iHX7H 3HX9>2 a.Is'XSl-iX 13H' X16>4i3«X17H 

, or E4S' I ! i i 


Section 

innduhis 

1 7.15 

! 

J 17.64 

j 

^ .32.81 

; 52.65 


i 1 2.3831 




3 

0.070f 





{ 14G 





i 1.788 

4,410 



4 

1 0.125 

0.0797 




1. 

17S 




j 1,430 

3.528 




\ 0.196 

0.126 




f 1.192 

2,940 

5,468 



\ 0.282 

0.171 

0.131 



[. 


156 



i 1.021 

2,520 

4,687 

7,521 

7 

1 0.384 

0.244 

0. 179 

0.141 

170 

6.581 




2,205 

4.101 

8 



0.319 

0.234 

0.185 

0 



f 1.900 

.3,640 

5,850 



0.404 

0. 290 

0.234 




1,764 

3.281 

5,26.5 

10 



0.498 

0. 305 

0.289 




1 .604 

2.983 

4,780 

11 



0. 603 

0. 442 

0.349 




f 2,734 

4,388 

0.415 

13 



0. .526 

13 



f 2,524 

4,050 



t 0.B17 

0.487 

14 



/ 2..344 

3.761 



t 0.715 

0 565 

15 



1 2,187 

3,510 



1 0.S22 

0.6491 

(3,291 

1 0. 738; 

( 3.09"! 

> 0. 834 ■ 
(2,924 

10 

17 

18 




\ 0. 93.5 

10 





20 





21 





22 



, 


23 





24 



■ 


25 






0,044 
0. 153 
180 


8..572 
0. 193 
7,71,5 
0.238 

10.631 

0.203 

1691 


7,015 

9,665 

12.741 


0.288 

0.245 

! 0.2Mj 

6.429 

8.8ni! 11.6791 14,888 

0.343 

0 292’ 0,2.54 

0.22,5 



. 

182 

5.9.35 

8, 178 

10.781 

13,742 

0. 403 

0.343, 0.299; 0.265 

5,511 

7.594 

10.011 

12,761 

0. 467 

0.397; 0.347 

0.307 

5, M3 

7.087! 0.842 

11,910 

0. 536 

0.456 

0.398; 0.352 

4,822 

6.644 

8.7,59 

11.1G(’ 

0.610 

0.519 

0.453 

0.401 

4,.53S 

6.2.54 

8,244 

10,608 

0. 688 

0. .586 

0.511 

0.4,52 

4.286 

5,90(5 

7,786 

9,025 

0.773 

0. 057 

0.572 

0.607 

4,061 

5,595 

. 7,370 

9.403 

0. 860 

0.732 

0.637 

0.565 

3,8.58 

5.316 

7,008 

8,9.33 

0. 953 

0.811 

0.706 

0.626 


r 5,063 

6,674 

8.,507 


) 0.895 

0.779 

0.690 


/ 4.832 

6,370 

8,120 


1 0.981 

0.865 
/ 0,093 
\ 0.935 

0. 758 
7,767 
0.829 
/ 7,444 
\ 0.901 
f 7.146 


\ 0.079 


1 SISIE » aurfaoed mao (tide and one edge. 
B4S •* atlrfaced four aidee. 
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Twi-n 4.--FA(rroBaarWmcn Baj^Loadb in Tablics J, 2and 3 Mdstbd Mddiwamd 
TO Find Sate Loads That Given Size of Joist htil Svppoht at a Unit 
Vhtxmh-L Stkesb Otheb. Than l,50Q la. teb, 1h. 


'rABi,E 5 .—Factors bt Which Given Load Must be Muetiflied to Find Equiva¬ 
lent Load to be Used in Enterino Tables 1, 2, and 3 to Find Proper Size 

OP Joist 


Table 4 


D<>sircd unit fiber 

Factor of 

stress 

inultii>lication 

1,000 

0.007 

1.100 

0.734 

1.200 

0.800 

1.300 

0 8(57 

1,400 

0.033 

i.r>oo 

1.000 

1.000 

1.007 

1.700 

1, J33 

l.SOO 

1 2(M) 

2.0(M) 

I 3,33 


Table 5 


Desired unit fiber 

Factor of 

stress 

multiplication 

1.000 1 

1.600 

1,100 j 

1.363 

1,200 

1.250 

1,300 

1.153 

1,400 ! 

1.071 

. I..™ 1 

1.000 

1,000 1 

0.039 

1,700 1 

0.883 

1.800 1 

0.833 

2.(hk) ; 

0.75r) 


I 




366 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 4-1! 

» » O Qo' go' V 6 o « so' S> © cp' 1 ^ 9 fi O S'' 

to>«<QOtau»o«o»e«e4<ieco«9oa6Si^Me9S 


S 

I 

2 


a 

< 

« 

tf 

3 

g 

isi 

< 

B 

H 


& 

O 

b 

O 

o 


ei a 

s >» Z 

03 '3, S 

ess 


a 

o 

o 

&! 

g 


2.1 


i-2 

** 4) 


2 •- P- 

to i£ S 


o 

2 

o 

Sn 

a 

ffl 

a 

t> 

a 

M 

:s 

I 

<0 

9 

H 


2 

.5 


S'2 

.O " 

ca « 

*il 


O -3 

:a 


g 3 ^ 

•2 3 ». 

11-9 

OQ g 


.&-2 
*•8 o 
3 ^ 

a '* 



11 


II 

1 

H 

CO 

S i 
■i| 


Z ==^ 


«-««c4w«4'iiOi«Qooeoo»HO«H>o«o-^o»WNe<9 


S QOOoov<o^<•^*c«o^•lntD*HTH^aMSl>^ 
0)NC4W«0«0'«''«iOCIt^U»iO-<4<TOOaOOtO 
txiMMeocoudiOc^t^Ti^^ooTocoeimi^iHe^co 


u) e>4 M 


eoo>e4<OM^ooe4t«i^(oo»we 

-^ssssafcaagg; 


S ao e<9 
•«f M 
CD 00 M 


*H 1-1 N 0» <0 • 


•tf*ocDt^.a}QOc&o)«-<< 


•o<o«fO><Doeii^i-i« 
« f* esT «o •«* •i* < 


I t- C4 CO • 

Co' 00 00 oo »-< O 1 


• e4Dcco^wdw3<Of<h»oooo»oeoiHi-iM 


• i«i>OOu3A<OaOh>^CDOc6 
>C0t-'«iOiOb>OO'«<C0u0)O 
i-«*^4C4C4COCOiDU3lOt«>t-t*0)QO(:»eo« 


C0t^«9«e00'«»*3ie4c0cc'«0^»-©05'M-«'0<0(N 
».OM5cow*“i’'**cooo«oeo"-<eo©iM—»©eooo®oo^ 
nOOi-^M-N^eOiOaACOOOtAOOMA^DieoeO 

i-*-HC'»oifoeo’^-<«»o<e©*hroroooe»H.4iHci 


IOOIh>IOrH|s. 

_) 00 cs ID r- ^ 
I OC <0 F-1 <f5 »i CC -N 


« iM en eo CO • 


© *0 © OO I 


s ^ < 


lDie4eH^'4«'4<U3U3iOI 


©t'»^eo©-f-c'M»©fO*j<»-oo^c»v©« 

U3uOCOD4«H<«iaOaOU3CO*>'COO-H*-©COOO©< 


I ^ CO ^ eo oc « 


^ S« vr» -f* *■« S»« \« VJM N« \« ■,« VM -.M 

^U5iO|>l>©©^^«COSO*2J3J2£ii5^“^*^*^ 


xxxxxxxxxxxxxxxxxxxxx 

v_ ^ ^ ^ ^ ^ ^ ^ 

\ ^ kCv «iK <X *N «*. pSi. «*s "A 




^©©00 00OON^^^'f©©©©00©©©00 

xxxxxxxxxxxxxxxxxxxxx 

* * s s: X x X 

e«iMe4C4P*Pl94C4e4Cicicie4C*c«049iMeaeocQ 
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Table 7.—^Tabmj or Sate Loads and Deplections for Timber Joists with Nomi¬ 
nal Width op 2 In., Uniformly Loaded, Based on Maximum Flexural 
Stress op 1,800 Lb. per Sq. In. 



Rough size 

1 2X4 

1 . 

2X6 

2X8 

2X10 

2X12 

j 2XH 

2X16 ; 

1 2X18 

Sizes 1 

Surfaced 
size SISIE' 

1MX3«1^X6W 

1 1 

1 

'mx7H 

mxQH 

mxilMj 

UixisH 


1«X17« 

1 

i 

1 

1 . "'j 

ScotlOD 

modulus 

j 

3.5G \ 

8.57 1 

\ i 

1 19.23 1 

24.44 

35. 83 

53.10 

1 1 
1 

70.10 1 

89.32 











— - 


fHS 


f 1.372 





i 




in 


0.0581 





1 



i 

B 


1.068 










i> 


96; 









■* 

D1 


0.137£ 

0.036f 









HS 


. 

2.135 









B 


854 

2.056 








5 

U 


61£ 










D1 


0. 269£ 

0.072C 









B 


712 

1,714 








D 


43r 

1,607 








in 


0.4651 

0.1244 

0.0525 






: 

HS 




2.843 








B 


610 

1,469 

2.611 







7 

D 


316 

1.18C 









1)1 


0.7384 

0.1077 

0.0834 








B 


534 

1,285 

2.284 







g, 

n 


242 

004 

2,142 








U1 


1.1020 

0,295C 

0.1245 

0.0612 







HS 




3.601 







B 



1,143 

2.031 

3.258 





.4* 


D 



714 

1,093 








m 



0.4202 

0.1772 

0.0872 

0.0492 





HS 



. 



4,361 




s 


B 



1.028 

1.828 

2,033 

4.298 



s. 

10 

D 



678 

1.371 

2,786 







m 



0.6767 

0. 2431 

0.1196 

0.0674 






B 



935 

1.661 

2,066 

3.908' 





J) 



478 

1.133 

2,303 

. 






1)1 



0.7671 

0.3236 

0.1592 

0.08971 0.0515 





HS 



. 



. 

5,512 





B 


f 857 

1526 

2444 

3.582: 5.310 




12 

D 


1 402 

952 

1,935 

3.432 






1)1 


1 0.9050 

0. 4202 

0.2067 

0.1165 

0.0669 





B 



1,406 

2,256 

3.306 

4.907 





D 



811 

1.648 

2.924 






Dl 



0. 5343 

0.2630 

0.1482 

0.08f>0 

0.0562 




HS 











B 



1,306 

2,095 

3,070 

4,5,56 

0,008 



14 

D 



700 

1,422 

2..521 

4,393 





Dl 



0.6607 

0.3282 

0.1851 

0.1062 

6.6702 




B 



1.218 

1,955 

2,865 

4 . 253 

5,608 


1 

T) 



600 

1.238 

2.196 

3.827 



i 

Dl 



0.8210 

0.4040 

0.2277 

0.1306 

0.0863 

0.0509 

t 

HS 








7,147 


B 



1.142 

1,833 

2,686 

3,987 

6,257 

6,699 

' 16 

D 



536 

1,089 

1.031 

3.364 

5,091 



Dl 



0.0950 

0.4808 

0.2762 

0.1585 

0.1047 

0.0728 


t6lSlPJ<» surfaced ose side and one edge. 
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Tabus 7.—Table or Sate Loads and Deflecmonb fob Timbeb Joists With 
Nominal Width of 2 in., Uniformlt Loaded, Based on Maximum 
Flexural Stress of 1,800 Lb. ter Sq. In. — {Continued) 


Sizes 


Rough use 


Surfaced 
sisc SlSlEiI 


Sociion 

modulus 


17 n 

[di 

|B 

18 


K) 


20 


[ni 
f® 
Im 
f® 
Idi 
I® 

21 I IJ 
I Ill 
(® 

1 m 

B 

23 { 1) 

I Ill 
fB 
21 J 1) 
[ill 

'1^ 
Dl 
B 
1 ) 
Dl 


2a 


27 \ 1) 
[Dl 


i 

28 D 

im 

29 D 

[in 

f® 

30 I D 

Idi 

31 \ D 
(Dl 

f® 

32 1) 

Idi 


2X4 j 2X6 I 2X8 I 2X10 2X12 2X14 2X10 


l^X3K;i%X6%'l>6X7H,l>iX9M l^Xlll^jUiXlS)^ l?iXl.'>H 


2X18 


8.57 I 15.23 


24.44 

3,5.82 

53.16 

70.10 

1,725 
964 
0.5878 

2,52g 

1.71o 

0.334 

3,753 

2,980 

0.1902 

4,948 
4,510 
0.1256 

1.629 
K60 
0. 0977 

2,388 
1.525 
0.3934 

3,544 
2.658 
0.2254 

4.673 
4,023 
0.1492 

1,.544 
772 
0.8204 

2,262 
1.309 
0.4626 

3,358 
2,385 
0.265.5 

4,427 
3,610 
0.1754 

1,466 
697 
0. 9565 

2,149 
1,2.36 
0.5395 

3.100 

2.153 

0.3097 

4,206 
3,258 
0.2046 


f 2,047 
i 1.131 
[ 0 . 6244 

3,038 
1.953 
0.3585 

4,006 
2,956 
0.2368 


1.954 
\ 1.021 
i 0.7183 

2,900 

17779 

0.4122 

3,824 
2.603 
0.2723 


f 1.869 
\ 934 

t 0.8208 

2.774 

1.628 

0.4710 

3,657 

2.464 

0.3112 


1.791 
\ 8.58 

i 0.9324 

2,658 
1,495 
0.5351 

3,505 
2.263 
0.3535 



f 2,552 

3,36.5 


1.378| 
0.6048 
2,454 
1,274 
0.6804 
2.303 
l.lSl 
0.7610 
2,2781 
1.008! 
0.8408: 

! 


2.08,. 
0.390G 
3,235 
1.928, 
0.44951 
3.110 
1,788 
0.5034 
3,004, 
1.6631 
0.5614 
f 2,901 
\ 1,550 
I 0.6238 
2.804 
1.448 
0.6905 


l^iX17H 


6.30a 


0.0873j 
6.954: 
5,790 
0 . 1036 ^ 
5,641 
5,196 
0.1219 
5,359 
4.600 
0.1422 
5,104 
4,254 
0. 1646 
4,872 
3.876 
0.1892 
4,660 
3.546 
0.2162 
4,466 
3.257 
0.2456 
4,287 
3,001 
0.2777 
4,122 
2.775 
0.3123 
3.970 
2,.573 
0.3498| 
3,8281 
2,392 
0.39021 

212^ 
0.4334 
3,573 
2,085 
0.4798 
f 3.457 
{ 1,052 
I 0.5294 
f 3.3491 
\ 1,832 
I 0. .5823 


* SlSlK surfaced one side and one odge. 
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Table 8.—^Tablb or Safe Loads and Dbpi,bc!Tions fob Timbeb Joists ■with Nomi¬ 
nal Width of 3 In. Lnifobmlt Loaded, Based on Maximum Flexubal 
Stress of 1,800 Lb. per Sq. In. 


Kough sixe I 3X6 


3X8 3X10 


2HX7H 


2HXQ>i 


i Section moiiulus I 13.86 | 25.78 | 41.36 


3X12 




3X14 3X16 


2HXlZyj\2Hxmi 


3X18 


I2KX17HI 


0.61 I 83.53 110.11 140. 


HS 

/ 3,528 







Dl 

0.0233 







B 

f 3,326 







Dl 

\ 0.0455 







B 


2,773 







D 


2.542 







Dl 


0.0787 

0.0310 






IIS 



4,812 






B 


2,376 

4,419 






D 


1.807 







Dl 


0:1250 

0.0493 






B 


2.079 

3.867 






D 


1.420 

3,625 






Dl 


0.1866 

0.0735 

0.0302 





HS 




6,097 





B 


1 1,848 

3,437 

5,615 





D 


1,129 

2,865 






Dl 


0.2657 

0.1047 

0.0516 

0.0291 




HS 





7,378 




B 


1,063 

3.093 

4,063 

7,273 




D 


915 

2,320 

4,716 





Dl 


0.3643 

0.1437 

0.0707 

0.0398 




B 


f 1.512 

2,812 

4,512 

6,612 




D 


756 

1,018 

3.897 





Dl 


0.4850 

0.1012 

0.0041 

0.0530 

0.0328 



HS 






8,662 



B 


1 1,386 

2,578 

4,136 

6,061 

8,353 



D 


635 

1,612 

3,275 

6,808 




Dl 


0.0299 

0.2481 

0.1221 

0.0680 

0.0426 



B 

. 


2,380 

3.818 

. 6,695 

7,710 



D 




2,790 

4,949 




Dl 



0.3166 

0.1563 

0.0875 

0.0541 

0.0367 


HS 







9,947 


B 



1 2,210 

3.546 

5.195 

7.159 

9.438 


n 



1,184 

2,406 

4.267 

6,904 



ni 



0.3941 

0.1030 

0.1094 

0.0876 

0.0446 


B 



2,065 

3.309 

4,840 

6,682 

8,800 


n 



1,031 

2,096 

3,717 

6.014 



Dl 



0.4850 

0.2386 

0.1345 

0.0831 

0.0549 

0.0382 

HS 








11,228 

B 



[ 1,934 

3,102 

4,646 

6,264 

8,258 

10,627 

I> 



006 

1.842 

3,267 

6,286 

8,001 


Dl 



0.6887 

0.2896 

0.1632 

0.1009 

0.0G66 

0.0463 

B 



( 2.920 

4,278 

6,896 

7,772 

9,908 

I) 



] 1,6,32 

2,894 

4,682 

7,087 


Dl 



[ 0.3472 

0.1958 

0.1210 

0.0709 

0.0556 


‘SlSlE«flurfadW one side and one edge. 
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Tabt.!! 8.—Tabl* of Safe Loads and Deflections fob Timber Joists with Nomi¬ 
nal Width of 3 In. Uniformly Loaded, Based on Maximum Flexural 
Stress of 1,800 Lb. per So. In.— (Continued) 









































Spans in feet 
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Tabl£ 9.— Table of Safe Loai>s and Deflections fob Timber Joists with Nomi- 
NAL Width of 4 In. ITnifobmly Loaded, Based on Maximum Flexural 
Stress of 1,800 Lb. per Sq. In. 


1 ! ; 

j KouKh siae j 4X4 1 4X0 

4X8 

4X10 

4X12 

4X14 

4X16 

4X18 

j Surfaced I | j 

Sijea j siae SlSlEi 3^h' xmlBH X5^ 3?iX7H 

if* 

X 

0 


3HX16H 

3KX17M 

Section 1 1 

modulus 1 7.94 19.12 

1 i 1 

35.16 

56.41 

82.66 

113.91 

150.10 

191.41 


0.0323 
3.824 
3,584 

0.0558 0.0227 


3,277 0,027 

2,633 . 

0.088G 0.0361 
2,868 5,274 j 

2,016 4,944 

0.1323 0.0539 0.0265 

. 8,312 

[ 2.549 4.088 7,521 

I '1,593 3,906 . 


10.1883 0.0768 0.0378 


i 0.2584 0.10531 0.0518 1 


10.3440 0.1402 0.0090 j 


44641 0.1821 0.0896 I 


I 0.2313 o.iiao 

[ 3,014 4.835 

1,015 3,281 

t 0.2890 0.1422 
I 2,813 4.513 

I 1,406 2,858 

10.3556 0.1750 

[ 2,637 4,230 

1,236 2,511 

I 0.4316 0.2124 


0.0213 

10,062 

9,919 








































Spans in foet 
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Table 9.—Table oe Safe Loads and Deflection fob Timbbb Joists with Normal 
Width op 4 In. Uniformly Loaded, Based on Maximum Flexural 
Stress of 1,800 Lb. per Sq. In. — (Continued) 


j Surface 
size S1S1E> 


Section 

modulus 


4XJ0 

4X12 

4X14 

4X16 

X 

to 


3«X13« 

BHXHH 

56.41 

82. 66 

113.91 

150.16 

3,082 

5,835 

S.041 

10,599 

2.225 

3,947 

6,385 

9.664 

0. 2547 

0.1436 

0. 0887 

0.0586 

3,760 

5.510 

7.594 

10,010 

1,985 

3.521 

5,695 

8.G20 

0. 3023 

0.1704 

0.1053 

0.0696 

3.563 

5 221 

7.394 

9,484 

1.782 

3.160 

5.112 

7.737 

0. 35.')4 

0.2004 

0.1239 

0. 0818 

3.384 

4.959 

6.834 

9,009 

1.60K 

2 H52 

4.613 

6,982 

0.4140 

0.2337 

0. 1445 

0.0955 



4,724 

6,.509 

8.580 



2,587 

4.184 

6,330 



0.2706 

0. 1673 

0. 105 



4.509 

0.213 

8.190 



2.357 

3,813 

5,770 



0.3111 

0.1923 

0.1271 



‘ 4.313 

5.943 

7,831 



2.156 

3,488 

5,280 

. 1 

0.3550 

0.2198 

0. 1452 

. 1 

4.133 

5,695 

7,.508 

1 

l.WO 

3.204 

4,849 

.' 

0. .join 

0.2497 

0. 1650 



5,468 

7.208 



2.052 

4,169 



0.2823 

0.1865 



5,257 

6.930 



1 2.730 

4,132 



( 0.3175 

0.2099 



5,063 

0.674 



■ 2,531 

3,831 



0. 35.55 

0.2349 



4,882 

6,435 



• 2,354 

3.562 



0.3965 

0. 2620 




f 6.214 




] 3,321 




1 0.2911 




( 6,000 




j 3.103 




[ 0.3222 


* SlSlE surfaced one side and one edge. 
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WOODEN GIRDERS 

The loads coming upon the girders of a floor system consist of the loads 
delivered by the floor joists, plus the weight of the girders themselves, plus any 
loads coming directly upon the girder, as distinguished from loads transmitted 
by the joists. Girders often carry partition loads directly. 

In office buildings, dwelling houses, and certain areas of other buildings, 
exclusive of warehouses and storage buildings, where crowds of people cannot 
congregate, the live load coming upon the girders is reduced in intensity. The 
reduction factor is specified in building ordinances, and is usually taken as 20 
per cent. 

Horizontal shear at the ends of girders often governs the girder section, as in 
the case of short spans with heavy loading, and this stress should always be checked. 

The end connections of girders are of much more importance than the end 
connections of joists, as the girders of a building, together with the posts, usually 
form the stiffening frame of the building against lateral forces. Particular 
attention also nefeds to be paid to the design of the support of wooden girders, as 
failure of a girder would mean the probable collapse of at least a whole floor bay. 

Wooden girders, even if continuous over two spans, are generally computed 
as simple beams. 

The detail of end connection of building girders will depend on the type of 
building. If such building is of mill construction with heavy masonry walls, 
the wall ends of girders should be encased in wall boxes, the inner end connections 
designed to allow the girders to fall, in case of fire, without pulling the columns 
with them. In other types of buildings, as the mill type, stiff rigid connections 
of girders to posts may be desirable. 

13. Girders of Solid Section.—The section of wooden girders composed of 
solid sticks of timber are to be designed exactly as treated under 
“Wooden Beams.” 

14. Built-up Wooden Girders.—Built-up wooden girders may be 
divided into the following types: 

1. Girders constructed of planking, set side by side, the width 
j_ of plank vertical, as in Fig. 1. 

Built-up 2. Girders constructed of two or more timbers set on top of one 
gi rd^cr another, but not fastened together, as in Fig. 2. 
type . Girders constructed of two or more timlx?rs set on top of one 

another, and diagonally .sheathed with Imards or planking, as in Fig. 3. 

4. Girders constructed of two or more timlxirs set on top of one another, and 
effectively fastened together by means of hard wood or metal keys or pins, 
combined with bolting, as in Fig. 4. 


Fio. 2.—Built-up girder—type (2). 

Type (1 ).—A girder, or beam, of this type, if all planking extends the full 
length of girder, is of full nominal thickness, and is well spiked and bolted 
together. It is generally given credit for being somewhat stronger than a girder 
or beam of solid section of the same dimensions, since the planking is assumed to 
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be better seasoned and freer from defects, particularly checks, than the larger 
solid timber. A construction of this type is often observed in small buildings 
where planks are more easily obtained than heavy timbers, and where the solid 
section construction might incur purchase of additional material by the con¬ 
tractor. Insufficient spiking, lack of proper bolting, probability, of planking 
under-running in tMckneas, thus giving an actual size of finished beam less than 
the solid section, possibility of some planks being spliced, and the probability 
of upper surface of girder being uneven—i.e., one plank projecting higher than 
another, giving uneven bearings for the joists—axe practical reasons for always 



Flo. 3.—Built-up eirdor—type (3). Fro. 4 . —One-half typical built-up girder— 

typo (4). 

advocating the beam of solid section. Incidentally, no building ordinance gives 
the built-up girder any advantage in strength. Solid sections should be insisted 
upon for important l>eains. When it is necessary to use this type of built-up 
girder, provide two bolts at each end, and pairs of bolts at intervals of 2 ft. along 
the length of beam, the size of bolts to be not less than % in., and preferably *4 m- 

Type (2).--This type of girder should never l)c used. The strength of the 
combined section is practically no more than the sum of the strengths of the 
component sticks, each stick acting as a separate beam. Even if such a girder 
should be constructed of planking, well spiked together, the above statement of 
resulting strength would hold, as the nailing would be insufficient to prevent one 
plank from slipping on another. 

Type (3).—In this type of built-up girder, as in the following type, the object 
of all connections between the component sticks (usually two) is to prevent rela¬ 
tive motion along the plane of contact. If this condition of no-sIip could be 
attained, the compound girder would have the strength of a single stick of 
timber of the same outside total dimensions. Type (3) is considerably less 
efficient than Type (4), both as regards ultimate strength and deflection under 
load. The diagonal sheathing is spiked to the timbers, and the sheathing should 
be at 45 deg. with the length of girder. 

Tests made by Edgar Kidwell (see Trans. Am. Soc. Mining Engineers, 1897, 
vol. 27) showed an efficiency of approximately 70 per cent, based on the ultimate 
strength, as compared to a beam of solid section, while the efficiency factor based 
on deflection was about 50 per cent. 

The sheathing for such girders should be not less than 1 }i in. and not over 2 in. 
in thickness. With such sheathing the nails should be 10- or 12-1) for the smaller 
thickness, and 20- to 30-D for the 2-in. sheathing. For a girder supporting uni¬ 
form load the diagonals near the ends require the most spikes. The spiking in ■ 
each diagonal should be concentrated near the plane of junction of the timbers, 
and at the ends of the diagonals. 
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In designing a girder of this type, it must be remembered that the case is not 
similar to that of a truss. In a truss are two chords, in eafch of which, due to the 
small depth of chord as compared to the large depth of truss, the stress is practi¬ 
cally uniform throughout the cross-section of each chord, and the diagonals take 
either tension or compression. The side planking in the built-up girder under 
discus.sion is subjected to bending moments, and, consequently, the nails take 
unequal loading. Any slip of the nails under stress allows a corresponding slip 
in the plane of contact of the two main timbers, with a consequent deflection of 
the girder. By referring to p. 404 it will be found that nails under lateral or 
shearing strain slip at a small load. 

Type (4).—In the girders of this class, the tendency of one timber to slip over 
the other is resisted by wedges, keys, or pins driven into the contact faces of the 
timbers. These wedges, whether rectangular, square, or round, perform their 
main function through bearing against the ends of the fibers of the timbers. A 
second action is pressure across the fibers of the timbers. The action of these 
wedges tends to separate the two timbers, resulting in tension in the bolts. 
The amount of such tension depends primarily upon the shape of wedge. For 
c.mmple, a square key will produce a greater bolt tension than a rectangular key 
with long axis parallel to the length of girder, while a circular key or pin will give 
the greatest tension in the bolts. 

The number and size of keys is to be determined directly from consideration 
of horizontal shear in the girder, in accordance with the jirinciplcs of 8ec. 1, 
Art. 61, and illustrated in the typical example hereafter. 

The bolts in such a girder are assumed to take only tension, although, due to 
their resistance to lateral forces, they add somewhat to the strength of the girder. 
However, it is always advisable, and on the safe side, to neglect such lateral 
resistance of the bolts. 

Kidwell’s scries of tests on girders of this type showed a maximum efficiency 
of 75 to 80 per cent of an equivalent girder of solid section, the former figure 
reprftsenting girders with white oak keys and the latter figure with keys of iron. 

Any shrinkage in the timbers will allow the component parts of the girder to 
separate, with a consequent loss of efficiency, and an increased deflection. As 
fully seasoned timber is not always available, this tyi>e of girder should be avoided 
for cases in which the major portion of the load is a constant load. For situations 
in which the girder carries live load for the greater part, in which access may be 
had to tighten the bolts as the wood seasons, and when it is reasonably certain 
that .such maintenance will be given, this girder may be used with confidence. 
Obviously, the keyed girder is particularly unsuited for such locations as will 
prohibit access for tightening the bolts, as in a floor system ceiled underneath. 

16. Examples of Design of Solid and Built-up Girders.—^The following typical 
examples will illustrate the method of design for the most common oases that will 
be encountered: 

Conditions of Design: 

Bpnn; 2Q ft. 

Loading: Uniform load of 1,500 lb. per lin. ft. 

Ono concentrated load of 6,000 lb., 7 ft. from loft support. 

One concentrated load of 14,000 lb. at center of span. 

One concentrated load of 2,000 lb., 9 ft. from right support. 

1%Lber: Long'leaf yellow pine, dense structural grade. 
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The reactions are given in Fig. 5 and tbo bending moment curves in Fig, 0. The para¬ 
bola of moments for uniform load is plotted about the base line, and the polygon of moments 
for ooncentrated loads below this lino. 

The following unit stresses will be used: 


Bending stress on outer fibers. 1,800 lb, per sq. in. 

Longitudinal shear. 175 lb. per sq. in. 

Bearing across grain. 400 lb. per sq. in. 

Bearing against groin. 1,800 lb. per sq. in. 


Solid Girder .—Maximum bending moment = 248,100 ft.-lb. From Table 6, p. 369 
an 18 X 24-in. girder, surfaced tt> 

17}'^ X 23^ in., has a resisting mo¬ 
ment of 241,010 ft.-lb., which will be 
near enough to bo used, or a double 
girder may be used. For example, 

2 — 14 X 20-in. sticks would have a 
safe resisting moment of 250,670 ft.-lb. 

The Totiuired cross-section for longitu¬ 
dinal shear is 


CiOOOIh 


lAfiOOtb. iJXOibi 


7'~0^- -, —» t~4^C^ *- 








nmm 

Fig. Loads and reactions for girder of Art. 66. 


(2/,:n,000) 

17.5 


271 s<j. Iji, 


Either of the above girders has an excess of timber for shear. 

Builf-up Girders.— Tyi>o (1) (h>uI< 1 not be c(»nsidcred, us no standard planking 20 or 24 
in. is made. 

Type? (2) would requin! 2 - 14 X 20-in. sticks, one on top of the other—an impractical 
consideration. 

Type (3).— Maximum bending moment = 248,100 ft.-lb. Using an efficiency factor 

of 70 per cent the moment to be de¬ 
signed for is 355,000 ft.-lb. Assume a 
width of 14 in. The required section 
modulus 

„ ^ (355,000) (12) 

1,800 



= 2,370 


/{2,370)(6) 
13.,5 


■ 32.4 in. 


Fig. 6.—Diagram for bending moments and 
spacing of shear keys for girder of Art. 46. 


Use 2 —14 X 18-in. sticks, finished sec¬ 
tion 13 X 35 ill. 

U.sc 2 X 12-in. sheathing both sides, 
spiked with 40-D nails—detail similar 
to that of Fig. .3. 

'Fype (4).—Assume efficiency factor 
of 80 per cent 
Designing moment 
_ 248,100 
“ ■ 6.80 

(310,000) (12) 

1,800 


S ^ 


310,000 ft.-lb. 


5,070 


Assuming a width of 13)^2 1-^® required depth is found to he 30.2 in. Us© 2 —14 X 16- 

in. sticks, S4S/ actual combined section 13)^ X 31 in., section modulus 2,160. 

A shear diagram is next constructed, as shown in Fig. 7a. Each ordinate of this 
diagram represents the total vertical shear at the point whore tho ordinate is taken, and 
this total vertical shear is proportional to tho maximum intensity of the horizontal shear 
at the same point. Considering Point (1), directly under the concentrated load of 6,000 
lb-, the total vertical shear just to the left of this point is 31,600 — (7) (1,500) =» 21,100 lb. 
The ordinate one foot to the left will have a veUuo of 31,600 — (0) (1,500) = 22,600 lb. 

I Surfaced four sides. 
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, 22.000 + 21,100 

The arott of thn lrai*zoi(l Ijctwcjcn those two erdmatos ib thoreforo ’- 2 ^.. “ 

21,850 (l.-lb. The maximum intoiwHy of horizoutal ahoar at a point iramodiaiely to the 
right of point (1), is 

■ 76 lb. per sq. in. 


r 

bd 


,, 21,100 
' ^^'(13>s')<31) 


The next step i« to find a means for determining the proper spacing of keys. Two meth¬ 
ods will t)C explained. 

Method 1.—For this puri>ose, the total vertical shear between the point of aero shear 

and each point of division of beam is 
computed by adding together the 
differential shears between these two 
points. The corresponding ordinate 
are drawn, giving the line ABC in 
Fig. 7b, The summation of the verti¬ 
cal shears to the loft of the point of 
zero shear is found to be 248,050 
ft.-lb.; agreeing with the value of the 
bending moment, which furnishes a 
check on the work. Similarly, the 
summation of the vertical shears to 
the right of the point of zero shear 
will give the same value. 

Since, for practical reasons, all 
keys will be of uniform size, and must 
therefore be stressed uniformly, the 
spacing of same must vary. The 
number of keys for the left half of 
girder will lx!i taken at 5. 

Method 2. — A much simpler 
method for constructing the total 
shear diagram will now l>o shown. In 
Fig. 0 the dot-dash line represents the curve of the total t)eDdiiig moment, the ordinates 
of this curve being the sums of the corresponding ordinates of the moment curves for the 
uniform and concentrated loadings. 

If the horizontal line AB be drawn through the apex of tliia total moment curve, the 
latter curve referred to the line AB becomes the curve for the total vortical shears—in 
other words, the figure ABCBK becomes the total shear diagram. 

'I'o find the proper spacing of the keys for the left half of l)eam, the vertical ordinate 
(248,100 ft.-lb.) of the total shear diagram is divided into 5 equal spaces, horizontals 
drawn from these dmsion points to the curve of total shear, and vortical ordinates drawn 



P" 



Fig. 8.—Diugram of distribution of pressures on rectangular key. 


from these intersection points to the base line. These ordinates divide the area ABK, 
(Ilg. 7b) or ADE (Fig. 6) between the curve and base line, into 5 equal divisions. The 
points on the girder thus found determine the position of keys. Referring to either Fig. 
76 or Fig. 6, the proper spacing of keys for the loft half of the girder is found to be two 
i’ipaces at 20 in., one at 26 in., and one at 31 in. The spacing of keys for the right of the 
4|oenter of girdek may be found in the same manner, 
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Oirder with Rectangular Keys .—In tbe above example the girder will first be designed 
for rectangular cast-iron kejns. Assume 5 keys between the loft support and the point of 
sero shear. . Each key will therefore resist one-fifth of the total horizontal shear. 

The required dimensions of each key will b© determined from the following considera¬ 
tion. The forces acting upon the key are shown in Fig. 8. 

Let p' maximum allowable intensity of pressure against ends of fibers, 
p'' s> maximum allowable intensity of pressure across fibers of timber. 
t ^ thickness of key. 

L = length of key. 

P' = resultant pressure against filers of timber for section of key 1 in. in width. 

P'* »= resultaut pressure across fibers of timber for 8<>ction of key 1 in. in width. 

Then 


Whence 




p'C^ _ 
4 

L2 =. 


p"L^ 

0 

6p'/* 

4p" 


?)'/* 

p" 


For 


Whence 


L 1.225(V':; 

Vj," 

p' = and p" 

"V 2.12 

~ w 


400 


.■ (1.225) (2.12)( = 2.6 


'rilo Inla! horizonV-i shear is 

/248,100\ 


(2) ( ;il “ 144,000 11.. 

Kach key niu.st fhcrefoie resist 28,HOO II.. At 1,800 lb. per stj. in. in bearing against the 

28,800 


grain, an<l witli a width i.f key ot 18j-.;,' in., one-half the depth of key must ho 


(13..'>)( 1,800) 











s4s 'z-i-'Bolts fhroughotji^ 



1 


Flo. 0.—Detail of built-ui> girder with cast-iron keys. 

1.19 in., or the total thickness of key must l)e 2.38 in. The miiumum length of key must 
therefore be 2.38 X2 AS « 6.19 in. 

28.800 


Tho minimum distance between keys, considering shear, must not exceed 


(175)(1.53) 


12.2j adding tho width of key, the minimum spacing of keys, center to center, must not be . 
less than 18^ in., which is less than tho smallest spacing found. 

7'he bolts for each key should be spaced on each side of each key and equidistant fronf' 
the center lino. Assume four bolfe for each key. The stress in each bolt will then be 
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"* ^ ^ ** 4,276 ib., or four ^-in. bolts are required. Waah- 

©re 4 X 4 X Ke Jii* ^ used. 

The detail of the loft half of the girder is shown in Fig. 9. 

Girder with CirciUar Shear Pina .—For this design circular pins, 2 in. in diameter, of 
solid iron, extra heavy steel pipe, Australian Ironbark or Hawaiian Ohia will be used. 
Fach pin will bo considered capable of resisting a shear of 800 lb. per lin. in. of pin. 
With a I3|^-in. length of pin, therefore, one pin will have a resisting value of 13^ X 800 « 
10,800 lb. Since the total horizontal shear is 144,000, the total number of pins required is 
144,100 

10 800 * 14.4. Dividing the end ordinate into 16 divisions and proceeding as Ijcforc, it 


^.r.r.r.rr.r.A 




|WppiilT[ 

jLliiliLjLi: JL 

_z-;l 

1 



nr 

-1 






4^A4yi''mrsher3 


f^G. 10.- 


■Detuils of built-up girder with circular 
shear pins. 


will be found that the minimum 
8pa(nng of the pins near the end of 
the girder is 6 in. The spacings of 
all pins for the left half of girder, 
commencing at the center line of 
support of girder, arc as follows: 2 
spaces at 6 in.; (3 spaces at 7 in.; I 
space at 8 in.; 1 space at 9 in.; 
1 space at 10 in.t 1 space at 13 in.; 1 
space at 16 in.; and one space at 19 
in. For each pin there will bo re¬ 


quired bolts sufficient in tension for 10,800 lb. Two ? 4 -lu. bolts will he used, with 
4- X 4- X washers. The detail of one-half of girder is shown in Fig. 10. 


. 16. Flitch-plate Girders.—A flitch-plate girder is a combination girder of 
timber and steel, composed of two sticks of timber with a stool jilate between them 
or three sticks of timber with two steel jilatos, bolted together, the coidact jflaiies 
between timber and steel jilate being parallel to the plane of bonding (see Fig. 
11). This combination girder is seldom used at the present time, tlie usual avail¬ 
ability of steel structural shapes making the flitch-plate girder practically obso¬ 
lete. Situations may sometimes exist, however, when the use of this type of 
girder may be warranted. 

Consider any plane cross-section of such a combination girder; the deflection 
and also the deformation of all iK)ints in such section on a line normal to the plane 
of bending must be the 

—■ } . ■ *1* 4— 


same. Since the modulus 
of elasticity is tlie ratio of 
stress to deformation, it 
follows that the extreme 
fiber stresses of timber and 
steel will be in proportion 
to their moduli of elastic¬ 
ity, or 


SectiCTi 


.\^Jit6^hm6ers 






f/iOfafeJ 


mat 

-12-0''- 


axf^iers 


Fia. 11.- 


Half Elevation 

-Detail of flitched-plate girder. 


1 . 

f. 


E, 

E. 


where the subscripts “f” and represent timber and steel, respectively. This 
relation of extreme fiber stresses means practically that with the steel plate 
working efficiently (extreme unit fiber stress of 16,000 lb. jjcr sq. in.) the limiting 
extreme unit fiW stnas in the timbers is approximately Ks to of the allow¬ 
able working stress for steel. In the case of a flitch-plate girder of long-leaf 
yellow pine and steel, the timber would be stressed to approximately 900 lb. 
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per sq. in. The timber is therefore working at an efficiency of al>out 50 per cent, 
while that steel plate in the rectangular section is only approximately 55 i>er cent 
efficient as compared to an I-l)cam of equal depth and weight. 


As an illustration of the computation for the strength of a ffitcb-plate girder, assume a 
girder composed of 3-4“ X IG-in. timbers of No. 1 Common Douglas fir (finished section 
X in.), with two X 15,t^-iii. steel plat-es l)otween the timbers. With a span 

of 24 ft., it is desired to find the safe load, uniformly distributed, that the girder will support. 
Maximum allowable unit fiber stress in timber = 1,500 lb. per sq. in. 

Maximum unit fiber stress for steel plate = 16,000 lb. per sq. in. 

£ for Douglas fir = 1,000,000. 
i? for steel = 29,000,000. 

Therefore, for flitch-plate girder, the maximum unit fiber stress in bending can be only 


29 Ow!oOO '’O- in. 

The resisting moment of the three timbers in foot-pounds (see illustr.ativc problem 
following Art. 00, Sec. 1) is 

^f - }iSbdKli-z) = 


The roHisting moment of the two steel plates is 

(10,000) (0.75) (240) 


M - HfixHl-U) - 




40,000 ft.-lb. 


The comhiiiod resisting moment is therefore 

30,800 4- 40,0(M) 70,800 ft.-lb. 


M 

If - 


J h HX - 70,800 ft.4b. 

(70,800, (g) b. 

24 


The detail of this girder is shown in Fig. 11. The timbers and steel of the flitch-plate 
girder shduld bo well l>olted together; siu^h bolting should consist of not less than two 
:^' 4 -in. bolts, 2-ft. centers. 

In designing a flitch-plate girder for a definite span and loading, the thickness of timl>er 
should be from 10 to 18 times the thickness of stool. 


17. Trussed Girders.—For situations in which the span or loading, or both, 
arc too groat for a girder of single timber section, the trussed girder type is effec¬ 
tive, if space limitations will allow its use. The trussed girder is preferable to 
either the built-up or deepened girder, or to the fiitcli-i>late girder, principally 
on account of its efficiency and reliability of aed ion. In the trussed girder no fear 
need bo entertained as to decrease of initial efficiency or increase of deflection 
from initial conditions, due to shrinkage of timlier, with consequent slip of 
fsistenings. 

Trus.sed girders may be divided into four tyiJes, as follows 

1. King Post trussed girder. 

2. Queen Post tmssod girder. 

3. Reversed King Post trus.sed girder. 

4. Reversed Queen Post trussed girder. 

These types are illustrated in Figs. 12, 13, 14 and 15. 

Trussed girders arc adapted particularly for either uniform loading or concen¬ 
trated loads situated symmetrically with respect to the center line of girder. 
Both the Queen Post girder and the Reversed Queen Post girder are un-suited for 
unsymmetrical loading. Since each contains a rectangular panel, loading 
un.symmetrical in distribution with respect to the centerline of girder will cause 
bending stresses in the joints of the girder, which cannot take such stresses. 
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The determination of the stresses in a trussed girder is a problem in least 
work. For practical purposes the following approximate formulas are SuflBcient: 

Uniformly Distributed Loadinij: 

Figs. 12 and 14. (King Post and Reversed King Post types) 

Tension in DB (Fig. 12) or compression in BD (Fig. 14) « 

Tension in AB and BC (Fig. 12) or compression in AB and BC (Fig. 14) = ^ 


Compression in AD and DC (I'ig. 12) or tension in AD and DC (I'ig. 14) ** ^6 



PtG. 12.—King post girder. Fia. 13.—Queen post girder 


To the stresses thus found in members AB and RC, must be added tho flexural stresses 
resuiting from these members a<*ting as beams carrying the uniform loading between A and 
Bj and B and C. 

The bending moment in inch pounds in AB and JSC is M = {y^)i.W/2){l/2y{\2) = 
also M » fS /(^f>M*). Tho maximum unit flexural stress is, therefore, 

2.25117 
^ ~ bd* 

Figs. 13 and 15. (Queen Post and Reversed Queen Post types) 

Tension in FB and EC (Fig. 13) or compression in BF and CF (Fig. 15) = 

Tension in AB, BC and CD (Fig. 13) or compression in AB, BC an<l CD (Fig. 15) = l ^ 

Wt 

Compression in FE (Fig. 13) or tension in FE (Fig. 15) ~ 11 ' ^ 

If’o 

Compression in AF and ED (Fig. 13) or tension in AF andDE (Fig. 15) = ^ 



F^o. 14.—Reversed King post girder. Fio. 16.—Reversed Queen post girder. 


As in the king post truss, to the unit stress in tho memlwrs AD from the formula above 
must he added the flexural stress due to the timber acting as a beam. The extreme fiber 
stress duo to this bonding may bo taken as 


/ 


Wl 

bd* 


Concentrated Loading: 

Figs. 12 and 14. (King Post and Reversed King Post types) 

Concentrated load P at center of span. 

Tension in DB (Fig. 12) or compression in BD (Fig. 14) «= P 

PI 

Tension in AB and BC (Fig. 12) or compression in AB and BC (Fig. 14) « 
Compressiondn AD and DC (Fig. 12) or tension in AD and DC (Fig. 14) » 


Obviously, there are no flexural stresses in this case to added to the primary 
stresses found above. 
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Figs. 13 and 16. (Queen Pcwt and Eeversed Queen Post types) 

Concentrated load P at B and C 

Tension in FB and EC (Fig. 13) or comprcsaion in BF and CE (Fig. 15) 

Tension in AB, BC and CD (Fig. 13) or compression in AB, BC and CD (Fig. 15) 

Compression in FE (Fig. 13) or tension in FE (Fig, 16) 
Compression in AF and ED (I'ig. 13) or tension in AF or ED (Fig. 15) 

The stresses resulting from these formulas are all that need to be considered. 

17a. Details of Trussed Girders.—In the girders of Figs. 12 and 13, 
the vertical memliers only are of iron or Bteol, in the form of rods. Since such 
rods are short, plain rods--i.e., without upset ends—should be used. Attention 
must lie given to the washers, to the end that sufficient area be provided to avoid 
crushing the fibers of the timbtir. As great a depth as possible should be given to 
these girders, not alone to reduce the stresses and the deflection but in order that 
the stresses of the end connections may be kept within limits. With a small 
depth of girder, the inclination of the members AD dnd DC of Fig. 12, and AF 
and ED of Fig. 13 will be so small that it may be found impossible to design 
connections at .4 and C of Fig. 12 and A and D of Fig. 13 that will hold. As a 
matter of fact, tru.sscd girders of these types are seldom used. 



■ P 

. HPl 


Pa 
" “tC 


The horizontal timbers of the girders of Figs. 14 and 15 may be single sticks 
or double or triple sticks of timber, spaced with a distance between sufficient to 
allow the diagonal rods to pass. One or two rods may be employed. The ends 
of the timbers are usually beveled off at the upjwr corners to provide a seat for the 
washers of the rods. The vertical struts may be of timber or of cast iron, and 
must be sufficient in section to take thoir stress acting as columns. The unit 
bearing stress between the ujiper end of the strut and the chord timber must be 
within the allowed limit for cross bearing. To accomplish this, the strut may be 
given the area required for bearing, or a smaller strut sufficient for column action 
may be employed, and a steel plate washer used. The strut should be designed 
with as wide a base as possible, as there is a tendency to pull the struts out of line, 
wlym the rods arc tightened. Similarly, at the lower end of the struts, the bear¬ 
ing between rods an<l the strut must be examined. Cast-iron washers with 
grooves for the rods, arc often used. To do away with the necessity for cast iron 
shoes, square bars arc sometimes used instead of round rods, and a flat steel 
25 
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'washer placed at the bottom of the strut, the bend in the bars being made just 
outside the strut. 

lUustrative Problem.—Required to design a trussed girder, as shown in Fig. 16, for a 
building to be used for light storage; span 22 ft., depth on center lines 3 ft. 4 in., loading 
uniform 2,000 lb. per lin. ft., material dense Southern yellow pine and steel. 

The modulus of elasticity of the timber will be taken at 1,200,000,' the corresponding 
quantity for steel at 29,000,000. Assume dead weight of girder at 50 lb. per lin. ft. Then 
total load per lin. ft. = 2,050 lb. 

Total load = (22) (2,050) = 45,000 lb. 

Direct stress in beam AB = BC = = 4(i,500 11). 

Stress in strut BD = (?4) (45,000) = 28,100 lb. 

• j ..rt T,r, (5) (45,000) (11.5) 

Stress m rod AD = DC = . . 

I^ength a = ■\/CU)2 + (3.33)'^ = 11-5 ft. 

Size of rod: 

At 16,000 lb. per sq. in., the required area of rod is 


^ 48,000 lb. 


48,000 


s= 3.00 sq. in. 


16,000 

A l/^-iri. square bar is required, upset at the ends to 2}'i in. 

Size of strut: 

For bearing Ijotween the strut and beam the area re<iuired at 300 ll>. x>er sq. in. is 
28,100 ... 

300 =94 80 . in. 

For the column, the area required is 


28,100 


Size of beam: 


1,000 

= Op (45,000) (11) 


^ 28 acj. in. 


31,000 fi.-Ib. 


Assume an 8- X 16-in. timl)er, S48. The section modulus, from Table 6, p. 368, i.s 

(31,000) (12) 

300.31. The maximum unit fi>>er stress is = 1,240 lb. per sq. in. 

Since the area of section is 116.25, the direct stres-s is 
46,5(K> „ 

116 25 “ 

The maximum unit stress on the extreme fibers is therefore 
1,240 + 400 = 1,640 lb. per sq. in. 

‘End washer: 

Angle between the plane of the washer and direction of Iho fillers of wood is 
cot-' = 3.30 = 73 deg. 

O.oO 

Allowable unit pressure by Diagram 3, p. 410 « 1,200 lb. per sq. in. 

Area required is 

48,600 

1.206 =40 sq.m. 

Add area hole, or 40 + f>‘4 = 45.4 sq. in. = total gross area required. 

Side of square washer = V45.4 = 6.75 in. 

The short diameter of a square nut for a 2H-in. rod is 3^8 in. 

The maximum bending moment is along the edge of nut when sides of nut and washer 
are at 45 deg., and is in amount 0,100 in.-lb. 

The full width of plate along line of edge of nut is 5.67 in. and, with this width and 
a flexural stress of 24,000 lb. per sq. in., the required thicknoss of plate is 0.04 in. 

Washer will lie made X X ^ Jl c in. 

Ail 8- X ]2=iu. timber will lie used for the strut, and top and bottom castings used as 
detailed in Fig. *16. 

^ This low value will be used in computing deflection, since its assumed load is largely 
constant or fixed. 
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175. Deflection. —^The exact method for finding the deflection of a 
trussed ^rder is a problem in least work. An approximate solution will be illus- 
tirated below. In the example of Fig. 16, assume the average depth between 
center line of the 8- X 16-in. beam and the center line of rod as % total depth, 
or 25 in. This dimension is the depth at the third point of the length of girder. 
Compute the equivalent moment of inertia of the girder at this point. 


Area 8- X 16-in. timber = (7l^)(15}^) = 116 sq. in. 
Equivalent area in steel = (116) (29000 0^) “ 


Area square bar = 3.06 sq. in. 

These equivalent areas are 25 in. on centers, 
tions is 


25 - 


(4.81) (25) 
7.87 


Then center of gravity of combined soc- 
= 9.7 in. 


below center lino of the S- X IC-in. l>oam. 

Moment of inertia of combined section: 

(4.81) (9.7)“ = 452.5 
(.3.06) (25 - 9.7)“ = ^10.0 
1.16'8~5 


Deflection 


.51171 
384/17 


(5) (45,000) (18,399,744) 
(384) (29,000,000) (1,168.5) 


= 0.318 in., say in. 


It must be realized that this method is approximate only, the principal inde¬ 
terminate factor being the assumed average depth. For the case of the 
reversed Queen Post type, the depth should be taken as the distance between the 
center line of beam and the center lino of the horizontal rods. 


WOODEN COLUMNS 

Interior columns of buildings, supporting floors only, are normally square in 
cross-section, while columns .supporting roof trusses are usually made rectangular 
in orde.r to attain greater stiffness in the plane of the roof truss than in the plane 
of the building wall. Columns supporting roof tru.sses may take bending stresses, 
due to wind, far in ex(!e.ss of the unit stresses produced by the weight of the rhof 
and wall constructions. 

Interior columns, when exposed, are usually surfaced four sides, and the 
corners chamfered. Sometimes the columns are bored from end to end with a 
IH-in. hole, and with Ji-in. holes at lop and bottom extending from the face of 
column to the core hole. That is done in order to prevent dry rot, and to relieve 
the usual condition of rapid drying out of the exterior of the column, and slow 
seasoning of the interior timber. 

Wooden columns with a ratio of ^ greater than 20 will fail by lateral buckling. 

No wooden column should be designed with a greater^ than 60, and good practice 

will lower this limiting slenderness ratio to 40. 

A general treatment pertaining to columns and column loads is given in the 
chapter on “Columns” in Sec. 1. For splicing wooden columns and for column 
connections, sec Arts. 14 and 16. Bending and direct stress in columns is 
treated in Sec. 1. 
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18. Formulas for Wooden Columns.—All modem formulas for wooden col¬ 
umns assume the case of square-ended columns, and this condition of ends is the 
only condition recognized in practice. Practically all of the tests on wooden 
columns have been made with flat ends. 

A number of formulas have been proposed and are in use for determining the 

safe working strength of wooden columns. 
With few exceptions these formulas are 
of the experimental type—that is, they 
are based on the results of tests. The 
straight-line formula is the type most 
favored by engineers. The two formulas 
of this type most generally used are: 
(1) The formula of the American Railway 
Engineering Association 

and (2), the Winslow formula 

The second class of column formulas 
gives a curved graph. Of this type, the 



Fig. 


0 10 20 50 40 • 50 60 

Values of 

17.—Curves of column formulas. 
(C = 1600.) 


following formula of the U. S. Department 
of Agriculture is extensively employed 


( 700 -f 15c \ 

boo -H 15c -b c* / 


In the above formulas, p= average unit compression (pounds per stjuare inch). 

C = compressive strength for short columns (pounds 
per square inch). 

L 

® ~ d ■ 

L = length of column in inches. 
d — least cross-sectional dimension of column in 
inches. 

For the range of values of ^ occurring in ordinary building construction, the three 

preceding formulas will give approximately the same results. Figure 17 shows 
the graphs of these formulas for working conditions, with C = 1,000. For 

L 
d 

that f or j =16. 

Table 10, p. 380, gives the unit stress tor timber columns for various ratios of 
and values of (’ from 1,000 to 1,000 inclusive, corresponding to the formula of 

the U. S. Department of Agriculture. Table 11 gives similar quantities using 
the American Railway Engineering Association formula. Table 12 gives the 


columns with a slenderness ratio ( 


) less than 15, the unit stress to be used is 




msi&ff OP woopMN MBMmna ssa 


•I lO-WoBKiwa Unit Stbmbm m Poonm p** Sqoam liica «>b TiifflR« 
' COLtTMNS WITH SQDABK EN»S, SyMMETSICAIXT IklAMP 
(Formula oS Vl. 8. Uopartnioitt of Agricultun') 


! 

Working unit streascB in pounds p^r squ&ro inch for values of "C” as indicated 

Lid 1 

1,000 

1,100 ! 

i 

1,200 1 

' 

1,300 

1,400 

1,500 

' 

1.600 

15 

804 

I ***< ! 

96S 

1,040 

1,127 

1,206 

1,284 

16 

785 

' 864 1 

943 

1,022 

1,100 

1,179 

1,256 

17 

707 ■ 

i 844 i 

921 

968 

1,075 

1,150 

1.220 

18 

749 

1 823-1 

899 

974 

1,050 

1,124 

1,109 

19 

730 

805 

878 

950 

1,025 

1,097 

1,170 

20 

712 

780 

857 

928 

1,000 

1,071 

1.143 

21 

095 

708 

837 

B05 

97.5 

1.046 

1,117 

22 

679 

7.50 

817 

883 

051 

1,020 

1.090 

23 

063 

731 

790 

801 

929 

090 

1,063 

2«1 

047 

714 

778 

841 

900 

971 

1,039 

25 

031 

007 

759 

821 

884 

949 

1,013 

26 

017 

' 681 

741 

802 

864 

927 

989 

27 

i 601 

064 

724 

784 

844 

90.5 

965 

28 

i 587 

i 648 

707 

706 

824 

883 

942 

20 

i 57.3 

632 

690 

748 

805 

862 

020 

30 

' 559 

017 i 

674 

730 

787 

841 

899 

31 

i 547 

(K)I 

659 

713 

708 

821 

878 

32 

' 534 

i 

.587 

643 

096 

7.50 

801 

856 


Tablk 11. —WoKKiNQ Unit Stresses in Pounds per Square Inch for Timber 
(.'/OUUMN8 WITH Square Ends, Symmetrically Loaded 

(Formula of American Kailway KnffiiK’orine Association) 


Working unit stresses in puunda per square inch for values of **C”' as indicated 


l/d 

1.000 

1,100 

1 ,200 

1,300 

1.40C5 

1,500 

1,600 

1.5 

749 

824 

900 

974 

1,049 

1,125 

1.200 

16 

732 

800 

870 

952 

1,025 

1,100 

1482 

17 

716 

787 

860 

930 

1,002 

1,075 

l.r45 

18 

700 

709 

840 

909 

979 

l.O.M) 

1,119 

10 

683 

7.50 

819 

887 

955 

.,025 

1,092 

20 

660 

732 

800 

806 

932 

1,000 

1.065 

21 

049 

714 

779 

843 

009 

975 

1,039 

22 

032 

096 

760 

822 

885 

950 

1,012 

23 

016 

677 

739 

801 

862 

925 

985 

24 

600 

659 

720 

779 

839 

900 

050 

25 

682 

640 

699 

757 

815 

875 

032 

26 

566 

022 

680 

735 

792 

850 

900 

27 

549 

604 

059 

714 

769 

825 

879 

28 

633 

585 

639 

092 

740 

800 

852 

29 

510 

507 

020 

070 

722 

775 

825 

30 

500 

548 

599 

649 

699 

760 

799 

31 

483 

530 

580 

627 

67S 

726 

773 

32 

466 

512 

559 

606 

651 

700 

746 
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* SlSlE means surfaced one side and one end. 
S4S means surfaced all four sides. 
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safe loads in thousands of pounds for surfaced square tmther ooiraniiB, by. the 
Amaican Railway Engineering Asaodation formula. 

19. Ultimate Loads for Columns.—It is sometime necessary to investigate 
the ultimate strength of wooden columns. Unfortunately, the ultimate steength 

of a timber column, especially of a long column, or a column with an of from 

40 to 60, is indeterminate. The tests which have been made on long columns of 
sections commensurate with those used in building construction are not sufficient 
in number to justify confidence in the values given by formulas. 

From the results of tests made by the Watertown Arsenal, J. B. Johnson pro¬ 
posed for timber columns the following formulas: 

Ultimate strength for partially seasoned yellow pine columns 

p = 4,500 - 1.0 gy 

Ultimate strength for partially seasoned white pine column 
p = 2,500 - 0.5 (jy 
Ultimate strength for dry long-leaf pine column 
p = 6,000 - 1.5 (^■')* 

Ultimate strength for dry white pine column 

p = 3,600 - 0.72 (^y 

W. II. Burr, from a study of the same tests, recommends the formulas: 
For yellow pine 

p = 5,800 - 70 ^ 

For white pine 

p = 3,800 - 47 ^ 


One other column formula needs to be mentioned, since it has been used quite 
extensively in the past. This is the formula of C. Shalor Smith who made some 
1,200 tests on full-sized specimens of square and rectangular yellow pine columns 
for the Ordnance Department of the Confederate Government. For green, 
half-seasoned sticks of good merchantable lumber the formula of Smith is 


V 


5,400 

1 + 1 
^250 d“ 


This formula gives much lower strength values for wooden columns than any of 
the preceding formulas. 

All of the above formulas for ultimate strengths are based on short-time load¬ 
ings. J. B. Johnson, in some 75 tests made to investigate the effect of time on 
continued uniform loading of timber in end compression, found that but little 
moi-e than one-half the short-time ultimate load wUl cause a colunm to fail, if 
left on permanently. In other words, the ultimate strength of a timber column 
under permanent loads is approximately one-half the ultimate strength of the 
same columnt as determined from the results of an actual test in a testing machine. 
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20. Buffimp Colmnns.— The preceding discussion applies only to columns 
consisting of single sticks of timber. Built-up columns may be divided into two 
types; (1) Those of solid section made up of thin planking and nailed, or nailed 
and bolted; and (2) columns of solid section bolted and keyed together, also 
latticed or trussed columns. 

Type (1).—Columns of the first class are often used in cheap construction and, 
unfortunately, in situations where there is no excuse for not using a solid section 
Llarpcnters, in order to make use of material available or handy, will often build 
up posts spiked together instead of using a solid section, in the belief that they 
ire furnishing a stronger column than the larger timber of one piece. TeatB 
lave conclusively shown tliat a column of two or three pieces of timber blocked 
ipart and bolted together at the ends and middle luis no greater strength than 
the sum of the strengths of the comiwnent sticks, each acting as a angle column, 
fntirely independent of the other sticks. 

The strength of a built-up column of this class dejwnds wholly upon the 
d)ilit}' of the f/istenings to rc.sist initial deflection under loading. 8uch columns 
ire usually designed witli one of two typical sections: A column cornjKi.sed of a 
nuiuber oi planks laid fa<ai to face and bolted or spiked together, as shown in 
I'ig. ISu; or a column composed of planks face to face with their edges tied 
logethev \>y covcr-plides, as in I'ig. ISh. Of the two details, that of Fig. 185 
is far superior to Fig. IHa. When a column of the tyiie shown in Fig. 186 is 
IViorougldy spiked, in addition to being bolted, the strength of column is undoubt¬ 
edly greater than the sum of the strengths of the component-planks acting as 
individual sticks. From tests made by the wTitcr, it is recommended that the 
strength of a built-up column of the type of Fig. 18(i be taken at 80 ptir cent of 
the mean of the strength computed, (1) as 
a solid stick, and (2) as a summation of the 
strength of the individual sticks con¬ 
sidered as individual columns. For col¬ 
umns of the tyjie of Fig. 186, it is 
reconimcndc'd that the strength be taken 
as 80 per cent of tliat of a solid stick of 
equal cross-section and length. 

The preceding recommendations are 
for built-up columns taking no appreci- 




(hj (b) 

Fia. 18.—Sections of built-up columns. 



Fio. 19.—Heavy built>-up columns. 


able bending stresses; in other words, for columns whose loads are balanced about 
the gravity center of the column section. Obviously, the resistance to bending of 
a built-up column of this class is low, as has been pointed out in the case of built- 
up girders (see Art. 14). 

Type (2).—In framing for large timber buildings, as for expositions, wooden 
columns are sometimes constructed of two posts bolted and keyed together 
(Fig. 19a), two posts laced with diagonal sheathing (Fig. 196), or four posts 
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laced together (Fig. 19c). Such a construction may be necessary for the long 
story heights encountered in such buildings. The lacing shown in the detail of 
Fig. 19c may be spiked, bolted, or attached by means of lag screws, as deter¬ 
mined usually by consideration of the stresses in the lacing due to wind shear. 
For dead loads, it is well to assume that the individual timbers act as separate 
columns, not held together by the fastenings. The lacing may be at 60 or at 45 
deg. with the asds of the column, depending on the judgment of the designer. 
In general, the writer prefers the 60-deg. lacing. 

21. Column Bases.—Except for tcmiwrary construction, building footings at 
the present time are constructed of concrete, reinforced concrete, or steel grillages 
incased in concrete. The statement may be made, therefore, thatthe first-story 
column of any building will rest on a concrete footing. A base plate between 
the bottom of post and top of footing is a neofcs.sity for two reasons: (1) To distril)- 
ute the column pressure over the footing witfiout exceeding the safe unit bearing 
pressure for concrete; and (2) to prevent moisture from entering the bottom of the 
column and causing rot. For this purpose a wooden plate, preferably of red¬ 
wood or cedar, a standard metal column base, a cast-iron base, or a plain steel 
plate may be used. The latter is ofteil found as satisfactory and more economical 
than the standard metal post base. If a single plate is used, the thickne.ss must 
be sufficient to give strength to the plate, in flexure, to distribute the load uni¬ 
formly over the fooling, with a uniform distribution of pressure on the fooling. 





Fig. 20. Fig. 21.—Duplex steel post base. 



Fig. 22.—Typical dotulla of construction with “FallK*' post caps and bases. 

Illustrative Problem.—Given a 12- X 12-in. column carrying a load of 130,000 lb. 
Using a working value of 400 lb. per sq, in. for bearing on the concrete, a base of 130,000/400 
« 326 sq. in. is required, or 18-in. square. The plate will then project in. from each 
face of column. The bending moment on the plate may betaken as (?3)(9) — 

(5^)(5?4) — (32,500)C2.17) = 70,500 in.-lb. This moment is resisted by the 
full width of base. As the plate is in effect a short, thick beam, a maximum flexural fiber 
stress of 20,000 lb. per sq. in. for structural steel may lie used, giving a required section 
modulus of 3.63. Therefore 8 - (/-^XlSXd*) = 3.63, or d = *%/l.lS = 1.08, or a iHs-in. 

plate. 
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In detailing the base of column, it is well to set a dowel into the concrete and let 
the same project into the bottom of post. The size of dowel is a matter of judg¬ 
ment. For a 12-X 12-in. post, the dowel should be not less than IJi X 6 in. 

If the use of a standard column base is contemplated, the particular base should 
be examined to make sure its composition is sufficiently strong to distribute its 
load equally over the foundation. 

It remains to be stated that all metal bases should be well painted. The 
bottoms of columns should be given two coats of a good wood preservative. The 
top of the concrete footing should l)e set a few inches above the floor to prevent 
moisture standing around the bottom of the column. 

Figures 20, 21 and 22 show standard post bases, taken from manufacturers’ 
catalogs. 



SECTION 5 

SPLICES AND CONNECTIONS FOR WOODEN MEMBERS 

By Henry D. Dkwell 

1. Nails .—Wire nails are usually of steel, of circular cross-section without 
^aper, and with a head and point. In size they are designated as S-D (8 penny), 
lO-D (10 penny), (itc., and, in class, as common, finishing, casing, barbed roofing, 
shingle, fine, cement coated, etc. 

Cut nails are of steel or iron, with a rectangular cross-section, and taper from 
head to point, the latter being cut square, i.e., not pointed. The sizes are 
designated as for wire nails. 

Spikes designate the large sizes of nails. 

The sizes of nails and spikes are given in Tables 1 to 9 inclusive. For quantity 
of nails required in timlRir construction, see Table 10. 

Boat spikes arc einplojmd in heavy timber construction. They arc made from 
square bars of stei-l or wrought, iron, have a forged head and a wedge-shaped point. 
The common sizes and weights are given in Table 11. 

2. Screws.-—Screws may be classified as (1) common uioojl scrcv's, and (2) 
lag, or coach semes. 

Wood strews have slotted heads; the shank is smooth for a portion of its lengt h 
adjacent to the head, the rcmainiler of the length being threaded, and tapering to a 
point. Wood screws are usually of .steel, but are made also of bronze and brass 
The ordinary wood screw has a flat head, but screws are also made with round 
heads. Wood screws are designated by gage and length. Given the gage 
number, the diameter of the smooth shank may be found from the formula 
d = 0.0578 -h 0.0131017 

where d = diameter in inches, -and G = gage number of screw. Table 12 gives 
the length and gage numbers of wood screws, flat head, bright steel. 

Lag screws are of heavier stock than the common wood screws and have a 
square head without slot. Table 13 gives the sizes, lengths, and weights of lag 
screws. 

3. Bolts.—Bolts, in timber construction, may be divided into two classes, (1) 
common, ordinary, or machine bolts, and (2) drijt bolts. 

Machine bolts are of steel orwrought iron, of circular cross-section without 
taper, having a square head upset on one end, and the other end threaded to 
receive a nut. The length of a bolt is the length from underside or inside of 
head to end of thread. Nuts are usually square unless otherwise ordered, but 
hexagonal nuts may be obtained where dessired. Table 14 gives the weights of 
100 machine'bolts with square heads and nuts. Table 15a gives the values in 
tension of bolts at various stresses, based on the areas of the bolts at the root 
■thread. Table 156 gives the strength of round rods with upset ends. 
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Table 1.—Wins Nails—Common 


Sine 

licngth. 

Gage, 

Diameter, 

i Approximate 

inches 

number 

inches 

1 number to pound 

2d 

1 

15 

0.072 

i 876 

3d 

IH 

14 

. 0.083 

1 568 

4d 

IM 

12H 

0. 102 

316 

6d 

1« 

12M 

0.102 

' 271 

6d 

2 

liM 

0.115 

181 

7d 

2>i 

IIH 

0. IKS 

i 161 

80 

2>i 

1«>4 

0.124 

; 106 

lOd 

3 

9 

0.148 

69 

12d 

3H 

9 

0.148 

1 63 

IGd 

3H 

8 

0.165 

i 49 

20d 

4 

0 

0.203 

31 

•lOd 

4H 

5 

0.220 

24 

40d 

.■) 

4 

0. 238 

18 

rm 


3 

0. 250 

14 

(iOd 

(> 

2 

0. 284 

11 




Table 2.—Wibk 

N AILS—l'’lNlSHl.NO 




liCiiKth, 


Approximate 


i tjpiips 

number 

number tu pound 

2d 




1,351 

3d 



mi 

! 807 

4d 


IH 

15 

584 

r>d 


ih 

15 

500 

Od 


1 2 

13K 

300 

7d 


2K 

13 

238 

8d 


■ 

12>2 

189 

IOd 



1 lUjl 

121 

12d 


'JH 

11 >2 

113 

Jftd 



1 

90 

2041 


1 

10 

62 



'I'able 3.—Wini 

Nails—Casino 


Sise 


Kcngth, 

Gage, 

Approximate 


indies 

number 

number to pound 

2d 


1 


1,010 

3d 


IM 

UH 

635 

4d 


IH 

14 

473 

5d 


IH 

11 

407 

6d 


2 

12H 

236 

7d 


'2H 

12H 

210 

8d 


2M 

IIH 

145 

lOd 


3 

}0H 

94 

12d 


3« 

I0>i 

87 

16d 


3H 

10 

71 

20d 


4 

9 

52 

30d 


4M 

9 

46 

40d 


5 

8 

35 
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Table 4.—Wibe Nails—Fine 


Sise 

I..eQ£th, 

Gage, 

Approximate 

itiohM 

number 

number to pound 

2d 

1 

16W 

1,361 

3d 

IH 

16 

778 


Table 5. —Wibe 

N AILS—Shingle 


Size 

LenRth, 

Gage, 

Approximate 

iochcs 

number 

number to pound 

3d 

m 

13 

429 

4d 

IH 

12 

274 


Table 6.—Wibe Nah.s—Baubed Roofing 


IiODgtli, 

Gage, 

Approximate 

inches 

number 

number to pound 

K 

12 

548 

H 

12 

489 

K 

13 

013 

H 

14 

811 

1 

12 

411 

1 

13 

536 

J 

14 

710 

2 

9 

103 


Table 7.—Wire Nails—Felt Roofing (Galvanized) 


Lenglli. 

Gage, 

Diameter of 

Approximate 

inches 

1 number 

head, inolms 

number to pound 

H 

i 12 


215 

1 

! 

H 

198 


Table 8.—Wibe Spikes 


Jyongth, 

inches 

Diameter 

Approximate 
number to pound 

6 

1 gage 

8 

7 

He in. 

7 

8 

H in. 

6 

* 9 

H in. 

5 

10 

Js in. 

4 

12 

H in. 

3 
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Table 9.—Cut Nails 


Size 


1 

Length,inches ; 

i 

Size 

Loiigih, inches 

3d 


11* i 

]2d 

m 

4d 

1 

IH i 

ir>d 

3H 

5<1 


IJ* j 

20d 

4 

6d 

1 

2 ! 

30d 

4H 

7d 

! 

! 

40d 

5 

8d 

i 


50d 

5M 

lOd ' 


3 

(iOd 

6 


Table 10. —CJuantity op Nails Requiked fou Timheh Construction 


Nails ill pounds fur various 
spacing of joists and 
studding 


48 




nail 








12 

< 16 

20 

36 




in. 

in. 

in. 

in. 

l.OOO M.lt.M.. 

.. Joists, frame building. 

20(1 

2,. 

] 

:16 

14 



Joists, brick building. 

20d 

12 

10 

8 


1,000 pCH. 

..Bridging, 1X4. 

8d 



35 



Bridging, 2X4. 

lOd 


. 

50 


1,000 TM.B.M.. 

.. Studding. 

20(1 

in 

,12 




Studding. 

lOd 


1 4 




Sheathing, 1 X8. 

8d 

26 

'20 

17 



Flooring, 1X4. 

8d 

20 

;22 




Flooring. 1X4. 

lOd 

40 

32 




Floonng, 1X6. 

Hd 

17 

13 

11 



Flooring. 1X6. 

lOd 

26 

^20 

17 



Idnnkiiig, 3 X 6, 2 nailinga. 

60(1 




51 


Planking, 3 X 8, 2 nailings. 

OOd 




30 


Planking, 3 X 10. 2 nailings. 

OOd 




31 


Planking, 3 X 12, 3 nailings. 

OOd 




30 


I’lanking, 2 X C, 2 nailings. 

20cl 


.,51 

42 

27 


Planking, 2 X 10, 2 nailings. 

20d 


'30 

25 

16 


Finishing. 

8(1 


20 



100 Vm. ft. . . 

. Ba.se. 

8 X 6d 


1 1 



]. 

. . Door . 

8 X Od 


: H 



1 . . 

. . Window.. 

8 X «d 


' 
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Table H.—Boat Smkbs—CWbouqht Iron) 



1 Averago number 


Av«*raft«f niimtuT 


100 Ib. 



in lUO lb. 

H X3 

1,500 

H 

X 7 

325 


‘ l.A^SO 


8 

300 

4 

1,187 


9 

263 


1,110 


10 

2.38 


1.02r> 

H, 

X 6 

300 


075 


7 

295 

6 

913 


8 

255 

«. X 4 

* 680 


0 

200 

■tH 

050 


10 

180 

5 1 

1 615 

H 

X 0 

225 

SH 

i 005 


7 

188 

6 

; 588 


8 

168 

H X 

470 


9 

150 

6 

400 


10 

I.3S 




12 

120 


Tabi.b 12.—Wood Screws 

(Flat Head. Brisht Steel) 


Length, 

inches 





■ 



flage numbers 






K 

0 

li 

2 

3 

4 












H 

•0 

li 

2 

3 

4 

5 

G 

7 

8 

9 







hi 

•1 

2: 

3 

4 

5 

0 

7 

8 

9 

10 

•11 

•12 





H 

•1 

2' 

3 

4 

5 

6 

7 

8! 9 

10 

11 

12 





H 

•2 


4 

5 

6 

7 

8 

« 

10 

11 

12 

•13 

14 

•15 

•10 


H 

*2 


4 

6 

0 

7 

8 

0 

10 

11 

12 

•13 

14 

*15 

•Ifi 


1 

*3 

4' 

S 

6 

7 

8 

0 

10 

11 

12 

13 

14 

15 

16 

•17 

•18 

i« 

•4 

5: 

6 

7 

8 

9 

10 

11 

12 

1.3 

14 

J5 

16 

•17 

•18 

•20 

IH 

•.5 

6i 

7 

8 

9 

10 

11 

12 

13 

14 

1.1 

16 

17 

18 

20 

•22 

in 

0 

7' 

8 

« 

10 

11 

12 

13 

14 

1.-1 

16 

17 

18 

20 

•22 

•24 

2 

c 

7 

8 

u 

10 

11 

12 

13 

14 

15 

16 

•17 

18 

20 

•22 

•24 

2H 

6 

7; 

8 

9 

10 

11 

12 

IS 

14 

•15 

16 

•17 

18 

•20 

•22 

•24 

2H 

8 

9! 

•11 

10 

11 

12 

13 

n 

•1.1 

16 

•17 

18 

20 

22 

24 



*2H 

•10 

•12 

•13 

•u 

•1,5 

*16 

•17 

•18 

•20 

*->4> 

•24 





3 

•10 


12 

•13 

14 

15 

16 

•17 

18 

20 

22 

•24 

•26 





•10 

•11! 

■'12 

•13 

14 

•15 

16 

•17 

IS 

20 

*22 

24 

•26 




4 

12 

ul 

16 

IS 

20 

22 

24 

•26 









■IW 

*16 

•18i 

20 

22 

24 

26 











5 

•18 

20| 

•22 

•24 

•26 

•28 











•0 

*20 

•22| 

1 

•24 

•26 

•28 

•30 












* Sizes not usually carried in stock. 
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Tabl® 13.—Lao Sckbws 

(Gimlot Point. Square Head) 






Diamotor, inches 



Length, 

iiicht'B 

>1 

K« 

‘A 




u 




Weight. 

in pounds of 1(K) screws 



IH 

2.6 

3.0 

r,.l 

10.4 




IH 

2 7 

4.0 

0.0 

! 11.0 





2.8 

4.4 

5.8 

, n.7 




2 

3.1 

4.8 

0 7 

; 13 0 

24.0 



2H 

3 7 

5. 0 

8.4 

15.0 

27.2 

39.0 


3 

4 2 

fi. r> 

9. 1 

18.2 

30.5 

45.0 

66.0 


4.8 

7.3 

lO.G 

20.0 

33.7 

51.0 

72.0 

4 

5. 4 

8.2 

12.0 

22.9 

37.0 

.57.0 

78.0 

■ij-i 

0.0 

0. 0 

J3.0 

25.8 

40.2 

62.0 

85.0 

h 

fi. 6 

9.0 

14.0 

27.5 

43.5 

67.0 

92.0 



10 8 

15.0 

30.3 

47.0 

72.0 

100.0 

fi 


11.7 

10.0 

32.0 

50. fi 

•77.0 

107.0 

7 




30. 5 

f>7. 8 

87.0 

122.0 

8 




41.0 

04.7 

97.0 

137.0 

0 




45.5 

72.0 

107.0 

162.0 

10 




50.0 

79. 2 

117,0 

167.0 

Jl 




.54.5 

80 5 

127.0 

180.6 

12 




.59.0 

94.0 

137.0 

191.0 
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Table 14.—Machine Bolts’ 



i 

1 



Diameter, inches 





1 ''' 

1 -yu 

1 

i 

1 ■>« 

Mo 

! 

j H 

1 

i 

1 u 

i 

1 1 

Length, 

inches 

1 ■ ■ 

1 



Threfids per inch 





20 

18 


14 

13 

11 

10 


i ** 



Weight in pounds of 100 bolts with ariuare licads and nuts 


94 

2.4 

4.4 

6.9 

10.4 






1 

2.8 

4.9 

7.6 

11.5 

10.3 





m 

3.1 

5.5 

8.4 

12.,5 

17.7 

31.7 

52.2 



IM 

3.4 

6.0 

9,2 

13.6 

19.1 

33.8 

65.3 

83.4 


2 

4.1 

7.1 

10.8 

15.7 

21.8 

38.1 

61.5 

91.8 

129.0 

2M 

4.8 

8.2 

12.3 

17.8 

24.6 

42.4 

67. 7 

99.7 

140.1 

3 

5.5 

9.2 

13.8 

19.9 

27.4 

46.7 

73.9 

308.1 

151.1 

3>5 

6.2 

10.3 

15.3 

21.8 

29.8 

51.0 

80. 1 

310.6 

162. 2 

4 

6.9 

11.4 

16.9 

24.0 

32.0 

55.4 

86.3 

120.0 

173.2 

m 

7.5 

12.4 

18.4 

26.1 

35. 4 

59.3 

92. 1 

132.9 

182.7 

5 

8.2 

13.5 

19.9 

28.2 

38.1 

63. 6 

98.3 

141.3 

193.7 


8.9 

14.6 

21.5 

30.3 

40.9 

67.9 

104.5 

149.8 

204.8 

6 

9.6 

15.6 

23.0 

32.4 

43.7 

72. 3 

110.7 

158.2 

21.5.8 

8M 

10.3 

16.7 

24.6 

34.5 

46. 4 

76. 6 

116.9 

360.7 

226.9 

7 

11.0 

17.8 

20. 1 

30.6 

49.2 

80. 9 

123. 1 

175.1 

237.9 

7H 

11.7 

18.9 

27.7 

38.8 

.51.9 

85.2 

129.4 

183.6 

248.9 

8 

12.4 

20.0 

29.2 

40.9 

54.7 

89. 5 

135. 6 

192.0 

260.0 

g 

13.7 

22.1 

32.4 

44.9 

60. 0 

97.8 

147.5 

208. 8 

28J.3 

10 

15. 1 

24.3 

3.'). 5 

49. 1 

0.5. 5 

106. 4 

160.0 

22.5. 2 

303.3 

II 

10.5 

26.4 

38. 0 

53. 4 

71.0 

115. 1 

172.4 

212.2 

325. .5 

12 

17.9 

i-'S.C 

41.7 

57.0 

76. 5 

123.7 

184.8 

259.1 

347.0 

13 

19.3 

.30. 7 

44.8 

61.8 

82.0 

132.0 

107.2 

270. 0 

369. 0 

14 

20. 6 

32.9 

47.9 

60.0 

87.0 

140.6 

209. 7 

292. 9 

391.7 

15 

22.0 

3.5. 1 

51.0 

70.3 

93. 1 

149.2 

222 1 

309. 8 

413.K 

Ifi 

23.4 

37.2 

.54,1 

74.5 

98.6 

157.9 

234. .5 

320.7 

435.9 

17 

24.8 

39.4 

57.2 

78.7 

JOl. 1 

106. 5 

246.9 

343.6 

458.0 

18 

26.2 

41.5 

60.3 

82.9 

109.7 

175. 1 

259.4 

360. 5 

480. 1 

19 

27.5 

43.7 

63.4 

87.2 

115.2 

183.7 

271.8 

377. 5 

602.2 

20 

28. 0 

4r>.8 

60. 5 

91.4 

120, 7 

192. 4 

284. 2 

394.4 

524.3 

2t 

30. 3 

48.0 

69. 0 

95. 6 

126.2 

201.0 

296. 6 

411.3 

546. 4 

22 

31.7 

50. 2 

72.7 

99.9 

131.7 

209. 6 

309.1 

428.2 

568.4 

23 

33.1 

52. 3 

7.'i.8 

104.1 

137.3 

218.3 

321.5 

44.5.1 

590. 5 

24 

34.4 

54. r, 

78 9 

108. 3 

142.8 

220.9 

333.9 

462.0 

612.6 


3-.. 8 

50. 6 

82. 1 

112.5 

148.3 

235. 5 

316. 3 

478.0 

034. 7 

26 

37.2 

58, 8 

85.2 

116.8 

153.8 

244. 1 

358. 8 

495.8 

650. 8 

27 

38.6 

00.9 

88.3 

121.0 

159.4 

252.8 

371.2 

512. 7 

678.9 

28 

40.0 

63. 1 

91.4 

125.2 

164.9 

261.4 

383. 6 

.529. 7 

701.0 

29 

41.3 

O.*). 3 

94. 5 

129. .5 

170.4 

270.0 

396. 0 

540. 6 

723.1 

30 1 

42. 7 

67.4 

97.6 

13.3.7 

17.5.9 

278. 7 

408 5 

503. 5 

745. 2 


1 See alfio table in Carnecie Pocket Companion. 
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Table 15a.—T ensile Strength op Bolts and Bound Bods without Upset Ends 



Diftmeter of 


Strength of rod 

of rod 

root of 
thread 

Hn. ft. 

At 12,500 lb. 

At 15,000 lb. 

At 16,000 lb. 

At 20.000 lb. 




per 8<i. in. 

per sq. in. 

per sq. in. 

per sq. in. 

« 

0.294 

0.370 

848 

1,018 

1,088 

1,360 

K. 

0.344 

0.511 

1,100 

1,393 

1,489 

1,860 

M 

0.400 

0.068 

1..570 

1,884 

2,018 

2,520 

He 

0.454 

0.343 

2,022 

2.427 

2,590 

3,240 

H 

0. 507 

1.04.3 

2,.524 

3,030 

3.230 

4,040 

H 

0. 620 

1. .502 

3,780 

4,530 

4.830 

6,040 

'A 

0.731 

2.044 

5,2.50 

6.300 

8,720 

8,400 

1 

0.837 

3. 070 

6,880 

8,240 

8,800 

11,000 

m 

0.940 

3. 380 

8,670 

10,420 

11,100 

13,880 

m 

1 065 

4.170 

11,170 

13,420 

14,280 

17,860 

iH 

1.160 

5.0.50 

1,2,220 

15.860 

16,900 

21,140 

w 

1.284 

6.010 

16.190 

19,420 

20,700 

25,900 

IH 

1 380 

7. 0.50 

18,930 

22,720 

24,200 

30.300 

IH 

1.400 

8.180 

21.880 

26.-170 

27,900 

34,880 

m 

1 61.5 

9.390 

25.600 

30,720 

32,800 

40,900 

2 

1.712 

10.680 

28.800 

34,.550 

36,800 

46,040 

2H 

1 902 

13. .520 

37,800 

45,3.'30 

48,400 

60.460 

SH 

2.17.5 

16.090 

40,4.50 

55,700 

59.400 

74.300 


2.425 

20.200 

57.7.50 

69,200 

73.800 

92.380 

3 

2.029 

21.030 

07,800 

81.400 

86,900 

108,.560 


Tahle 155.— Stuenqth op Bound Rods with Upset Ends 


DininrfiT 

Diarnoter of 

j Weight per 

i 

! 

Strengt 

li uf rod 


of rod 

' uiwct 

! lin. ft. 

' At 12,.500 lb. 

At 15.000 lb. 

, At 16,000 lb. 

At 20,000 Ib. 



1 

per sq. in. 

per sq. in. 

per sq. in. 

per sq. in. 

H 

! 

! 0. fiftS 

2,4.53 

2,944 

1 3,135 

j 3,920 

He 

H 

1 0.845 

3,106 

3,727 1 

1 .3,980 

1 4,080 

?e 

1 H 

; 1.043 

3,835 

4, GOO 

! 4,910 

1 6,140 

* 6 

1 I 

; 1.262 

4,640 

5,560 1 

6.940 

7,420 

H 

1 

1..502 

5,520 

6,627 

7,080 

8,840 

'He 


1.763 

6,490 

7,790 i 

8,310 

10,380 

A 

m 

2.044 

7.616 

9,020 

9.630 

12.020 

'He 

IH 

, 2.347 

8.630 

10.340 1 

11,040 

13.800 

1 

IH 

i 2.670 

9,815 

11,780 

12,560 

15,700 

1 H 

m 

1 3.379 

12,425 

14,900 

15,910 

19,880 

1 H 

IH 

4.173 

15,330 

18,400 

19.650 

24.540 

I % 

m 

1 5.040 

18,550 

22,260 

23,750 

29,700 

1 H 

2 

j 6.008 

22,080 

20,.500 

28,300 

35,340 

1 

2H 

1 7.051 

26,910 

31,090 

33.200 

41.480 

1 H 

2H 

8.178 

30,060 

30,070 

38,500 

48,100 

1 % 

SH 

9.388 

34,600 

41,400 

44.200 

56,220 

2 

2H 

1 10.680 

,39.270 

47.130 

.50.300 

62.840 

2 H 

m 

12.060 

44.320 

53,190 

56,700 

70,940 

2 H 

2M 

13.520 

49,700 

59.680 

63,600 

79,520 

2 H 

3 

! 15.070 

,56,370 

GO. 4.50 

70,900 

88.600 

2 H 

3H 

10. 090 

61.350 

73.620 

78.500 

98.180 

2 H 

3H 

18.400 

07,600 

81,200 

80,600 

108,240 

2 H . 

3H 

20.200 

74,230 

89,080 

95,100 

118.800 
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4 . Lateral Resistance of Nails, Screws and Bolts. —When spikes, screws and 
bolts are subjected to lateral forces in a timber joint, shearing and bending 
stresses are produced in the spikes, screws, or bolts, and the timber in contact with 
the metal is subjected to pres.sure. In timber construction, joints of this nature 
are of common occurrence, and it is necessary to have safe working values for 
such details. The factors entering into a theoretical consideration of the stresses 
produced in such a joint are many and complex, and in the determination of safe 
working values, recourse must be had to the results of tests. 

In the case of nails and screws a theoretical analysis of the stresses is not 
practical. Tests* have established fairly definitely the ultimate strength and 
elastic limits of such joints. 

The safe working value for common wire nails or spikes for resistance to 
lateral forces in timber joints of yellow pine or Douglas fir may bo taken at 

p = 4,000(i^ 

where p — safe lateral resistance of one nail, and d = diameter of nail in inches. 

The working values for the common sizes of nails in accordance with this 
formula are given in Table 16. 

Table 16.—Saee Wobkino Value for Lateral Resistance of One Nail in 
Yellow Pine on Douglas Fir 


Biaeofnail. 6d 8d lOd 12d lOd 20d 30d 40d SOd OOd SOd 

Strength in pounds. r.3 02 88 88 110 105 194 220 208 322 304 


All tests made on nailed joints indicate that the strength of the joint is 
approximately the same whether the nail be driven so that the comjiression on 
the timber is against or across the grain. The resistance of the joint i.s, however, 
decreased from 25 to 33K per cent if the nails are driven parallel to the fibers of 

the timber—^for example, driving the 
nails into the ends of a stick of timber. 
A joint in which this condition exists 
is a header joint, frequently used in 
light joist construction. 

When one piece of timber is spiked 
to another, the penetration of the nail 
into the second timber should not be 
less than one-half the length of the 
nail, and should preferably be in excess 
of this. 

The slip of a nailed joint occurs at 
a comparatively small load, as may be seen from an inspection of the curve, of 
Fig. 1, which is plotted from the published results of tests made by the Portland 
Bureau of Buildings. 

The elastic limit of a nail in lateral resistance in air-dry long-leaf yellow pine 
occurs at a value of approximately C = 7,000 in the formula, p = Cd’, and at an 

> Tests for nails: Walker and Cross, Jour. Assn. Bne. Soe., vot. 10, 1897; Harrow and Buoh* 

stnan, Proe. Ind. Eng. ,$oc.^ 1000; Morgan and Marish, Eng. Exp. Bta., Iowa State College. Bui. No. 2; 
Tests made for Btireau of Buildings, Portland, Ore., Eng. Newn-Ree., vol. 79, No. 19, Nov. 8, 1917, also 
▼ol. 79, No. 26, Dec. 27, 1917; also “TAs TtmAermon,” Portland. Ore., vol. 18, No. 12, Oct., 1917; 
*‘Tests Made to Determine Lateral Resistance of Wire Nails,** Thomas R. C. Wilson, Mng. iV’sws'Rsc., 
vol. 76, No. 8, Feb. 14, 1917; Jacoby’s '’Structural Details, ’ Dewell’s "Timber Framing.” 



Fiq. 1.—Typicial load-dip curve of nailed jomt, 
Bureau of Building^, City of Portland. 






Sec. 5-5) 


CONNECTIONS FOB WOODEN MEMBES8 


405 


average slip of 0.028 in., as found by Wilson in the tests of the Forest Service 
(see reference in footnote, p. 404). The Portland tests show higher values for 
both elastic limit and slip at elastic limit. 

5. Lateral Resistance of Wood Screws.—The lateral resistance of common 
wood screws was investigated as thesis work by Kolbirk and Birnbaum at Cornell 
University,* using timbers of cypress, yellow pine and red oak. From the results 
of these tests, the following formula for the safe lateral resistance may be used for 
yellow pine and Douglas fir: 

p = 4,375d» 

Table 17 gives the safe working values in terms of gage numbers. In giving 
these values the assumption is made that the screw is imbedded in the second or 
main piece of timber approximately the length of the screw. 


Table 17. —Safe Latebal Resistance op Common Wood Scbews with Yellow 
Pine and Docqlas Fib 


, (jage of screw 

Diatneior. 

inches 

Safe lateral resistance, 
pounds 

G 

0.137 

82 

8 

0.1C3 

116 

to 

0.189 

156 

12 

0.210 

204 

14 

0.242 

256 

i« 

0.268 

314 

18 

0.2(J5 

381 

■ 20 

0.321 

451 

22 

0.347 

527 

24 

0.374 

512 

2G 

0. 400 

700 


6. Lateral Resistance of Lag Screws.—Two typical cases of joints may be 
made: (1) Boards or planks screwed to a timber block, and (2) a metal plate 
screwed to a block of timber. The writer made a series of tests on both types 
of joint.^ From the results of these tests, and also from a theoretical considera¬ 
tion of the probable distribution of pressures of lag screw against timber and 
resultant bending moments in the lag screw, the following values for lag screws in 
lateral shear and bending are recommended: 

Safe Lateral Resistance op One Lao Screw 

Metal plato logged to timber.X log screw. 1,030 lb. 

X 5-in. log screw,. 1,200 lb. 

Timber planking -lagged to timber.X lag screw. 900 lb. 

X 5-in. lag screw . 1,050 lb. 

7. Lateral Resistance of Bolts.—In a typical detail of wooden joint, such 
as is illustrated in Fig. 3, a number of assumptions may be made as to the dis¬ 
tribution of the bearing pressure of the bolt against the timber. Since as many 
different bending moments will obtain as assumptions of distribution of pressure 
are made, the resultant computed resistance of bolt to resist relative moment 

< Abstract of results published in Cornell Civil Engineer, vol. 22, No. 2. Nov., 1913. 

*Bna. Newe, vo). 76, No. 3, July 20; No. 4, July 27, and No. 17, Oet. 26, 1916. 
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of the timbers will vary accordingly. Two assumptions will be considered here; 
(1) a uniform distribution of bearing i)reB8urcs, and (2) triangular distribution of 
bearing pressures. 

1. Uniform Distribution of Bearing Pressures .—^With this assumption, the 
bending moment in the bolt will be 

M = }iP{t'/2 + f'74) 

where t' = thickness of splice pad, and t" = thickness of main timber. Under 
this assumption, the greater the thickness of side pieces t' (see Fig. 2), the larger 

diameter of bolt required. Table 18 
gives the resisting moments of one bolt 
in flexure at various fiber stresses, 
varying from 12,000 to 24,000 lb. per 
.sq. in. 

The working values of bolts for 
Fig. 2.-Typicalboltodj<.int~bolt8 in “double joints, as found by this 

method are very low, especially for 
joints with thick splice pads. Hundreds of such joints are giving service in 
which the bolts are working at more than the ultimate stresses as computed 
by this method. 

Bolts are usually driven with a tight fit in the holes and when such a condition 
exists, the pressure of the bolt on the timber is not uniform along the length of 
bolt, as has been determined by tests, and therefore the preceding value of 
bending moment on the bolt is incorrect. 



Table IS.—Rbsistino Moments oe Bolts 


Size of 
bolt 

Section 

modulus 

12,000 j 

Fiber stresses, pounds per sciuare inch 
10,000 1 20,000 1 22,,'iOO j 

r 

24,000 

H 

0.0239 

28.5 ! 

1 

1 380 

480 1 

,’■.40 ! 

575 

H 

0.0114 

405 

1 600 

8,10 1 

, 930 

995 

K 

0.0656 

785 

j 1,0.50 

1,310 j 

1.475 

1,575 

1 

0.0982 

1.180 

1 1,570 

1,960 

2,20.'> 

2,300 


0.140 

1,680 

1 2,240 , 

1 2.800 ! 

1 3,150 

3,36)0 

m 

0.191 

2,200 

3,055 1 

1 3,820 1 

! 4,300 

4.58.5 

m 

0. 255 

3,060 

4.080 

5.100 1 

5,73.5 

6,120 

IH 

0.331 

3,970 

5,295 

' 6,020 

7,445 

7,945 

m 

0.421 

5,050 

6,735 

8,420 ' 

9,470 

10,106 

IH 

0.525 1 

6,300 

8,400 

10,500 

11,810 

12,600 

IH 

0.646 1 

7,750 j 

10,335 

12,920 

14.535 

15,50.5 

2 

0.785 1 

9.420 

i 

12..560 

15,700 1 

17,600 1 

1 i 

; 18,840 

i 


The following method is proposed as offering a satisfactory method of com¬ 
puting the strength of such bolt joints; 

2. Triangular Distribution of Bearing Pressure on Bolts .—The assumptions 
of this article are illustrated in Fig. 3 and are the result of a study of a series of 
tests of bolted joints made by the writer.' The theory of bearing pressures 
may be stated thus; It is assumed that the distribution of load on the bolt is 
triangular in shaj®; that the unit pressure (pounds per linear inch of bolt) is a 

> See second footnote, p. 405. 
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maximum at the contact faces of the timbers, in amount equal to the strength 
of the timber in bearing,* and of approximately the distribution for the typical 
case, as shown in Fig. 3. It is also assumed that in the joint of Fig. 3, there is a 
definite minimum length “m,” such that the moment resulting from the load on 
this length of bolt will just equal the flexural strength of the bolt. Further, it is 
assumed that in joints where the thickness of side timber is less than the limiting 
value “m” the pressure distribution diagram, while maintaining the general 
triangular shape, is modified in respect to the relative dimensions “o” and “6” 
(Fig. 3) within the limits a = o and a = ('/3, and that the ratio o/(' remains 
such that the resulting bending moment in the bolt bears the same relation to 
the flexural strength of the bolt as the maximum intensity of pressure on the 



T’la. S. Fig. 4. Fio. 5. 


timber bears to (he unit strength of the timber in compression. The above 
theory assumes that the ratio of thickness of timber to diameter of bolts is 
comparatively large. As ( he ratio of diameter of bolt to thickness of splice pad 
increases, the pressure di.stribution diagram on the length of bolt within the 
splice i)ad is assumed to cliange from a triangular shape (Fig. 3) through a trape¬ 
zoidal shape (Fig. 4) until the limiting ca.se is reached, with a short thick bolt of 
uniform distribufion of pressure along the length of bolt (Fig. 5). 

For the ca.se illustrated in Fig. 3 there arc two equal maximum bending 
moments in the bolt, occurring at i)oints of zero shear. With the a.ssumption 
that beyond a minimum value of t' or width of splice pad, the strength of joint 
is independent of the length of bolt, the length, for which the strength of the 
bolt in flexure is equal to the safe load on the bolt as determined from the com¬ 
pression on the timber, may be determined by equating the bending moment 
resulting from such load to the resisting moment of the bolt. 


whence 

and 


M - *C„. P..’^ 

<■'>-'>-’ 5 '' 


1 By Btroogth is meant working strength. 
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where M — bending moment on bolt in inch pounds. 

, p = maximum allowable unit bearing stress of bolt against timber. 

/ = maximum allowable flexural unit stress in bolt. 
t' = thickness of splice pad. 
d — diameter of bolt in inches. 

•m — length of portion of bolt on which pressure exists. 

Using the same notation, when m is less than t', the theory assumes that the 
ratio of the dimensions a and h changes, within the limits a = o and o = <73, to 
the end that the greatest strength of joint is obtained with the provision that 
the capacity of the bolt in bending and the timber in compression is maintained 
simultaneouslj'. For those cases the bending moment may be expressed by the 
general formula M = Ct'“, and the total load on the joint by the general formula 
P = Kt'. In these formulas, M — moment on bolt in inch pounds, t' = nudth 
of splice pad in inches, and C and K arc factors to be obtained from Diagram 1. 

Table 19 shows the relation of C and K to varjung ratios of a/t\ for a bolt of 
1-in. diameter, for the case of a triangular pressure diagram. 


Ratio 

o/i' 

Tamijs U) 

r 

K 

0 

433 

1.300 

H 

260 

1.040 

Va 

163 

860 

Vi 

48 

650 


DlAOllAM 1. 

Slip in inches 



Diagram 1 shows the above variation of C and K with the ratios a/t', for a 
1-in. bolt. l$y means of this diagram, the safe strength of a bolt in double shear 
for any thickness of splice pad may be found. The diagram is based on the 
values, p = 1,300 lb. per sq. in. for the safe pressure in end bearing of the 
diametral section of the bolt in timber, and / = 16,000 lb. per sq. in. for bolts. 
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lUttBtrAttTe Problem. —Given a joint with C-in. center timber, and two 3-in. splice pads, 
bolted with %-in. bolts. What is the safe strength of on© bolt, allowing a maximum unit 
(compression against ends of fibers of timber and a maximum flexural stress of 16,000 lb. 
per sq. in. in the bolt. 

From Table IS the safe resisting moment of a J'^-in. bolt at 16,000 lb. per sq. in. is 
1,050 in.-lb. Since Diagram 1 is for a bolt of 1-in. diameter, the equivalent moment for 
entering the diagram is q ™ 1,200 in.-lb. 

From the equation M — C = 133.3. 

Entering the diagram, a vortical line through tho point on the dash and dot "C" 
curve for the value C 133.3, intersects tho full line “X” curve at a point giving 
K » 810 lb. Romombering that this value is for the case of a 1-in. bolt, the safe load 
for a J^-in. bolt is 

P « %KV = (K)(810)(3) « 2,130 lb. 

For the cases in which the pressure distribution on the bolt is trapezoidal, as 
in Fig. 4, Table 20 gives the values of C and K, in the formulas M = C{Vy and 
P = ivf', respectively, for various ratios of the minimum unit pressure to the 
maximum unit pressures, all for a bolt of 1-in. diameter. 


JIatio 

Table 20 


v’/v 

c 

K 

0 

433 

650 

Va 

e.'jo 

812 


867 

975 


1,084 

1.13S 

1 

1,300 

Diagram 2. 

1,300 


Diaobam for Finding .Sake Loads on a Bolted Joint—Boltin “Doudlb Shear.’* Diaoram 

Drawn for 1-in. Bolt. 
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Diagram 2 gives the curves of these formulas for the trapezoidal distribution 
of pressure for a bolt 1 in. in diameter. These curves are to be used exactly as 
those of Diagram 1. 

Illustrative Problem.—Given a joint of yellow pine timber with SM-in. center, and two 
2l^-in. spliced pads, bolted with ihl-in. bolts. What is the safe strength of one bolt in 
lateral resistance? 

From Table 18, the safe rosistinff moment of a ihi-in, bolt at 15,000 lb. per sq. in. is 
6,205 in.-lb. To enter Diagram 2, which is drawn for a 1-in. bolt, tiic value of 5,295 must 
be divided by The equivalent moment is 5,295 X — 3,530. From the equation 

3,530 

M = CO')*! C' = g 25 ” From Diagram 2 tho value of K in tho curve P •* Kt', 

corresponding to C — 505, is 1,500 lb. This value is for a 1-in. bolt. Therefore, the safe 
load for a iH-in. bolt is 

P - (1,500)(2’2)(1?2) - 5,625 Ib. 

The values of Table 21 have been worked from the precoding theory by 
means of Diagrams 1 and 2. 


Table 21.—Value op 0\e Bolt in DoimLis Shear 





Thickness side timbers, 

inches 


Bolt 

i 2 : 

j t 

3 

' 4 , 


6 

i 

Thickness oentei timbers, 

, iuchen 



1 

1 4 

6 

1 ^ 

10 

12 

H 

1.960 1 

1,29.5 

! 1.465 

1,46.5 

1,465 

H 

! 1.4-10 i 

1,68.5 

1.090 

2,100 : 

2.100 

H 

1,925 ■ 

2,135 

1 2,475 

2,84.5 

2,850 

i 

2,480 

2,6.55 

3,000 

3,3H0 

3,700 

IM 

, 3.120 

3.2.3.5 

3,580 

4.025 

4. .520 

m 

3,91.5 

3,040 

4,240’ 

4,680 

5.170 

m 

4,8^10 

4,000 

' 4,055 

5,41.5 

5,070 

IM 

.5,800 

5,570 

5,700 

6,24.5 

6,700 


Maximum fiber stress in bolt in bending, 16,000 lb. per sq. in. 

Maximum intensity of bearing pressure on wood, 1,950 lb. por aq. in. 

Bearing on wood, average on diametral section of bolt, 1,300 lb. per sq. in. 

BoUs in Sinflle Shear. —The safe values of bolts acting in “single shear” may be taken at ono-half 
tho values of Table 21. 

Bolts Bearing Across the Chain of Timber. —For “double shear” joints in which the holts bear across 
the grain of tho timber, the safe values may be taken at fivo-eighths the values of Table 21. 

Metal Plates BtAte<l to Timlter. —The values of Table 21 may be used for joints in which steel plates 
are bolted to timber; in other words, a steel fish plate joint, provided that the values of this table do 
not exceed the safe loads as determined by bearing of the plate on the bolt, or shear in the bolts. 


8. Resistance to Withdrawal of Nails, Spikes, Screws, and Drift Bolts.— 
The resistance of nails, spikes, screws and drift bolts to withdrawal from timber 
is a function of tho surface area of contact between metal and timber, and the unit 
resistance to withdrawal. Expressed algebraically, 

F AC 


in which 

P — total pounds required to move the spike, screw, or drift bolt. 
A = surface of contact between metal and wood. 

C = unit resistance to withdrawal. 
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The value of C dcpemls upon the kind, quality, and condition of timber, 
condition of surface of nail, screw, or drift bolt, size of hole in which nail, screw, 
or bolt may have been driven or screwed, and direction of fibers of timber with 
reference to length of nail, spike, screw, or drift bolt. For practical purposes, 
C i.s a quantity determined solely by experiment. Ultimate values of C for wire 
and cut nails, boat spikes, and drift bolts are given in Table 22. These values 
are taken from a study of the numerous tests that have been made. The values 
for resistance to withdrawal as found by thfe tests vary .so widely that, for safe 
working values, a safety factor of four should be used. 

9. Washers.—For the more common timbers employed in building construc¬ 
tion, the r(^sistauce to crushing across the grain of the timber is mmdi smaller than 
resistance to end crushing. For this reason it is necessary to use washers under 
heads and nuts of bolts in timber construction to prevent the nuts and head from 
crushing into the timber when the nuts are tightened, and also when the bolts 
take their assumed stresses. 

There .are five types of washers used in timber construction: (1) Cast-iron 
O.C. washers, (2) cast-iron ribbe<I washcis, (.1) malleable iron washers, (4) cir¬ 
cular i)ressed steel washers, and (Ji) square plate washers. 

'I'Annu 22 .—TJi.timatk Rksistanck to Withouawai. op Wiue and Cut Naiub, 
Wood Screws, I.ao Screws, Boat Spikes and Uiuft Boi.ts 

(.All (Quantities lO.xprusscd in I’uimtls per S<iuaro Inch of Contact butweon Metal and Timber) 



Vrllow 

pine 

Douglas 

iir 

White 

pino 

W'hite 

oak 

Redwood 

Cut nails’. 

r»oo 

500 

300 

1,200 

300 

Cut nails’. 

3(10 

300 

275 

1,000 

150 

Wire nails'. 

300 

3(K) 

170 

900 

.300 

Wire nails*... 

2r)0 

250 

100 

800 

200 

Wood screws. 

1.500 

1.500 

900 

2,200 

900 

Lag screws. 

800 

800 

500 

1,200 


Hoftt spikes'. 

500 

.500 

270 

1,000 


Iloat spikes^. 

370 

370 

200 

750 


Drift bolts'*. 

400 

400 

240 

MO 


Drift bolts*. 

200 

200 

120 

300 



* Driven perpendicular to erain of timber. 

* Driven parallel to grain of timber. 

* EdKC of point parallel t<» grain t)f timber. 

* Edge of point across grain of timber. 

* Driven in liolcs J-ffl H iw- diameter than drift bolt. 


For cases in which the axis of bolt is inclined to the lioaring surface of the 
tirnlier, bevelled cast-iron washers may be employed (see Fig. 1] and Table 28). 
The five types of washers mentioned arc illustrated in Figs. 6 to 
10 inclusive and Tables 28 to 27 inclasive give detailed dimensions. 

In the ca.se of bolts acting wholly in temsion tlicrc can he no 
question of the neces.sity of washers. Washers should be prop¬ 
erly designed, both for strength and stiffness, and of jiroper size 
to limit the bearing pressure on the timber to the safe working 
value. For Douglas fir or yellow pine either the square plate washers, ribbed 
cast-iron, or cast-iron O.G. washers of equivalent area should be used. Attention 


Fia. 6.—O.G. 
c ast-iron 
washer. 
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is called to the fact that in the malleable washer, the full area of the base of washer 
is not available for bearing. For example, the ?i-in. malleable washer has an 
actual bearing area of about 4 sq. in., or an actual efficiency of approximately 
60 per cent of its nominal area. Even the cast-iron O.G. washers of Table 23 








Fio. 7.—Cast-iron ribbed washorfl. 


stress the timber to approximately 7.50 lb. per sq. in., for a unit stress of 16,000 
lb. j)er sq. in. in the rod. 

When the bolt acts wholly in shear and bending, smaller washers, such as 
the malleable washers, are permissible, though not necessarily advisable. In 



w 


Fig. 8. —Miillcable iron 
wuphor. 



Fio. 9.—Circular pressed 
steel washer. 


- 

F'lO. 10.—Square steel 
plate washer. 



such instances it is often practically certain that the timber will shrink, and that 
the washers will nciver be tightened, and for this reason the use of malleable 
washers may be justified, in onler to save expense. On the other hand, when 
there is a chance that some maintenance work may l)e counted upon in the 
shape of washer tightening, good construction will 
prescribe either a special cast-iron washer or a square 
plate washer, sufficient in size to meet the capacity of 
the bolt in tension. 

In order to avoid special washers, malleable 
washers of larger size than the nominal size for the 
bolt used are sometimes specified. Such a pro¬ 
cedure is unwise for two reasons: (1) The holes in 
the larger washer arc of such diameter with respect to 
the diameter of the head and nut of the bolt, that a 
poor bearing between head or nut and washer results; 
and (2) the carpenter will invariably put stock sizes 
of washers and bolts together if there is a chance to 
do so. 

The circular cut or pressed steel washer should never be used in timber con¬ 
struction, except between metal and metal. 














Fio. II.- 


-Hovelled cast-ir4>u 
washer. 
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The selection of a washer as between a special size O.G., ribbed cast iron, or 
a square steel plate washer, will depend on the relative prices of oast iron and 
steel, availab hty of foundry and steel shops, and size of jobs. When large size 
washers are required and the job is a small one, the square plate washer will 
usually be found cheapest. 

No square plate washer should have a thickness less than one-half the diam¬ 
eter of bolt. A good rule is to add He in. to the thickness thus found. 

When the center line of bolt or rod is not normal to the bearing face of the 
timber, the timber must be notched, or a bevelled washer u.sed. If the section of 
timber is ample, a notch is the cheaiTCst detail. The pressure of the washer 


Table 23. —Wabueius— O.G. Cast-ibon 


Size of bolt, iiiohos 

1- 

1 Weight per 100 lb. 

Diamelcr, iiicfice 

' Thickness, inches 

Area, 

Bfiuare inches 

!4 

i 35 


: R 

3. 78 

H 

i 75 

3 

i 

C.76 

H 

i 100 

3R 

H 

7.80 

H 

j 145 

an 

■Wo 

9.02 

J 

185 

4 

H 

11.79 

IH 

i 280 

4!..i 

IW 

14.91 

m 

; 37.0 

0 


18.41 


000 

(> 


20.50 


Table 24. —Washebs -Cast-ibon Ribbed 

(Sec Fig. 7) 


Size bolt 

Size upsef 

a 

h 

c 

il 

h 

/ 

Sltape 

base 

No. 

riba 

Weight 


Not upset 

K 

IKK 

K 


*4 ' 

K 

C 

6 

0.5G 

« 

Not upset 

H 

iH 


4 

1 


c 

G 

1. 10 

H 

Not upset 

1 

2K 

fU 

4,t2 

2>s ; 


c 

6 

1.80 

H 

1 

IK 

2K 

K 

RK 

IK ■ 

K 

c 

0 

2. 79 

■Ml. 

IH 

IK 

2K 

H 

5H 

1W« 

}'i 

c 

6 

3.29 

.H 

IK 

IK 

3 

fio 

ny-i 

Ute ‘ 

K. 

<• 

7 

.5.30 

1 

IK 

IK 

3K 

Ko 

7 

l?i« ; 

K. 

c 

7 

G. 34 

m 

IK 

Us 

3!5 

K 

rvi 

I'K. 

K 

c 

7 

9.04 

m 

IK 

IK 

3K 

K 

SK 

1^5i« 

K 

c 

7 

11.30 

IH 

m 

IK 

4 

K 

9^ 

2K 1 

K 

c 

7 

13.59 

IM. 

IH 

2 

4K 

Me 

10 

2K i 

H. 

c 

8 

18.66 

IM 

2 

2H 

4K 

Me 

lOK 

2Tl, 1 

Me 

c 

8 

20.39 

IM 

2H 

2K 

4n 

H 

llK 

2K ! 

n 

c 

8 

25.99 

1« 

2K 

2K 

5K 

M 

12K 

2K 1 


c 

8 

30.62 

iH 

2H 

2K 

6K 

H 

UK 

4K : 

H 

Sq. 

8 

48.23 

2 

2,K 

25s 

5K 

H 

12 

5K : 

K 

Sq. 

8 

69. 32 


against the timber is then inclined to the direction of fibers, and, consequently, 
a higher unit bearing pressure may be used, in accordance with the formula and 
values of Art. 11. 
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For the larger size of bolts and rods, notching the timber sufficiently to provide 
the required area for bearing may cut the stick beyond the safe limit. In such a 
case, either a combination of a flat washer with a smaller cast-iron bevelled washer 
may be used, or a special cast-iron bevelled washer may be designed. The latter 
solution is much the better of the two. If this wsishcr be made square or 
rectangular, the conqwnent of the stress in the rod parallel to the face of the 
timber may be taken care of by setting the washer into the timber. In the 
former case, this component will produce bending in the rod or bolt. 


Table 25.—Wasubbs—Malleable Ikon 


Sise of boH, iiichoa | Wcigltt per 100 waKherw ! Diftmeter, inches j Thiokutess, indies 


1 

15 

2M 1 

H 

% 

22 

2« 1 


K i 

33 

3 1 


% 1 

50 

3M 


1 i 

68 

A 

H 

m 1 

87 

4M 

H 

1 

150 


% 

IW ' 

J90 


K 


Table 26.—Washeiis—Wkought^iiion 


Hize of bolt, 
inche.s 

i 

No. in 100 lb. I 

I 

Diamelt^r, 

iitclio.s 

1 SiTie of hole, 

1 inches 

Oiige 

Thickness, 

inches 


I 

30.400 


K 

18 

0. 05 


15,600 1 

H 

;i» 

16 

0.063 


1I.2S(I 1 

% 

H 

16 

0.003 

% 

C.S(K) j 

1 

Ke 

14 

0.078 

K. 

4,300 

1>4 

' H 

14 

0.078 

>■4 

2,000 

IK 


12 

0. 125 

?16 

2.2.50 

IK 

j K : 

12 

0.125 

?» 

1,300 

IK 

: 'Me 

10 

0,125 

K 

970 

2 

‘K. 

9 

0.156 

H 

828 

'^y4. 

i i 

8 

0.172 

1 

600 i 

2H 

{ 1 H 8 

8 

0.172 

m 

500 i 

2K 

1 m ; 

8 

0.172 

C-i 

384 ! 

3 

; >K 1 

8 

0.172 

m 

288 

3>4 

1 IH i 

7 

0.189 

n-i 

207 

3K 

i IK i 

7 

0.189 

m 

230 : 

3K 

1 IK 1 

7 

0.180 


206 

4 

, IK ; 

7 

0.189 

IH 

182 

AK 

1 2 ! 

7 

0.180 

2 

168 

AVi 

I 2K 1 

7 

0. 189 

2M 

122 

4K 

2K ! 

5 

0.219 

2H 

lOG 

5 

! 2K 1 

4 

0.234 
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Tablu 27.— Wabhbbs—Squabb Steel Plate 


Unit Bearing Pressure—350 lb. per sq. in. 

Unit Tension in Bolt or Rod—16,000 lb. per sq. in. 


Diameter of bolt or rod 

Diameter of upset 

Side of square washer 

Thioknesa of washer 

y. 

Not upset 

3K 

H 

y< 

Not upset 

4 

K. 

% 

Not upset 

4K 

K 

K 

1 in. 

4K 

Ke 


IH 

5 

H 

K 

IK 

SH 

‘K. 

1 

m 

OK 

K 

m 

IK 

7 

‘K. 


m 

7K 

H 

i« 

IK 



IH 

2 

9K 

iHe 


Table 28.—Wabhebs—Cast-iho.m Rkveleb 


Size rod | 

1 

a 

0 i 

1 

c i d i 

! ; 


e 

K 



IK i 4 

H 

K 

J-i 

1 

4K 

2 

4K 

K 

1 

1 

l.K : 

4K 

2K ' 

5K 1 

K 

IK 

IK ! 

IK 

•OK 

2K 1 

C) 

1 

IK 

l.K 

IK 

OK ! 

UK 

Oti 

1 

IK 


10. Resistance of Timber to Pressure from a Cylindrical Metal Pin.—When 
a pin, bolt, etc. of circular cross-.^cction bears against the ends of the fibers, the 
load on the ])in is resisted by ))ressure of the timber against the metal, and such 
differential pre.s.sures are al\vay.s normal to the surface of the pin. The differen¬ 
tial pressures may l>c suppo.sod to bo replaced, for practic.al purposes, by two 
resultant reactions, one parallel and the other perpendicular to the line of action 
of the applied force. The .second of those resultant reactions tends to split the 
timber, since it produces terLsion across the fibers of the timber. Consequently, 
for the case in hand, the usual permissible unit bearing pressure against the lids 
of the fibers must be reduced. Also the particular detail must be investigated 
to make sure that the tension across the fibers due to the cross pressure is within 
the safe unit stress for the timber in question. 

Tests and theoretical cousiderations indicate that for a round pin or bolt bear¬ 
ing against the ends of timber, the safe average unit bearing pressure to be applied 
to the diametral plane of the pin may be taken at % the usual allowable compres¬ 
sion against the ends of timber. The resultant secondary pressure across the 
fibers may be taken at >i'o the applied load. When the direction of the applied 
load is perpendicular to the direction of the fibers, the safe average diametral 
pressure may be taken at of the permissible unit compression across the fibers. 

For the case of pins and bolts in tight fitting holes in dense Southern pine and 
Douglas fir, the values of 1,300 lb. per sq. in. for end bearing and 8001b. persq. 
in. in cross bearing may be used. 
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IDostriave Problem.- What ia the safe loail on a 1 ii-in. bolt, beariui; agaiiMt tfao ood# of the Bbera 
of a ti- X B-in. block ot IVuiKlas lir, and what is the force tending to split the block of timber? 

The safe load is 1>4 X B X 1.300 = l.OoO in,-lb. The force tending to split tho timber is 1,9*0 X 
0.1 = IBB lb. 

11. Compression on Surfaces Inclined to the Direction of Fibers.—The 
allowable intensity of pressure on timber, when the direction of pressure is neither 
parallel nor perpendicular to the direction of fibers, was investigated by Prof. 
M. A. Howe on specimens of yellow pine, white pine, cypress, white oak, and 
redwood.* On the basis of the.se tests. Prof. Howe recommends the formula: 
r = ? + (p - ?)((?/90°)*' 

where 

r = allowable normal unit stress on inclined surface. 

p = allowable unit stress against ends of libers. 

5 = allowable unit stress normal to direction of fibers. 

Using the same notation, Prof. Jacoby in “Structural Details’’ develops the 
formula; 

r = p sin* 0 A- q cos* 0. 

Mr. lluasell Simpson of the University of California, has recently made a 
series of te.sts, as thesis work, on the bearing values for inclined surfaces of 
Douglas fir and California wliite pine. He finds that Jacoby’s formula gives 
results closely approximating the test values at the clastic limit, while Howe’s 
formula holds for a constant indentation of 0.03 in. Diagram 3 gives the curves 
of the formulas of Howe and Jacoby for values of p = 1,800 lb‘. per sq. in., g = 350 
11). per sq. in.; and p = 1,0001b. per sq. in., q = 300 lb. per sq. in. 

Diaqbam 3. 

Di^obau fob Safe Beauinu Bkeshuhe on Timbeb Sukfacbs Incmnkd to 
Diuection of Fiber. 



&olia curves - Formula* r= p sin*-^ 

5roKsn I’ms curves - formulo: r o q * 

Working values for actual design of timber joints involving bearing on surfaces 
inclined to the direction of fibers should be based on the elastic limit. The full 
line curves of Jacoby’s<formula are therefore recommended for design. 

12. Tension Splices.—The tension splice in timber building construction 
occurs usually in the lower chord of a roof truss. This detail is probably the 

* Eng. Nsw$, vol. (>8, No. 5, End vol. 68, No. 10. 
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most troublesome to design and frame efficiently of all timber joints. A detaU 
that is efficient on paper is often very unsatisfactory when viewed in the field. 
Any detail that depends for its action on the simultaneous bearing of more than 
two contact faces is to be avoided if possible, although it is often impracticable 
to so limit the design. Again, that detail which is so designed that the bearing 
faces of splicing members and the bearing faces of the spliced or main timbers 
may be pu lied together in the field after the joint is framed, has a very decided 
advantageover any other type of tension splice. The ideal splice, just described, 
will be found to give a low efficiency when measured in terms of effective area of 
main timbers for resisting tension. However, in many cases, such inefficiency 
may well be allowed, in order to secure certain definite action of splice joint. 
Importance of the connection, cost of materials, quality of workmanship to be 
anticipated, possibility of only occasional or no inspection after completion, are 
all factors tliat should be carefully considered before deciding upon the particular 
type of tension splice to be adopted. 

The following types of tension splices will l)c considered and a detail joint of 
each type developed for a typical example: 

(1) Bolted wooden fish plate splice, (2) Modified wooden fish pinto splice, (3) Bolted 
steel fish pinto splice, (4) Tabled fish plate splice, (5) Steel tabled fish plate splioe, (6) 
Tenon bar splice, and (7) Shear pin splice. 


It wiU be assumed that a <>- X 8-in. Douglas fir slick must be spliced to safely 
stand a total stress of 40,000 lb. Specifications of steel structures often call for 
the detail of splice to be of sufficient strength to develoj) the strength of the 
members. The .same .specification may be applied to the timber joint, although 
it is customary to de.sign the splice for the computed stress in the member. 

For the ease under discu.ssion the safe working stress in the timber for tension 
will be taken at l,.^ lb. per .sq. in. The required net area for tension is therefore 


40,000 

1,500 


2(1.7 sq. in. 

12a. Bolted Fish Plate Splice. -The bolted fish plate splice is shown 


in Fig. 12. The size of bolts will be 


computed in accordance with the 
formula 

M = ■+ t"/4) 

where P is the total load on on bolt; t' 
is the thickness of splice pad, or fish 
plate; and t" is the thickness of main 
timber (see Art. 7). This formula 
assumes the load on each bolt to be 
uniformly distributed along its length. 



Pig. 12.—Bolted wooden fish plate splice. 


Assume bolts, and ajilice plates 3X8 in. With bolts spaced in pairs, the net 

width of splice plate will then be 8 — (2) =« 4.1-2 in. The retiuired thickness of one 

20 7 

plate is then g = 2.97, showing that a 3-in. thickness is sufficient. Assume 0 bolts 

required. The load on one bolt is then 40,000/6 = 0,607 lb. The bending moment on 
one bolt is (6,667/2) (H X 3 + J4 X 6) = 10,000 in.-lb. With a flexural stress of 24,000 
27 
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lb. per sq. in., the required section modulus of one boU « 10,000/24,000 *= 0.416 in., and 
the required diameter of bolt =* ■^0.416/6.098 =“ ^^4.26 “ 1-62 

The unit bearing pressure on the diametral section of bolt = j j 
sq. in., which is about one-half the amount allowed. The minimum distance between bolts 
must next bo computed. This distance will be taken as the sum of (a) computed dis¬ 
tance necessary for shearing along the grain of the timber, (b) computed distance giving 
required area for transverse tension, and (c) diameter of bolt. 

. . 1 6,667 .AAA 

Total sheanug area required. “ 150 “ 

or distance (a). = • *=. o./ m. 

Area required for transverse tension. = ^ ^ *= 4.44 sq. in. 


or distance (5). — g- =. 0.74 in. 

Diameter of bolt (c)... 1.63 in. 

Minimum spacing of bolts. 6.07 in. 

The spacing of bolts will be made in. 


126. Modified Wooden Fish Plate Splice.—In the modified wooden 
fish plate splice, the size of bolts will bo reduced to 1 in., and the value of each 
bolt taken at 2,655 lb., in accordance with the values of Table 21, p. 410. 

The number of bolts required is — 15. 


14 1-in. bolts will be used, giving a load of 2,857 lb. por bolt. 
Spacing of bolts: 

2 857 

(а) Distance required fur shear ” 

(б) Distance required for transverse tension = “ 

(c) Distance of bolt. = 

Spacing of bolts will bo made 3 in. The dotafl is shown in Fig. 13. 


1.58 in. 

0.32 in. 
1.00 in. 
2.90 in. 
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Fio. 13.—Modified wooden fish plate splice. 
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Fjq. 14.—Bolted steel fish plate splice. 


12c. Bolted Steel Fish Plate Splice.—Figure 14 shows a bolted steel 
fish plate splice. The bending in the bolts is reduced from that in the first type, 
due to the smaller lever arm. The section of steel plate must be sufficient for 
tension, and for bearing on the bolts. Otherwise, the computations are similar 
to those of the bolted fish plate splice. 

Net section of.stcel plate = = 2.07 sq. in. 

l<>,UUv 

Assume two l}'i*-in. bolts in pairs. Then net width *= (2)(l^jf») **4.875 in., and 
required ihicknoas is ^-28 in., requiring a plate. Assume six bolts. 
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As before, each bolt must take 6,667 lb. The minimum diameter of bolt required with a 
Jis-in. plate at 16,000 lb. per sq. in. in bearing is M in. Assuming a uniform distribution 

of pressure along the length of bolt, the bending on bolt = X ^6 + H X 6 ) = 

5,620 in.-lb. At 24,000 lb. per sq. in., the required diameter of bolt from Table 18 is seen 
to bo l?s in. 

The unit pressure of the bolt on the ends of the fibers is “ 810 lb. per sq. in. 

The spacing of bolts may be figured as before^ and will be less than that computed in the 
detail of the l>olted fish plate splice by the difference in diameter of the bolts. The spacing 
will be made 6 in. 

X2d. Tabled Wooden Fish Plate Splice.—The detail of a tabled 
wooden fisli plate splice is shown in Fig. 15. The points to bo investigated in 
this detail are: (1) Net section of main limber and splice pad; (2) bearing between 
splice pad and main timber; (3) length of table of fish plate for shear; (4) tension 
in bolts; and (5) possibility of bending on splice pads if bolts become loose because 
of shrinkage of timbers. 



Net section of main timber required, as before, 2G.7 sq. m. 

Net section fish plate required, as before, “ 13.4 sq. in. 

Allowing for two ,^ 4 -in. bolts, not depth of fifth plate = (g— 

Total bearing area required between fish plate and main timber « =“ 25 sq. in. 

Depth of out into main timt>er = ( 8 ^( 2 ) ^ made 1?^ in. It 

will be necessary to use an 8 - X 8 -in. timber, instead of a C- X 8 -in. stick, with 4- X 
8 -m. fish plates. 

Total not depth of fish plate 2^ in. 

Shearing area required for table of fish plate - “ ^33 sq. in. Length of table 

133 

= -g- = 17 in. 


The action of this joint produces a bending moment in the fish plate which must be 
resisted by the bolts. The resultant stress in the fish plate acts at the center of the uncut 
portion, while the resultant of the pressure between fish plate and main timber is at the 
center of the tabic. This couple produces a moment, in this case, of 
(20,000)(H)(2M + iH) = 40,000 in.-Ib. 

The lover arm of the bolts in the center of the table about the end of table is 8 |^ in. Using 


two bolts, the stress in each bolt is *= 2,353 Ib. A hl-in, bolt is sufficient for his 

stress, but bolts less than f^s-in. diameter are not advisable in a timber joint. The re<iuirod 


area of washers is = 6.72 sq. in., which area would be supplied by a 3-in. circular 

washer. The washere shown are squaro steel ^8 X 3% X 3^8 in. 
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If the timber should shrink and the bolts remain loose, each fish plate would lie subjected 
to the full bondiuK of 40,000 in.-lb., except os the friction of the ends of the table against 
the main timber might reduce such bonding. The section modulus of the net section of 
fish plate is = 6.75 (correct for two bolts). The extreme fiber stress duo to 


u K.. 40,000 

bending would then be g = 

uniform tensile stress, which is 


■ 5,926 lb. per sq. in. To this stress must be added the 


20,000 

(8)(2).i) 


1,110 lb. The maximum fiber stress would 


therefore be 7,036 lb. pet sq. in., an amount nearly equal to the ultimate strength of the 
timber. For this reason, the joint should bo well spiked together, and in particular the 
fish plate should extend at either end lieyond the table, to allow a numljer of spikes to be 
driven here. If the cut at the ends of the tables bo made with a bevel towards the center 
of the joint, the same result will be obtained. 




0 


f 


^ i® 

^ - ! 

^ ®(j!I 

:o0 




12c. Steel-tabled Fish Plate Splice.—The most economical and 
practical detail of the steel-tabled fish plate splice consists of steel splice plates 

with steel tables riveted to the 
plates, as shown in Fig. 16. The 
points to be investigated are: (1) 
Necc.ssary net area of plate to 
resist tension; (2) required thick¬ 
ness of tables to keep the bearing 
of tables against the ends of the 
fibers of the timber within the safe 
working stresse,s; (3) number of 
rivets between tables and fish plate; (4) distance between table, limited by 
longitudinal shear in the timber; and (5) bolts required to hold tables in the 
notches in the timber. 










I‘^Q. 16.—Stool-tabled fish plate splice. 




The (»- X 8 -in. main timber will be sufficient for this type of splice. 

Net area of steel plates = jij qqq *= 2.67 sq. in. 

Assumo 3 rivets in one row. Then net width of plate is 8 — (w)(^ 4 j) **= 6.75 in., and 
required thickness of plate is /..w w *= 0-23 in. A ^-^-in. plate will Iw sufficient for tensile 
strength. Bearing area required for tables — j - 25 aq. in. 

25 

Afisume 4 tables on each fish plate. Required total thickness of tables is ( 4 ^ (gj * ^*78 
in. Make the depth in. = 0.815 in. 

Rivets required in each table, limiting value of one ^ ^-in. rivet in bearing at 20,000 lb. 
per sq. in. on 34-in. plate being 3,760 lb. «= — 2.67. 

Use three rivets and make table ^ X 3 in. 

The distance between end of main timber and first table, and the distance between 
tables, must be suffioient for longitudinal shear in the timber. Total shearing area re¬ 
quired = ^ “ 267 sq. in. Distance between Irbies = 8*35 in. Call tixis 


distance 9 in., making the distance center to ennter of tables 12 in. 

As in the case of the wooden fish plate splice, the bending moment to be resisted by 
bolts is the load transmitted by one table times one-half the combined thickness of fish 
plate and table, or 

M « (10,000)<J4)(’?i6 + 34) » 5,300 in.-Ib. 
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Two bolts will be placed against the outer edge of tabloi making the lever arm of the bolts 
3 }^ in. The stress in one bolt is then,.,=-76()lb. Two'ig-in. bolts will lie used for 
each table. 

12/. Tenon Bar Splice.—The tenon bar splice is one of the oldest 
splices used, though hot seen so 
frequently today as formerly. It 
is probably the simplest and most 
effective tension splice that can 
be made. The detail is shown in 
Fig. 17. The points to be com¬ 
puted are (1) size of rod for ten¬ 
sion; (2) width of bar for proper 
bearing against the timber, and 
also for the hole for the rod pass¬ 
ing through the ends; (3) depth 
of bar for bending; (4) distance of 
bar from end of timber to i)rovide sufficient bearing area ;and (.5) net section of 
timber. To give general stiffness to this joint, Fig. 17 .shows'the addition of two 
2- X 8-in. splice pads bolted with ?i-in. bolts. 



An 8- X 8-in. main timlior will be assuined. Size <if rod area re<iuir©d » 


40,0 00 

‘(2)C1G.006) ” 

1.25 sq. in. A 13'2-in. rod has an area of 1.295 sq. in. a(. tho root of thread, and this sizo 
rod will l>e used. Sinee the rod must be placed at such a distance from the timber that 
the nuts may be tightened, and since it is desirable to keep tho length of the bar as small 
as possible, hexagonal nuts will bo used. (It is obvious that the bending moment on the 
bar increases with tho distance between center lines of rods.) Tho long diameter of a 
l3'2-in. hexagonal nut is 2x1 in., hence the distance from tho side of timber to the center 
line of rod will be made l }'2 in. 

Size of bar required: TJic pressuro of the timber against the bar will l>e assumed to be 
uniform. Hence the bending moment on the bar will be (20,000) -+■ M X 8) *=» 

(20,000) (8J'a) = 70,000 in.-lb. Using a fiber stress of 24,000 lb. per sq. in. in bending, 


since the bar is a short l.>eam, the required section modulus is 


70,000 

24,000 


- 2.92 in. 


Tho hearing area required is — 25 sq. in. Tho retjuirod width of bar is therefore 

• 3.13 in. Since a 3-in. bar is a stock size, a width of 3 in. will l>c used. Thi.s width 


25 

8 


will give a full bearing for the hexagonal imi, and will allow in. of metal on each side 

of the hole. If a 6- X 8-in. timber wcrc use<l, the required width of bar would be 43'4 in., 
which would reduce the section of timber below the allowable. 

The depth of bar must now be computed. The section modulus =» 2.92 in., 


^(2.92) (6) 


^( 2 . 92 ) ( 0 ) 


-\/5.84 «= 2.4 in. The bar size will be taken at 


when d 
2H X3 X 14 in. 

Tlie shearing area required between tho bar and end of timber is ** 

267 

The distance required between the bar and end of timber is therefore ^2) (8) 
say 17 in. 


207 aq. in. 
« 10.8 in., 


12g. Shear Pin Splice.—In the shear pin splice, the G- X S-in. main 
timber will be suffitjient. This splice is shown in Fig. 18. The stress is trans- 
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mitted across the joint by means of the circular pins of hardwood or steel. These 
pins ore driven in a bored hole with a driving fit for the pins. The joint is a 
comparatively easy one to frame. The bolts take some tension, due to the 
couple of the forces acting on the pins. The working values for the pins are taken 
from Art. 10. 

Tho splice pads in this detail are 3- X 8*in. timl>ers. The pins are 3 in. in diameter, of 

extra heavy steel pipe. The total net sec¬ 
tion of splice pads is then 4 X 8 = 32 sq. 
in., gix'ing a’ unit stress in tension of 
40.000 , 

~ 1,250 lb. Using the working value 

of 800 lb. per lin. in. of pin, the safe value of 
a 2- X 8-in. pin is 6,400 Ib. The number of 
. j 40,000 „ , 

pins required is then ^ = 6.25. Six pins 

will be iLsed. 

The tension in the bolts will be taken at 
one-half the total tensile .stres.s, or 20,000 lb. 
Plight >*^-in. bolts will be used, giving a work¬ 
ing value of 2,500 lb. per bolt. Tho bolts W'ill lie placed in pairs, endways Iietween the 
pins. The pins will be planed 6-in. centers. 

13. General Comparison of Tension Splices.—The tenon bar splice, w'hon it 
can be used, is to be recommended. It is direct in its action; shrinkage of the 
timber cannot destroy its effectiveness; there licing but one hearing surface, the 
splice will surely act as designed; the two sections of timber can be drawn tightly 
together in the field; and the splice is almost fool-i)roof. 

The wooden tabled fish plate .splice is also effective where there is but one table 
in each splice pad cither side of the joint. In those joints where more tables arc 
necessary, however, there enters at once the possibility, and even the probability, 
that all the contact faces will not act simultaneously. In other words, the 
effectiveness of tho splice in such a case depends wholly on the skill and care in 
workmanship. In this detail, also, shrinkage of the timber adds an uncertainty 
as to the strength of the joint. 

The bolted steel fish plate splice makes a neat appearing .splice for exposed 
work, and is much in favor on that account. Tor a moderate stro,ss in the timber 
to be spliced, it is fairly economical. 

The steel tabled fish plate splice is open to the same objection ns the wooden 
tabled splice. The bearing surfaces of the steel babies arc very likely to be 
uneven, making a close fit between steel and timber almost impossible. On 
paper, the joint is neat and effective and adaptable to almost any case. Unless 
rigid inspection in the shop and field is maintained, the actual joint is likely to 
be disappointing. The bearing edges of all tables should be milled; the holes in 
the tables should be drilled, and tight riveting secured. Careless and inferior 
workmanship in the steel shop an the metal splice plates is to be expected. 

The shear pin splice is effective and simple; its greatest draw'back is the effect 
of shrinkage in the timber which will allow the pins to become loosened. This 
splice should not be used with unseasoned or parti.ally seasoned timber, unless 
it is absolutely certain that the bolts will be kept tight as the timber seasons. 

The bolted wooden splice is effective, but cuinbersome, and unsuited for large 
stresses, due to the unusual size of bolts. 
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Fio. 18.—Shear pin splice. 
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The modified wooden bolted splice is satisfactory for oompamtively small 
stresses and when rigid inspection can be counted upon to see that the bolts 
are driven in close fitting holes. For large stresses, the required number of 'bolts 
will be excessive. 

Architectural appearances may prohibit certain types of splices as being 
unsightly. The bolted steel fish plate splice and the tabled steel nsh plate 
splice are the neatest in appearance, and for this reason are extensively used in 
exposed work. 

14. Compression Spliees.—Compression splices naturally divide into ttiro 
divisions: (1) Those joints which take only uniform compression at all times, and 
(2) those joints which, while compression is the principal stress, may be called 
upon at some time to take either flexure, or tension, or a combination of both. 

Some of the compression splices used 
in construction are shown in Fig. 19. 

These joints, in the order lettered, are (a) 
the butt joint, (?>) the half lap, and (c) the 
oblique scarf. 

The butt joint differs from all the other 
joints in that it has but one surface of con¬ 
tact. For this rca.son, it is superior to all 
the others, where uniform compression 
alone is to be transmitted. The efficiency 
of all the other joints depends whoUj' upon 
the skill and care of the carpenter who 
frames the joint. In other words the butt 
joint for the condition named is the simplest, 
and therefore the best. Indeed, the spUce 
plates, if bolted, or bolted and keyed, may make the butt joint suitable for 
carrying both tension and flexure. 

The oblique scarfed splice is stronger in flexure than the half lap. In the 
half lap joint, however, there is more timber in straight end bearing than in the 
oblique scarf. 

Ill constructing compression joints in timbers which are vertical in 
position, the bolts through one end of the splice pads, if such exist, should 
be placed after the upper timber has come to a bearing on the lower timber; 
otherwise the bolts may receive a heavy load before the timbers come to a full 
bearing. 

16. Connections between Joists and Girders.—When possible, joists should 
rest upon the tops of girders, and not frame into the sides of the girders. The 
former construction, however, involves a loss in head room in a building, increased 
height of building walls and columns. It also involves more shrinkage, since 
the shrinkage is directly proportional to the depth of timber. In the case of a 
building with masonry walls and timber interior, the construction of joists 
resting upon the girders will, with green or unseasoned timber, result in unequal 
settlement of the floors. The inner ends of the outer floor bays will settle the 
amount of shrinkage of joist plus girder, while the outer ends will settle only the 
amount of shrinkage of the joists, since the joists frame directly into the masonry. 
The considerations of equal settlement and gain in building height will usually 
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dictate the use of joist hangers in a building with heavy masonry walla. Hangers 
resting on top of girders will not reduce shrinka^ effect. 

In a building of the mill-building type with wall posts and girders, and corru¬ 
gated steel or wooden sheathed walls, the increased height due to framing the 
joists on top of the girders will be offset by the saving in the cost of joist hangers. 

The joists should extend over the full width of girder, and be toenailcd into 
the girders. When the joists break over the girders they should lap at least 12 
in. and be well spiked together. Solid bridging of a depth equal to the depth of the 
joists, and of a width not less than 2 in., is usually placed between the joists, and 
directly over the center of girder. Such bridging holds the joists firmly in posi¬ 
tion, and also acts as a fire stop. This construction is shown in Fig. 20. 

16a. Joists Framed into Girders.—In very light construction the 
joists, when framed into the sides of a girder, are sometimes only toenailed. In 
other cases, especially when the joists frame into only one side of the girders, such 



Fio. 20. Fio. 21. FiQ. 22. 


girder built up of several vertical pieces, the outer piece is spiked into the ends of 
the joists, as in Fig. 21. All such joints are makeshifts, and extremely unreliable. 
As has been pointed out in a previous article (see Art. 4), nails driven into the 
ends of timbers—i.e., parallel to the direction of libers -have a low strength. 
Further, there is alw.ays the danger of the nails thus driven causing the joists to 
split. 

Sometimes a strip is nailed or bolted to the sides of the girder, upon which the 
joists rest, as in Fig. 22. If properly designed, such strips will he not less than 
4 in. wide and 4 in. deep, bolted, not nailed to the girder. The bolts should be 
suflicient in number to take the reaction of the joists, and should be not less than 
2H in. from the bottom of girder. 

UlUBtrative Problem.—Given a floorbay H X ICft.; live load of (t0!b. porsq. ft.; airdera 
spanning the shorter aids of the floor b»y. Assume double thickness of flooring i«in. T 
and G finished floor over 1-in. rough floor. Working filxsr stress is flexure 1,600 lb. per 
sq. in.; working unit stress in longitudinal shear 150 lb. per sq. in ; working unit stress 
in cross bearing 300 Ih. per sq. in. 

Weight of floor construction, exclusive of girders: 


Flooring. 6 

Joists. 6 

Bridging. 1 

Total dead load. 12 

Live load. 60 


Total load 


72 lb. per sq. ft. 


With joists 16-in. centers, and counting the clear span for joists as 15 ft., the following 
figures result: 

Total load on one joist — (15)(1^^)(72) — 1,440 lb. 

Bending moment «= (}p(l,440)(16)(12) = 32,400 in.-lb. 

Required section modulus « “ 20. 

l,oU0 
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AsKiune joiat 2 X 10 in., actual Bcction X OM, actual section modulus 24.44. 

For a 15-ft. span, this sise is the minimum for deflection. In the computation for girder 
sise, the live load may be reduced 20 per cent, making total load 60 lb. per sq. ft. 

Load - (X4)(16)(60) - 13,440 1b. M = (J-^)(13,440)(14)(12) = 282,000 in.-lb. 

Required section modulus = 5 ■= ^l^flO^* ~ 

An 8- X 14-in., finished section VM X 13)-^, has a section modulus of 227.8. An 8- X 
12-in. girder, finished sise 7H X ll)' 2 , would have a section modulus of 165 under the 
required amount. The reaction of one joist is 720 lb., requiring a bearing area of 7*9^00 = 
2.4 aq. in. The bolting strip will bo 4 X 4 iii. %-in. bolts will be used, and 
the working load per bolt will be taken at 900 lb.' Since the load per linear foot of girder 
is 16 X 00 = 900 lb., the bolts must be spaced (12) ”• 11-in. centers, or 13 bolts 

per girder. 

In the above illustrative problem, the depth of joist plus the depth of bolting 
strip just equals the depth of girder. This relation does 
not always hold, as girder depth is often but tittle more 
than the depth of joist. To avoid having the bottom 
of joists lower than the girder, joists are often notched ns 
shown in Fig. 23. Such construction is not good, since the 
strength of the joists is greatly reduced by notching. The joists tend to split in 
the corner of the notch, due to the difference in stiffne.ss on either side of the 
vertical (Uit. 

In some cases, the ends of Ihe joists are framed with tenons fitting into sockets 
or recesses cut into the girder. This type of framing is to be condemned on 
account of the serious weakening of both joist and girder. 

166. Joist Hangers.—3'he most satisfactory manner of framing joists 
into the sides of girders is by tlie u.se of joist hangers. There are many stock types 
of these, among which may lie named the Duplex, Van Dorn, Ideal, Lane, National, 
and Falls. Some of these different types are shoAvn in k'igs. 24 to 27 inclusive. 
A stock joi.st hanger should not be used without investigating carefully its strength 
and the amount of bearing given to the joi.st. Rcderring to the figures illustrating 
the different types, the fact should be noted that the Duplex hanger will result 



Fio. 23. 



Flu. 24.—Duplex Fio. 25.—Van Dom pat- Fiu. 20.—‘'Ideal " Fio. 27.—"Falls' 
joist hanaer. onted steel joist hanger. single hanger. joist hanger. 


in less settlement of floor than any of the other types, since the connection of 
this hanger, unlike all the others, is on the side, of the girder, and, hence, is affected 
by the shrinkage of one-half instead of the whole depth of girder. The published 
te.sts of joist hangers, as given in the various manufacturers’ catalogs, will bear 
close scrutiny. Often in the effort to jirove the merits of the particular hanger, the 
exact loads carried by one hanger are not always clear. Sometimes, also, hard- 

^From Table 21, p. 410, bolt, “double shear'* with 4* and ^'in. timbers, good for 1,4651b. la 

gnd bearing. For side bearing, safe load H X 1.465 915 lb. 
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wood is employed in the tests, in order to avoid failure of the joist by crushing of 
the fibers. The Duplex hanger unquestionably has many advantages over other 
hangers. It is practically certain that all the other hangers will fail by the hooks 
over the girder crushing the fibers of the timber on the comer of the girder and then 
straightening out. 

16c. Connection of Joist to Steel Girder.—When steel girders are 
used with timber floor joists, the types of connection are similar to those discussed 
for wooden girders, i.e., the joists may frame on top of the steel girder (usually an 
I-beam) or into the side of the girder. 

Buildings with this combination construction, in which the joists simply rest 
on top of the I-beams, Avithout any attachment whatever, are sometimes seen. 



Fio. 28. ITia. 20. Fig. 30. 


In such cases, the I-bcam is supported laterally only by friction betw'een the timter 
and steel. This practice is to be avoided. To secure a definite connection 
between the joists and girder, a wooden strip may be bolted to the top flange of 
the I-beam, and the joists toenailed to this wooden strip, as in Fig. 28. ' The 
principal objection to this construction is the weakening of the I-beams from the 
holes punched through the flange. 

When the joists frame into the sides of the I-beams, they are often, for light 
loads, supported by the lower flanges of the I-beam, as in Fig. 29. Obvioasly the 
weak point of this detail is the small bearing of the joi.st on the steel. To over¬ 
come the difficulty, timbers may be cut to re.st snugljr agaiast the flange aiul web, 
and bolted through the web. The joists may then be nailed into these timber 



Fio. 31. —^Van Dorn Fio. 32. —Duplex I-lieam hanger. Fio. 33. — Duplex 
J-boum hunger. I-boum box. 


strips, as illustrated in Fig. 30. The supporting timber should be of sufficient 
width to extend under and beyond the vertical cut of the notch in the joist for 
the upper flange. 

A serious difficulty in constructions of this nature is the problem of supporting 
the flooring over the upper flange of the I-beam. If such flooring rests on the 
joists and the upper flange of the I-beam, the shrinkage of the joists will produce 
a high place in the floor over all the steel beams. To overcome this difficulty 
small strips, say of 1}4 X 2-in. timber, may be spiked to the sides of the joists 
to carry the.flbor over .the girder. 

Joist hangers, notably the Duplex and Van Dom hangers, may be obtained 
for connection between timber joists and steel girders (see Figs. 31, 32, and 33). 
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The method of support shown in Fig. 30, however, will be found very satisfac¬ 
tory and generally cheaper than the joist hangers. 

16. Connections between Columns and Girders.—The connection between 
timber columns and girders involves consideration, not only of strength of columns 
and of supports for the girders, but also of general stiffness of the building, since 
the posts and girders are generally counted upon to form the structural frames for 
resisting lateral forces, as wind and vibration of machinery. Columns always 
splice at or near the floor hnes, hence the connection of girder to column includes 
the consideration of column splice. Continuity of the columns is always to be 
sought, both fro ;n the standpoint of stiffness and reduction of shrinkage. In total, 
the objects to be gained in the connection of girders and post are: (1) Continuity 
of column for stiffness and reduction of shrinkage; (2) reduction of column area 
from a lower story to an upper story as determined by floor load; (3) sufficient 
bearing area for girders on the supports; (4) continuity of girders at the column for 
stiffness; and (5) provision for girders releasing from column, in event of aserious 
fire, without pulling the column down. All these provisions arc not attainable in 
every case, and the nature of the building may not warrant the expen.so of securing 
all those objects. 



In the discussion of this subject, a distinction must bo made between the 
ordinary building, including both frame buildings and buildings with masonry 
walls, or corrugated steel walls, and the special type of building known as “mill 
construction” or “slow-burning construction.” The first class consists of tho.se 
buildings which have the ordinary jfiist and girder construction, either with or 
without plastered ceilings and interior columns encased with lath at;d plaster. 
This class will be treated in the following paragrajdis. 

For the purpose of illustrating these principles, some details of connection of 
columns and girders will be briefly discussed. Figure 34 shows three defective 
details, Vhich, iieverthciess, are often .seen. It is almost certain that in Fig. 34fl 
the girders have not sufficient bearing across the fibers, and that with full load, 
crushing will result. In b the bottom of the upper post will crush the fibers of 
the upper side of the girder, and a worse condition will prevail under the bolster, 
unless the latter is hardwood. Even then, if the posts are not working at a very 
low unit stress, crushing of the bolster will result. The shrinkage in both a 
and 5 will be considerable, and nearly double in 6 what it will be in a. The 
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detail of c with the upper poRt resting on a hardwood Iwlster is the best of the 
three details, although shrinkage has not been eliminated. 

For many buildings, the details shown in Fig. 35 will provide satisfactory 
connections. All of the desirable conditions enumerated previously are fulfilled, 
with the exception of release of girders in case of fire. The vertical bolster blocks 

are set into the lower post and 
bolted, or bolted and keyed to 
the sides of the column with 
circular pins or with the rec¬ 
tangular iron keys. In each 
of the thr(!e details, the girders 
may be given sufficient end 
l>caring by properly propor¬ 
tioning the thickness of bolster 
block; the bolster has end bear¬ 
ing on the i)ost, and no timber 
in cross bearing intervenes 
between the two sections of 
post. Partial continuity of post, sufficient for general 
stiffness of building, is secured by means of timber 
splice pads in detail c without sacrificing the girder 
ties. The splice plates of the girder across column may 
be of steel. This will avoid the u.se of w'ooden fillers under 
tlie girder splice pads. A further modification of these 
details to allow the girders to relea.se in case of fire may be made by using dog- 
irons instead of the girder splice pads. 

The section of bolster is to be determined by requirements of girder bearing; 
the amount the bolster is set into the post by coinpiitations for end l)earing; 
its length should be not le.ss than 12 in., and preferably not less than 10 in. The 
size of bolts may be detiirmiiusl by taking moments about thocenlerof the bearing 
on the post. The keyed and boltc'd bolster is j)roportioned as for the shear-pin 
tension splice. 

Illustrative Problem.—Assnmo the problem of Art. 15a. Floor bay 14 X 16 ft., 
girders 8 X 14 in., joists 2 X 10 in., first story height 10 ft. Assunie the detail to oecur 
at the second floor of a four story building. The load in the upper column will Ixs taken 
at 30,500 lb., the first sn)ry <’oluinn will then take 30,500 II). phis the second floor load. 
The live load will ho 60 per cent of 00 = 30 lb. per sip ft., wliich, with a dead load of 12 lb. 
per sq. ft. will give a total unit load of 48 Ih. per sq. ft., and a total increment of column load 
for the second floor of 10,800 lb. The first story column load will then ho 41,300 lb. The 
upper column section will 1>o made an 8- X 8-in., and the lower section a 10- X 10-in. The 
girder reaction is 0,720 lb. (For design of girder and its connections, live load is 80 per 
cent. (00) >= 48 lb. per sq. ft.) At 300 lb. per «<i. in. the required bearing and thickness of 
bolster must be 22.5/7.5 = 3 in. The bolster size will lie made 51.2 X 9H X 1 ft. 4 in. 

The required area in end bearing is “ 4.2, or with a width of !(}.2 in. the bolster 

must be set into the post 4.2/9.5 = 0.44 in. Actually the dap will 1» made^.^i in. The 
upper bolts wiltbe placed 3 In. below bottom of girder. Taking moments alxmt the center 
of bearing of the bolster on the dap, and neglecting the lower bolts, M =■ (6,720) (2Jif) = 
18,500 in.-lb. This overturning moment will be resisted l)y eoraprossion of the lower por¬ 
tion of the bolster against the post, and tension in the two upper bolts. This pair of bolts 







Fig. 35.—Dotuila of 
column and girder con¬ 
nections. 
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is 13 in. above the seat of the bolster in the post, and the effective lever arm of these bolts 
may be taken at y* of their height above the bolster seat. The tension in either of the 
two bolts is then 


18,500 

^ (2)(13)(?i) 


« 950 lb. 


The maximum intensity of pressure Imtwoen the l>olsior and post need not be investigated, 
08 it will be very small with the length of bolster used. 


Attention is called to the details of Fig. 35, in that the normal spacing of the 
joists has been modified a( the posts, to bring a joist cither side of the j)Ost. When 
these joists are either spiked or bolted to the post, and in addition a short piece of 
joist is spliced across the butt joint of the joists where such joint occurs at the 
post, a simple and inexpensive construction is secured which gives considerable 
stiffness to the building frame. 

16f(. Post and Girder Cap Connections.—The bolster connections 
above discussed are usually impractical to <im))lo,v, if (x;ilings exist, as the bolster 
will project iK'iieath the ceiling line. In such cases, and in other cases where the 



Fio. so. Duplex Tnallv:il>lc iron Flo. 37.—Idctil sled Fio. 38.—Duplex steel post 
uikI steel eonibiiuition e,.up. poet e.'ii), No. 3. . cap. 


above construction may be deemed niisiglitly, metal jiost-caps of cast iron, 
wrouglit iron, or .steel are used. Standard post-eaps, usually of pressed steel, are 
made by tlio manufacturers of joist hangers, and may be imrcha-sed in stock sizes. 
'Pypical details of girder and jiost connections, using standard post-caps, arc given 
in Figs. 30, 37, and 3.H taktm from manufacturers' catalogs. The prices of these 
caps ba.sed on the unit cost jHir pound of steel arc rather high, and it may often 
Ire possible to build up structural jiost-oaps that will give satisfaction at a lower 
cost. Sometimes short pieces of I-beams or heavy channels, unsuited on account 
of length for any other purjrose., may be purchased cheaply, and used for post¬ 
caps for cases in which it is only necessary to frame girders into two opposite 
sides of the posts; in otlicr words, in the use of a two-way connection. 

A four-way post-cap is one wliicli provides for beams on four sides of the posts. 
Four-way post-caps with joist and girder construction always result in unequal 
settlement of the floor. The joists, being supported on or by the girdcr.s, will 
settle an amount equal to the shrinkage in the depth of the girder, while the joists 
framing into the post and resting on the post-cap will not settle. The use of 
joist hangers between joist and girder will not do away with this settlement, 
although the use of that tyjie of hanger which connects into the approximate 
center of the girder will reduce the settlement to that duo to the shrinkage of 
one-half the depth of girder. 

Cast-iron post-caps must be carefully designed to take care of the flexural 
stresses. A typical cast-iron post-cap is shown in Fig. 39. 

Illustrative Problem.—Assume girder 12 X 16 in. on a 14-ft. span, upper story post 
12 X 12 in. and lower story p<).st 14 X 14 in. The actual section of sixed girder will be 



430 


STRUCTURAL MEMBERS AND CONNECTIONS (Sec. 6-16a 


X Using a working stress of 1,800 lb. per sq. in., tbo safe load is3d,46dlb., 

say 40,000. The reaction is then 20,000 lb. At 300 lb. per sq. in., the required Irearing 

area is = 67 sfi. in. With a width of ll>^ in., the cap must have a seat = 5.8 

in. long, say 6 in., and will project 5 in. over the face of the 14- X 14-in. post. The moment 
on the post-cap may be aa.sumed to bo a maximum at the edge of the upper story post, 
with a value M -- (20,000) (3) ■■= 60,000 in.-lb. For cast iron, the working unit stress in 
flexure will be taken at 4,000 lb. per sq. in. The reiiuired section modulus of cap must 

therefore lie = 15- The sides of cop form two beams of rectangular section resisting 

this moment. Assuming a thickness of metal of 1 in., the depth of side must be d = 
V(7^2H0) = o?a in. The thickness of sojit must now Iw computed. With a uniform 
bearing, the seat may be computed as a beam with fixed cuds, orM « (J'i 2 )(W 0 ;thepro- 



Fkj. .'iO.— retails of column and girejer coiincctjVui with s])eciiil cu.K|-in)a posi c.-iji. 


jecting width of plale is 5 in. The load on this portion i« •'?o X 20,(M)0 = I0,r>r»7 lb. I'lio 
lenfflh will be taken at 12b\., or between the centers of sides. '.I'hercfore Af = 

(lH,r»67)(12j 2 ) = 17,300 in.-Ib. The section modulus renuire<l is = 4.34. The 

width being 5 in., the depth rouf^t be d - bii.se must therefore 

bo flupportc<l by rib.*?. 4'wo ribs will be introdu<‘cd. The boariiiK pljitc will now 1)0 


as.sumod to take only one-half of tlic bending, ono-half the 1o;m1 being transinitlod by the 
rib to the vertical collar around the post. The thiekm‘ss of lui.so and collar must then bo 


HufEciont for each to sustain (>,050 in.-lb. Bince both the projecting seat and the collar 
are fixed along one edge, the allowiible unit stress in bending will be Increased 50 per cent. 


8,333 


‘ 0.000 


thickness is 1.29. A thickness of 114 in. will l>e used. 
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DESIGN OF REINFORCED CONCRETE MEMBERS 

By AuTHirR R. IjOud and W. Stuart Tait 

Reinforced coiicrote members are sharply distinguished from wooden or 
steel members in that, in the typical concrete structure, the various members are 
necessarily built monolithically and react upon each other. The determination 
of the proper external moment acting upon any member is therefore more difficult 
in reinforced concrete than in any other tyi)c. In this volume, however, we 
assume in tniating of the dcisign and detailing of reinforced concrete members 
that the loads, reactions, moments and all restraints acting upon each member 
are perfectly known and that our problem is limited to the proper design of mem¬ 
bers under such fully determined conditions. In practical designing work the 
desigiuT must commonly d(derraine the precise conditions governing each mem- 
Iht as a part in a monolithic structure. This much more intricate problem is 
treated in the volume eutited '‘Reinforced Concrete and Masonry Structure.s.” 

Keen the design of the fully conditioned member of reinforced concrete is 
more conipli<a\ted than that of any member of homogeneous material. The 
combination of two unlike materials in a single member makes necessary several 
computations in (hwign which are not recjuired with wooden or steel members. 
The use of proper diagrams and tables will greatly facilitate the computations 
and may be; said to be j)ract ically indisjMuisablc. The designer should, however, 
become thoroughly familiar with the design of reinforced concrete members 
from the formulas alone and in the examples in this section wo have frequently 
shown the complete design as well as the abbreviated design in whic^h tables and 
diagrams are used to save work. A few of the more fundamental tables and dia¬ 
grams in continual use arc given in this volume and these have been selected or 
prepared with especial care. Diagrams involving several con.secutive computa¬ 
tions (and in which several intermfuliate scales are necessarily supiircssed) have 
been avoided. In practical design several simple diagrams, used ii' conjunction 
with a design summary sheet, have been found much j)rcfcrablc to the complex 
diagrams. In actual structures members of one kind will commonly be .so nearly 
of a size that certain design steps will be identical and the use of the simple dia¬ 
grams as compared with the more complex reduces the labor and reduces as welt 
the danger of making mistakes. 

The principal reinforced concrete memlters, the elements, as it were, of which 
reinforced concrete structures are composed, are the following: 

(а) The rectangular beam in flexure (of which the solid one-way slab is a 
special case) resting upon aligned supports and reinforced for tension only. 

(б) The T-beam in flexure (of which the ribl)ed slab is a special case) resting 
upon aligned supports and reinforced for tension only. 
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(c) Same as (a) or (h) but reinforced for compression as well as tension. 

(d) The slab in flexure supported along its four edges and reinforced in two 
directions. 

(c) The flat slab in flexure supportefl directly ujxui columns. 

(/) Members subject to direct axial comiwession. 

(g) Members .subject to direct axial tension. 

(A) Members subject to direct stress and flexure combined. 

(i) Balanced cantilever slabs, or footings. 

Each of these clas.ses of members will be treaUid separately with the necessary 
information for dc.sign given in compact form together with some examples of 
design computations. 


RECTANGULAR BEAMS AND ONE WAY SOLID SLABS 


A rectangular beam as a structural member may be a separate Imam simply 
supported or partially fixed at its ends, a single span of a continuous beam, a single 
span in a rigid frame structure, or a. (auitilev(!r projection. In order to dc.sign the 
beam completely, the moment and shear must bo known or readily obtainable 
for any section along its fiuigtli. 

1. Formulas. - For this case the (iommonly used stmight-Um formuhis have 
alre.ady been developed in Se(!t. 1 in tin? (diapter on ‘‘Simple and (.’antilover 
Beam.s.” The symbols used in these formulas are given in Appendi.x A with the 
following exception; 

K = factor expressing th(i.ratio of the resisting moment of a beam or slab to 
If followed by the subscript c it is based upon the resisting moment as limited 
by the compression in the concrete. If followed b}- the subscrij)! .s it is based 
upon the resisting moment as limited by the steel in tension. Without subscript., 
it commonly represents the condition of balanccal nnnforcenient when Kc = A’,. 
(Subscripts for M have the same significanc(! as noted above.) 

The ormulas, as develofted in Sec. 1, or deduced therefrom, are as follows; 


k = 

fr = 


}.k 

«(1 - k ) 
nJAl - k) 
k 


( 1 ) 

( 2 ) 

(3) 


Formulas (1), (2) and (3) ajrply to any type of reinforced concrete beam in 
which the values of .fi, /, and it are known since they dciHuid solely upon the 
straight line theory of stre.ss variation. They arc derived from the similar tri¬ 
angles of Fig. 1. 

The remaining formulas given below ajiply to rectangular beams with tensile 
reinforcement only. 

Position of the neutral axis 


A = \/2 pa -p (pa)’* — jm 

Arm of resisting couple 



(4) 


(5) 
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Steel ratio for balanced reinforcement (when both /, and /, are used at their full 
allowable values). 



V = 

0.5 



(6) 

Steel ratio in general 

V = 

A. fjc 

H ~ 2/. 



(7) 

For over-reinforced Ijeanis 

M = 

Jl/„ = i).r,f,kjhd'‘ 



(8) 

A — Ac — — O.t) 

m 

11 

rO 

II 

(10) 

For under-nun forced btuims 

M = 

M. = = 

f.AJd 


(11) 

.. M. , . 

^ = h,r- 


(12) 

f. 

Pf‘J 

II 

(13) 


Concrete fiirec* 

' in compression 



_L_ 

♦ V-* 
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/ 

K- 


t- (ii-ijtt -» 

i_ . 





* 

I 

r—1 


■■ 



''Stee/ erref* f'n tension 


Section Tension end <\<npnr 

of Compression 

Member Stress Diegrems 

ITo. 1.—Stroaa (liatril)utiou in roitanguliir beams. 


CoinpresKive unit stress in extreme fibei- of eoiuireto 


2.1/ _ 2p/. 

~ k 

Tensile unit strc.ss in Jongitudiual reinfonx'inent 

i' ~ AJd ~ pjM^ 

Area of tensile nnnforeement 


= f.jd = 


Bond unit stress on loiiKitudinal bars 


V 

yinM 


(14) 

( 16 ) 

( 16 ) 

(17) 
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Shearing unit, stress (as a measure of diagonal tension) 

Tfitisilo unit stress in web reinforcement consisting of seritjs of bars 


u = 


V'a 


. 4 . = 


V'a 


V'ssiua . 

A.id~ A,jd f.jd f,jd 

Tensile unit stress in web bars bent up in single plane 
V , 1" 


/. = 


A, sin a 


( 22 ) 


A, = 


/,. sin a 


(19) 


( 21 ) 


(33) 


In Fig. 1 the distribution of bsnsile, (!f)mpre.s.sive and shearing stress over the 
cross-sectioii of a rectangular beam is indicated and some of the symbols used 
in the above formulas illu.strated. Table 1, p. 466, gives values of p, K, k,j, kj, 
f k 

-V and —; - for balanced reinforcement with various combinations of 
nfc ri (1 - A:) 

and/, and ctnisidering that n. = 15, 12 and 10. Diagram 1 gives values of K, 
k, j, and p for various values of /, and /,, considering that « = 15. 

2. Span Length.—The span length is eomnionly considered fis the clear span 
between supports when the beam is oast monolithic with substantial supjjorts, 
or the center to center distance between supports (but not to exceed the clear 
span plus the depth of the beam) when the beam is not monolithic with its 
supports. Spiin lengths are somewhat arbitrarily fixed by city ordinan(!es and 
vary considerably, but the best practice is given in the 1921 Joint Oommittec 
report. 

3. Shear and Moment Diagrams.—Where the load on a beam is other than 
uniformly distributed throughout its length, it is always desirable to make a load 
diagram, and the graphical representation (to scale) of the shear and moment at 
all sections expedites design and aids in .securing accurate results. Figure 2, 
which combines the load, shear, and moment diagrams for a single beam, is an 
example. Certain relations should be noted in this figure. The algebraic sum of 
the loads on either side of any section x-x (or between any two sections) gives the 
change in the ordinate to the shear diagram between the reaction and the section 
(or between the two sections). Also, the algebraic sum of the areas under the 
shear curve betw'een any two sections is ecpial to the change in ordinate to the 
moment, diagram between the two sections. From these relations the shear 
diagram is readily constructed by summing up the loads across the beam, and in 
like manner the moment diagram is easily constructed by summing up areas 
under the shear diagram across the beam. The reactions (the end ordinates of 
the shear diagram) and the moments at the beam ends (the end ordinates of 
the moment diagram) depend upon external forces and restraints and must be 
known as a condition prcretiuisite to design of the member. As an aid to design, 
it should bo noted also that the moment ])a.sscs through a maximum or minimum 
value at sections where the shear pas.ses through zero. The moment diagram 
locates accurately the iioints of inflection (M = 0) and since the steel area A, is 
proportional to the moment, it indicates the limiting points for bending or termi¬ 
nating bars. The shear diagram indicates the distance over which web reinforce- 
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ment may be required, and a simple graphical construction for locating the spacing 
and position of stirrups may be superimposed upon cither the shear or moment 
diagram. 

For the most common ca.se of all—namely, that of beams under uniformly 
distributed load—the load-shear-moment graph is not generally drawn, since the 





Fig. 2.---ivoa<l-slK;ar-nit»rm;nt gru])li. 


design formulas for this case arc simple and the limits have been tabulated and 
diagrams prepared that facilitate design to an even greater degree. 

4. Selection of Working Stresses.- The working stresses to.be used in design 
are determined by the building ordinances when; the building i.s to be erected, by 
the owner’s specifications, or by the designer’s judgment, as the case may be. 
Commonly used standards are given in the accompanying table. 
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Design Stkesses bt VARtotrs Specificationb 


Working strcaaeu permitted 


I 



A. C. I. 

! Chicago 

New York 

1921 J. C. 

fe —ordinary fiber strcsii. 

0 .375A 

I 0.35 A 

0.325A 

o.4oir. 

/«—adjoining supports of continuous beams.. 

0.41 

! 0.41 A 

0 . STOA 

0 .45A 

ft —fiiroot compression. 

0 . 2.’> /'e» 

0.03 /'.• 

0.025A 

0 .02/-* 

»—bond unit stress: 





plain bars. 

0.04 A 

! 0.035A 

0.04 A 

0.04A 

deformed bars. 

0 . or» A 

0.0,5 /'. 

0 . 05 A 

0 . 05A 

V —sliearing unit stress: 





no web ((long, not anrhoretl.). 

steel 1 (long. ancliorMl.). 

limit with web rcinf. and long, anchored 
f$ —unit stress in steel: 

0.02 A 

0.03 A 

0.12 A 

0 . 02 A 

0.02 A 

0 .02/', 

0.03A 

0 .12A 

0.0(i7A 

0.075/,* 

• 

structural grade. 

16,000 

16,000 

16,000 

16,000 

intermediate grade. 

16,000 

16,000 

16,000 

18,000 

hard grade. 

18,000 

18,000 

16.000 

18,000 

coM drawn wirt*.. 

18,000 

18,000 

20 , (KK) 

18,000 


1 A. C. I. and Chicago allow oO por cent incroaRC in atrcHs in coiW! not over per cent of total area ia 
under load. 

* For J. O. allowance on parliully loaded nolumna, eec Formula (80). p. 400. 

• With web reinforcement to take entire ahear. 

‘The somewhat higher stre-ssos of the 1021 J. C. Report are based on test values of the Htrength 
of the concrete in compression and not on assumed strengths. 


At the support of oontinuous or restrained beams an increase in the compressive 
unit stress is commonly permitted, for the amount of which various specifications 
should be consulted. This allowance is permitted because the extra high stress 
intensity occurs over an extremely short length of beam only, due to the very 
rapid decrease in the negative moment at the ends of beams. Under such condi¬ 
tions the lass highly stressed concrete on either side restrains these fibers and 
enables them to carry much higher stresses than they could normally sustain. 

6. Assumption of Beam Weight.—In designing a rectangular reinforced 
concrete beam the size and hence the weight of the beam itself is always an 
unknown quantity and must first be assumed. With a little experience a very 
close guess can he made. The depth of the beam will ordinarily be limited by 
architectural considerations. The width of a rectangular beam is ordinarily 
made from H to of d. Tlie assumed dead weight of member must be added 
to the given loads, its reactions to the given reactions, and its probable end 
moments to those given. 

6. Steps to be Taken in Design.—The remaining steps in the design of a 
rectangular beam are as follows: 

(a) From the maximum end shear (= reaction) calculate the value of bd 
by Formula (1ft). It is generally advisable to use two values of v, covering a 
range witliin which the dasiguer wislies the final value to lie. 

((>) From the maximum moments, positive and negative, determine the value 
of M* by Formula (10) taking K from Table 1, p. 4(50, for the stresses specified. 
Now study the values of bd and M’ secured above and select values of 5 and d to 
suit both. Cheek the assumed beam weight against this selection. It may be 
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necessary at this point to repeat the work thus far a number of times to obtain 
consistent results, but experience will soon reduce this to a single trial. 

(c) Find the area A. of tensile .steel required for jwsitive and negative moment, 
using Formula (16). Either part of the formula may be used, taking the value 
of j or of p from Table 1 . J is very commonly taken as % for rectangular beams 
and slabs, without material error. The number and size of bars may be taken 
from Tables 5, 6 , and 7, pp. 472, and 473, respectively. 

(d) Compute the bond unit stress by Formula (17). The two critical sections 
will commonly be; (1) At the face of the support for the tension steel at the top of 
the beam, and ( 2 ) at the point of inflection for the tension steel at the bottom 
of the beam. If the bond stre.ss is too high it may be decreased by the use of 
smaUer rods or the allowable bond increased by hooking the ends of the rods. 

(e) Compute the shearing unit stress and design the web reinforcement. This 
is discussed in Art. 7. 

(/) Determine the total depth of the beam by adding in the necessary thick¬ 
ness of protective coiicrete. This is discussed in Art. 8 . 

7 . Design of Web Reinforcement.—The most economical web reinforcement 
consists of that portion of the longitudinal steel whi(!h lies in the web in pa.ssing 
from the ut>per to the lower plane. Wluire a cousiderabh! number'of bars are 
bent, a very effective system of web reinforcxmient may be provided by proper 
detailing, fl'he stress in this stesd may be computed by Formula (20) or (22), 
depending upon wliether the rods are bent in several sets or all in one plane. 
To resist, the negative moment proi)erly this steel must ordimarily reach the upper 
level at some distaners out from the face of the support (see Fig. 7, p. 455, and 
Art. 26), and this leaves a j)ortion of the beam immediately adjacent to the sup¬ 
port without web reinforcement. There may also be another portion, if shearing 
stresses are high, between the bent bars and the center that w'ill need web rein¬ 
forcement. To (iovor these portions, vertiiial or inclined stirrups are usually 
introduced, the strews being computed by P’ormula (20). Inclined stirrups and 
Ixint bars are more logical web reinforcement than vertical stirrups, since they 
take temsile stress from the first loading of the beam, whereas vertical stirrups 
Ixicorne effective only whem the concrete begins to show fine tensile cracks. In 
other words, vertical stirru]}s only jump to the rescue when the concrete starts to 
fail in diagonal tension. However, they do effecdively prevent that failure and 
hold the cracks to much the same minute size as tlu; tension cracks which are 
similarly restrained by the longitudinal reinforcement. Atertical 8 tirrup.s have 
the preference in the field over inclined stimqjs on ac(tount of the ease with which 
they may be placed and the support they afford the longitudinal steel before the 
concrete is placed. Tests show that the ultimate strength of beams is not affected 
by the direction of the stirrups within the limits of 45 deg. and somewhat beyond 
90 deg. to the longitudinal steel. The deflection will be somewhat greater with 
vertical stirrups.' 

The shearing unit stress permitted on the plain concrete, r,, is commonly 
specified as 0 . 02 /', to 0.025/', (but not to exceed 40 to 50 lb. per sq. in.). The 
total shear carried by the concrete at any section will be vjijd, while that remain¬ 
ing to be taken up by the web reinforcement wiU be F' = F — vj/jd. Some 
specifications call for two-thirds of the total shear to be taken by the web rein- 

1 Vertical stirrups are of importance in design for torsion also. 
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forcoment which would make F' = HV. The design of stirrups, by formulas is 
laborious, and graphical methods are usually resorted lo. For the case of uni¬ 
formly distributed load, Diagram 5, pp. 476and477, gives the number and spacing 
of stirrups, either vertical or inclined, with a minimum of effort. This diagram is 
based on a working stress in the concrete, v^, of 40 lb. per sq. in. 

The total number of stirrups required to reinforce the web of any beam is a 
function of the area of its shear diagram and hence also a function of the ordinates 



Moment Dieigram 

Flo. 3.—Griiphical solution for stirrups. 


to the moment diagram. In Fig. 3 a load-shear-moment graph for a beam has 
been drawn and on the shear diagram that portion of the shear accounted for by 
the concrete at a unit'stress tu is shown. At the left end there remains an area 
ABDC which must be carried on web steel. By Formula (20) the area F's 



The total number of stirrups required 
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sin a. For vertical stirrups, 


at the left-hand end will therefore be 

fAvjd 

sin a becomes one and drops out. The number at the right end is found in the 
same way from the triangular area EFG. Since the area F's will commonly be 
expressed in inch pounds, the distances along the shear diagrams must be reduced 
to inches to avoid confusion. The stirrup section A „ will represent the area of 
two legs in the common TJ-type oi stirrup. On the moment diagram the area of 
the shear c\irve A BHO is the sum of tin; ordinates M* and Mj,. The area CDHO = 
{Vchjd)x, where x is the length of beam at that end requiring web reinforcement. 
The area ABDC is the difference, and the formula for the total number of stirrups 
at either end may be written 


_ (M,) ± (W/,) - 

JS, ^ j, A ■ 1 


(24) 


JvAvjd 

The ± sign must be so selected as to give an arithmetical sum of the moments. 

The spacing of stirrups can be determined graphically from the moment 
diagram. This method of dc'lertnining stirrup spacing is exact when the stre.ss 
r, on the concrete is taken as one-third or any other fixed proportion of the total 
shearing unit stress. For the usual assumption of a fixed value of Vc ind(!pendent 
of the shearing unit stress on the member, the re.sults are approximate but the 
error is small. For concentrated loads, the error becomes negligible, and it is 
for this case that this method is chiefly used, .since the ca.se of nniform load is 
more easily designed from I tiagrani .'5, pp. 476 and 477. To determine the st irrup 
spa(ang from the moment diagra m, comj)ule the area ABDC and plot it to any scale, 
as the line UJ, with 11 in the moment curve, and draw the closing line AJ. Now 
clivhle IIJ into a number of equal parts twi(te as great as the number of stirruj)s 
required at the left end of the niember. From the first, third, fifth, etc., of these 
points draw lines parallel to A.J and their intersection with the moment curve 
locates the jiosition of the stirrujis which must be scaled parallel to the axis of the 
beam. The moment curve must be plot bal accurately to permit of this dedermi- 
nation. 'fhe number of stirrups found above is the minimum that may be used, 
except that (icrtain ones may bo omitlod in iMirt.ions of the beam fully reinforced 
against shear by bent-up longitudinal bars. Additional stirrups are often 
required to comiily witli regulations as t o maximum spacing, etc. 

Some designers strongly favor the use of bent-up bars exclusively as web 
reinforcement and such an arrangement is welcome in the field. Oenerally this 
would invoU'c the addition of at least one bar to the steel area over the support, 
since a single bar can hardly be placed so as to be effective in tension and at the 
same time properly reinfonie the end of the beam against diagonal tension. It 
is somewhat difficult to specify the right position for tliis first or end shear bar 
on account of lack of adequate test data on this type. 

The 1921 J. C. specification is perhaps the best at the present time for bars 
bent up in a single plane. This specification provides that the upper point of 
the bend shall lie over the face of the support or over the support itself, while the 
lower part of the bend shall lie at that section on which the unit stress Vc equals the 
limiting value for phun concrete. These two points thus determined, the angle 
a is fixed, and the area of the sloping steel is computed by Formula (23). 

The design of web reinforcement consisting of bent-up longitudinal bars 
is commonly made as follows: Determine the maximum shear at the face of the 
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support miJ .'iUo (hr Oistiince from the face of the support to a Vertical sociioi, 
on which the On arinK i wiii stress, r. by Formula (18) does not exceed the allowil.le 
value h.r phiiu conereic webs. This distance is the “ran’’ of the first be„(, bar 
and the “n>v" b known from the Itnaiii depth and the embedment of the bar inn 
and boitom. Dclmninc the ratio of run to rise from the upper part of WaKrain 
4, p. -I7f), or otherwise. With this ratio enter the lower part of Digram 4 and 
road the total sheai’ carried ]>.v the a\ ailabJe bar (or bars) at this slope, based on 
Formula (23). If V - (chid) exceeds tiu: allowable shear for the available 
as just determined from Diagram 4, additional bars must be bent up or other web 
reinforcement providod to take the remaining shear. If other inclined bars are 
adde.I, the distance from (he face of tlic supix.rt to the section where (he .shear 
is fully provided for by the web st(a>l and concreti? already designed, becomes the 
new “run” and the process is n^xailed to .select, the jiroiMir .size of bar at the new 
slope that will make up the dofmoncy in the total .shearing re.sistance. If stirruiw 
am/uMni tiny may he //ffiire<t hy /'Virrmila (21) taking the shear on the .slimips 
the doh'eicncy at the nimip locution. Stirrups; should provide web rein- 
foroome.nt over the length Ix-tween the support and the section whore the deli- 
ciency in the bent-up lairs (ILsajipears. 

Diagram 7, p. 479, may be used for determining the length of the sloping 
portion of bent bars. 

8 . Depth of Concrete below Horizontal Reinforcement.—The thiekiiess of 
the protective coating of concrete over the reinforomnent varies for different 
purposes. The minimum requirement is tliat to jirevent the admission of 
moisture to cause corrosion and this depends upon the size of reinforecnient used. 
With large bars and with large percentages of steel, cracks become larger. For 
slabs, therefore, a protective cover of ' 2 to in. clcitr over the bar is ample while 
for beams with large concentrations of heavy bars 1' 2 in. is the minimum. Very 
commonly some degree of fire jirotection is also desired and for ordinary exposures 
the cover over slab bars should be not loss than ''i in., and over girder bars not 
less than in. For .severe fire expo.sures lhe.se figures shmdd be increased to 1 
and 2 in, res|K!ctively. Furthermore, certain aggregates’ used in concrete manu¬ 
facture go to pieces under rapid toraperature changes. Projicr fire protection 
where such aggregates (granite i.s a good example) are nsed involves the addition 
of an extra inch of cover reinforced with a light mesh plawal 1 in. under the surface 
to prevent spalling. It is not necessary to make any deduction in the width of 
beam, h, for fireproofing, but the bars should be kept away from the suiface at 
least 1'2 in. 

For concrete members exposed to the weather at all times not loss than I 
in. of cover is rcipiired on walls and slabs and not less than 2 in. on beams 
and columns. 

9. Designing of Solid One-way Slabs.—Solid one-way slabs are designed in 
exactly the same manner as beams, a strip of slab 1 ft. wide (6 = 12 in.) being 
treated as a beam. The steps are identical with those given for beams, except 
that A, represents the steel area in a 12 in. width of slab due to a certain size of 
bar at a certain spacing, instead of the steel area due to a certain number of bars. 

If A 1 is the area of one bar, the spacing in inches to give any total area A, in a 


t QyArtS”beariug minerals especially, also sandstope. 
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width of 12 in. will be • 


The minimum protective cover of % in. of concrete 


should be used only when positive devices are specified to insure that this clear 
cover is obtained. 

10. Bar Spacing and Supporting Devices—Bar Sizes.—The specification of 
adequate spacing and supporting devices to hold the reinforcing bars in th«r 
designed position while the concrete is being placed is properly a part of the 
design and should be shown on the details. 

P*resent day practice has largely standardized ten bar sizes for use as con¬ 
crete reinforcement and many of the largest steel bar manufacturers will 
furnish only these sizes. To avoid the necessity of substitution it is best to 
use only standard sizes in design and in the tables in this volume only such 
sizes are given—see Tables 5, 6 and 7. For column ties and stirrups an, 
eleventh size, namely is also readily obtainable. 

11. Minimum Spacing of Bars in Beams.—The particular ordinance or 
specification under which the design is made will invariably contain many 
hmitations on the details of the design and these vary widely in different cases. 
Some city ordinances have not been revised adequately for periods of 10 to 20 
years. The practice of the building dei)artment is often more liberal than the 
letter of the code. The minimum spacing of bars in each layer is commonly 
specified. This is governed projjerly by the size of the aggregate, the size of the 
bars, and the bond stresses. The aggregate must pass readily between the bars 
and not form pockets to destroy the possibility of bond development. This 
establishes a minimum clear spacing generally spociIic<i as 1 li time.s the largest 
aggregate used, but never less th.an 1 in., and never less than 1 times the greatest 
cross-sectional dimension of the bars. Beyond these miniraums the concrete 
between the bars must have sufficient area to transmit, in 
horizontal shear, the increment (or decrement) in tlu; 
tension received from the bars through bond stress. 

In h'ig. 4 the concrete on the section AB (of unit length) 
must be able to resist a horizontal shear e(|ual to the sum of 
the bond stresses on the perimeter of the lower bar and the 
semi-perimeter of the upimr bar. This consideration is the (!■- ^pacmE of 
basis of the allowable clear spacing worked out in the 
accompanying table, in which the rapid increase in the spacing with many layers 
of bars is well shown. 



Cleak Rpacino Between Bahs of Size Shown—(I nities) 


- 

I,ay«*r 

H in.,| i„. 

or lce« 1 ^ 

H iu. 

0 

1 ill. 

1 in. 

U 

1>I* in. 

U 

1>4 in. 

O 

Outer. 

1.00 1 1.12 

1.31 

i.r.o 

2. 12 

2.39 

2.00 

2nd. 

1.48 1.77 

2.00 

2.30 

3.00 

3.38 

3.76 

3rd. 

2.40 > 2.94 

3.44 

3.03 

6.00 

5. G2 

6. 26 

4th. 

3.43 i 4.11 

4.80 

6.50 

7.00 

7.80 

8.75 


The above valuM are baaed upon a bond unit Rtress of 100 lb. per sfj. in. and upon a horiaontal shear- 
ing unit Btrecai of 200 lb. per sq. in. If the actual maximum bond unit stress is greater or less than 200 
lb. per sq. in., the clear spacing will vary in proportion, except that the minimum spacing based on siso 
of aggregate and on sixe of bar must be maintained in all cases. This table contemplates the use of 
in, sons as the maximum ^se. 
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The bonding up of some of tlio burs before the point of inflection is reached 
will gcnenilly transfer the critical section for the lower steel from the point of 
inflection to the point of bending. Since the shear is much lower here than at 
the face of the .support, the spacing may be less than the values in the table, as 
noted. 

If both ends of the bars are hooked, the clear spacing may be reduced to the 
greatest cross-sectional dimension of the bars, the other limitations remaining as 
before. Bars, both ends of which arc bent up and carried int.o the adjoining 
spans, may properly be comsidered as equal to bars with hooked ends in this 
re.spect, insofar as the portion of the bar taking po.sitive moment is concerned. 

I'or rectangular beams the critical section as to bar spacing is at the face of 
the support for the steel taking negative moment and at the point of inflection 
for the .steel taking positive moment. If the top of the beam at the support 
is monolithic with the floor slab, forming a T-beain, only the section at the 
point of inflection remains critical. 

12. Bars Carried Through to Support. - The design sometimes results in a 
large number of b.ars for either jK)sitive or negative moment but not for both, 
BO that some of the bars may be terminated short of the support. Every beam 
should have a number f)f bars carried straight through in the bottom to the 
supjmrt. The minimum is generally considered to be one-fourth of the burs 
required for positive moment at the camter, l)ut it is much more common to s(!0 
one-half of the bars carried thrmigh in this manner. The bond at the point of 
inflection is the determining factor, formula (17) being the projasr one to use to 
figure the number of bars • riiquired at the allow'able bond stress. The length 
of these straight bottom bars is (sunmonly taken as the distance center to center 
of siqiports. 

13. Points Where Horizontal Reinforcement May be Bent.—Having deter¬ 
mined the minimum number of bars which must continue in the bottom, the 
points at which bars may bo bent U]) are detiTmined from the moment diagrams 
remembering that the steel area required i,s directly projxirtional to the moment. 
By dividing the maximum positive moment ordinate into as many equal parts as 
there are bars required at the center and projecting these parts horizontally to 
the moment curve, the points at which succe.ssiv'o liars may be bent Is readily 
determined. A similar construction upon the negative moment ordinate show.s 
where bars may be bent dowm and cornpUdely fixes the best bending of the bars. 
Diagram 0 gives the proportion of the total steel area which may be bent up or 
terminated (considering moment only) at any point on the span for several 
moment conditions. At least two bars and at least one-fourth of the total 
number of bam are commonly carried straight in the top from the supfKirt to the 
quarter point of the clear span (or to t he point of inflection if farther from the 
support). When the reinforcement for negative moment cannot be carried 
into the adjoining span, in the usual manner, special anchorage must be provided 
for it at the end of the beam, generally taking the form of hooked ends with the 
diameter of the bend not less than eight times the diameter of the bar. In frames 
the bars are bent down into the columns. 

14. Size of Web Reinforcement Bars.—Well reinforcement bars in general 
and vertical stirrups in particular are required to develop very high tensile 
stresses in very short embedded lengths. This means high bond unit stress and 
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severe anchorage requirements and requires the use of small rods in ordinary beam 
depths. It is a very common fault to use too large stirrups, and some of the objec¬ 
tion to vertical stirrups is really objection to this abuse. A H*in. vertical stirrup 
in a beam of 12 in. depth is no more effective than a %-in. stirrup and the proper 
size to use in this beam would Ife li-in. The stirrup of large diameter simply 
slips. The 1921 J. C. report contains the rule, based upon tests, that the size of 
web bar should be such as to develop not less than 20 per cent of its total design 
tension by bond in a depth equal to OAd. For a plain round vertical stirrup in 
2,000-lb. concrete, this limits the maximum stirrup diameter to d/50, while a 
deformed bur could be d/40 in diameter, considering that/v is taken as 16,0001b. 
per sq. in. in l»th cases. Many designers advocate lower stresses in web rein¬ 
forcement, even as low as 10,000 lb. jx;r sq. in. in extreme na.ses. This requires 
much more web steel but it may propc^rly be used in the form of somewhat larger 
bars. The u.so of 16,000 lb. per sq. in. is fully warranted by teats results, wdth the 
size limits slated. In Diagram 5, p. 477, al tlic bottom, the minimum values of 
d, for which stirrups of various size may properly be used, are stated. 

16. Anchorage of Web Reinforcement Bars.— lOach end of each web reinforce¬ 
ment bar .should be provided witli end anchorage in one of three ways: 

(a) By continuity of the web bar with the longitudinal bar. 

{!>) By carrying the wcl) liar aliout at least two sides (a 90-deg. angle of liend) 
of a longitudinal bar (the web bar continuing). 

(c) By making a semi-circular hook of the end of the web bar, thus engaging 
an adequate jiortion of concrete to prevent its pulling out. 

Using (a) tlie bends should be made to a radius not less than four bar diameters 
to avoid excessive stress in the concret.o locally at points of bend. Using (h) 
or (c) the web bar should come as close to the top and bottom of the beam as the 
protective cover requirement 
will permit, and the end of the 
bar should lie not nearer than 
eight times its own diameter 
from its high or low iioint. 

The radius of bend in (c) should 
be not less than four bar diam¬ 
eters. Figure 5 shows prop¬ 
erly detailed stirrups for rec¬ 
tangular beams. It is not important in a rectangular beam which end of a 
stirrup, bent as shown, is uppcrmo.st if both ends are adequately anchored. 
Type “a” is the common form of vertical stirrup. Type “b” is required in 
some cities when the steel in the compression face is designed to take com¬ 
pression. Typo “c” is more commonly used for inclined stirrups, while type 
“d,” with the hooks turned outward, is the common stirrup for T-beams. 
Sharp bends should be avoided to prevent overstre.ss in the concrete with 
resultant crushing locally at such points. Inclined stirrups, kept within the 
size limits given above, will not need to be mechanically attached to the 
longitudinal steel, as tests indicate that slipping occurs only with bars of larger 
size. 

Some steel manufacturers have placed upon the market unit frames in which 
the stirrups are made of continuous wires or small rods, looped about the top and 
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bottom bars, and spaced to meet the design. These are excellent details but for 
some reason have not come into general use. 

16. Rules for Stirrup Spacing.—-The spacing of stirrups is governed by rules 
developed from test data which set limits of an arbitrary nature in addition to 
the limits arising from the diagonal tension on the member. The Joint Commit¬ 
tee report of 1921 is representative of the best present-day practice. The spacing 
a (see notation, Api)endix A) between inclined stirrups should not exceed at 
sections where stirrups are required by the shear, while with vertical stirrups a 
maximum spacing of is recommended. For very high shearing stresses the 
Joint Committee reduces these limits to for inclined stirrups and to for 
vertical stirrups. Common practice does not live up to these standards in general 
but allows about 50 per cent greater spacings. With very high shearing stresses, 
.say in excess of 120 lb. per sq. in., no liberties should be taken with Joint Commit¬ 
tee specifications. The maximum distance from the face of the support to the 
first stirrup should not exceed }id (Joint Committee) measured on the axis of the 
member. Common practice doubles this allowance at limes. .Stirrups inclined 
less than 30 deg. to the vertical are classed as vertical stirrujw in applying these 
rules. 

17. Beam Sizes Influenced by Fonnwork.—The dimensions of concrete 
beams are frequently influenced in practical design by the formwork. The beam 
bottom form is made up of plank which must be cut to fit the beam width, unless 
this width is made to fit the plank. Widths of 5% in., 7% in., 9% in. and llJi 
in. permit the use of one-piece plank bottoms without stripinng or filling, while 
widths of 13}4 in., ISJ-i in.; etc., are suitable for two-piece bottoms for wider 
beams. Adherence to such a program will also avoid the common error of 
making an immense number of different beam sizes. A reasonable number of 
different depths and widths of beams will be economical even though some con¬ 
crete is used at less than its allowable compressive unit stress. Forms fre(iuently 
cost more than either the steel or the concrete. 

18. Camber in Forms.—Beams deflect due to shrinkage of the concrete in 
hardening and due to plastic (inelastic and hence permanent) deformation in the 
concrete under long continued loading, as well as due to the load on the beam at 
any given instant. Forms should therefore be cambered and the amount of 
camber should take into account all of the causes of deflection. Measm-ements 
of completed floors show that the usual allowances arc too small. This may be 
said to be a matter for the contractor to handle rather than the designer, but it 
frequently happens that the designer is the only person connected with the job 
who is competent to compute the projier camber and that he should take it upon 
himself to see that it is done. 

19. Construction Loads.—When designing members for very light loads, it 
is sometimes advisable to investigate the effect of such loading as is liable to 
come upon them during the construction of the building of which they are a 
part. The engineer must at times protect himself against the carelessness or 
ignorance of some man on the job who is looking for a space to tuck away a couple 
of carloads of gypsum or partition tile. The safe load, in some easily under¬ 
standable units, should be plainly marked on the drawings at least. 

20. Temperature Reinforcement.—Individual members are rarely of such 
length and proportions as to require temperature reinforcement and this subject 
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is treated in the volume on "Reinforced Concrete and Masonry Structures.” 
A partial treatment will be found under the design of walls in Art. 63, p. 504. As 
parts of a long building, members may require temperature design and the designer 
must not overlook this possibility. 


Illustrative Problem.—To dosign a roctanffular beam, freely supported, of 20-ft. span 
resting on 12-in. brick walls, carrying a uniformly-distributed load of 1,850 !)>. per ft. The 
total depth of beam is limited to 36 in. A 2-in. protective cover over the principal rein¬ 
forcement is to be provided, fc = 650, A ** 16,000, and n «= 15. 

For solution in tlctail see Do-sigu Sheet 1. The following notes refer to that design 
shoot: (o) Deductions for effective depth are 2 in. (protective cover) plus in. (half of bar 
dimension); {h) instead of revi.siiiig the moment computation above, the revised load is 
introfluced in this way as a correction; (c) selected from Table 5, p. 472; (d) clear span is 
20 ft. less 3 ft. (wall) = 19 ft.; (c) distan<*e a in Diagram 5 is distance from the face of sup- 
I)ort to point where v ~ te = 40 lb. per sq. in. 

Illustrative Problem.—To design a rectangular beam to carry two concentrated loads 
of 10,000 lb. each, applied 5 ft. from cither end of IS-ft. clear span, and also to carry uni¬ 
formly distributed loads amounting to 375 lb. per ft. between the concentrated loads and 
750 II). per ft. NHweon the concentrated loads and ends of span. The left reaction from 
this loading is fixed (by adjoining span conditions) as 15,750 lb. and the right reaction as 
14,750 lb. A l>onding moment of —33,250 ft.-lb. acts upon the left end of member and 
one of —24,250 ft.-lb. uct.s upon the right end. Use 1021 .J. C. stresses, assuming a 2,000-lb. 
concrete.^ 

For solution see Design Sheet 2. The following notes apply to that sheet: (o) Based 
on usual assumption of w7/“/12; ((/) weight of reinfontetl {•oiicreto is commonly assumed 
to l)c 150 lb. i)or cu. ft.; (c) spa<‘ing of bars taken from I'able 6; (d) sign of moment is 
neglected —reinforcement is in top of member; (c) this steel area will bo designed when 
stool available from adjoining sj)an is known; (/) by inspection, bond is higher at right 
support, and only one computation is necessary; (g) in evaluating Formula (24), p. 439, 
the length x is here given in feet because the moments are stated in foot-pounds, and tho 
whole then multiplied by 12 to reduce to inch-pounds. 

lUustrative Problem.— Chock tho design of a rtjctangulur beam, as given l>olow, and deter¬ 
mine magnitude of all principal .stresses, using 1921 J. (^ specifications and assuming a 
2,(K)()-lb. concrete.^ T’he beam is 12 in. wide and 24 in. deep, with 2 in. cover over tho 
main bars. I’lic reinforcement consists of four ^i-in. round deformed bars of medium 
grade steel of which two are bent up at each end. There are S ?ij-in. round vertical stirrups 
at each end spaced 4 in., 2 at 6 in., 2 at 8 in., 2 at 10 in., and 12 in. This is one of a series 
of spans, all alike, making up a continuous beam. The clear span is 18 ft. and tho super¬ 
imposed load 1,500 lb. per ft. 

For solution see Design Sheet 3. 1'he following notes apply to that sheet: (a) Some 
specifications require w'/y®/12, but this is not a controlling item in this design; (5) this 
comp\itation judical OS that very low stirrup stresses have boon used in this design—num¬ 
ber of slirrups could be reduced; (c) v «= 72 (approx.) at lat stirrup less (vc ** ) 40 leaves 
32 U>. per b(|. in., to bo taken by stirrup. 

Illustrative Problem.—To design a fully continuous floor slab for a sujiorimposod load 
of 150 lb. per sq. ft. The span is 8 ft. Use A. C. I. stresses.* Assume a 2,000-lb. con¬ 
crete and hard grade plain bars. 

For solution see Design Shoot 4. The following notes apply to that sheet: (a) See 
discussion of critical section foi bond stress under beams; (5) tho ratio 10/12 is introduced 
in Formula (17) to give the shear for one straight bar, these bars being spaced 10 in. on 
centers in the usual arrangement whore alternate bars are bent up; (c) compr^ive stress 
in the concrete and diagonal tension are practically never critical in solid slabs like this and 
arc rarely figured. 


* See table on p. 430. 
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S£SIGN SH££T 1 


Assume dead weight of beam as 450*^' 

Total dead and live load - 450 + J,«50 = 2,;i00^'" 


(2,300) (20) = --- 1,3S0,000"4 


For/« = 650. A = 16,000 and » = 15 (/rom Table 1) 

p = 0.0077; i = 0.874, say !»'; k = 0.379; and K == 107.5 


Hy (19) 


At center, by (10) 


^ (2,300) (10) 

(80 to 120 ) 0 . 4 ) 


219 to 329"“ 


107.5 ' 


d = :i6 - 2H = 33.5" By (10) ?. =-- = 11.45", say IIM" 

Weight of beam = (IMiKSO) - 436''''^'' I) + IL = 

At center by (16) 4. =• le«0,000 „ .,^fJ" 

enter, i>j uo) .a. ^ (16,000)(J„)(33.5) 


At face of support, the number of bars ro(iinro<l in bottom, 


2-1 and 2 -^ 


by (17). 


V _ (2,286)(0.5)<''* □' 

iijd (S0)(74)(33.5) - 


Carry 2-l”n and 1—= lO.SSD^O straight throuEh in bottom, 
bend up to top of moml)er of each ond. 


By (18) at end 
From Diagram 4, 


Si? 5 e of stirrups 


(2,280) (9..5) 
(ll.G2)(J»){aa.5) 


a ^ = (0.19)(19)(12) ^ 4:V 
Ap »= (0.34)(2.94) 


5-9>t'' <• U-htirrups. Use 8. 


Stirrup spacing in terms of a » O.OOSt/, 0.145a, O.lTKa, 0.258a 
Stirrup spacing in inches = 2H"f 0", 11" 

Total depth of beam » 33.6 + + 2 «= 36" 
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DESIGN SHEET 2 

a !' 

Assume dead weight of beam = 250 
Correcliou for dead weight. 


Item 




Left reaction .. 
Right reaction. 
Left moment.. 
Right moment 


15,750 ; 2.250 

14,7.50 i 2,2.50 

-3.3.250 i -6,750(o) 

-24,2.50 -C,7.50(o) 


18,000 
17,000 
-40.000 
-31,000 


Figure 2 is the load-shear-moment graph for tliis mcml)er. From this figure maaL 
mum moment at center is 44,700^;f. 

For/. = 18,000,/. = 800 and « = 15 (from Table I) 

p = 0.0080;/ *= 0.867; k = 0.4; and K = 138.7 
1K non 

“ = (80-t^’20)0.807 

At center, by (10) hd^ - 7’ 

o Q7n 

Try h = 115/'. Hy (10) rf* = = 332 d = IS.2.5", say 19" 

bd - 11.02 X 19 = 221. O.K. by (19) above. 

*= 254^“^ . Assumption O.K. 

At center, l.y (10) = r.e raunm an/im “ -6 -W'V bars. 


(lS,000)(0.8n7)(19) 

Width of Ixnim - (5 X ItS)'"' + « + 3 = IIM" IMfc" O.K. 

(40,000) (12) _ . "HO 

(18,000) (0.867) (19) 


At left end, by (Ui), 
At right end, by (19) 


)(c) 
A. = 


_ (31,000)W>(12) _ , 

(18,000) (0.807) (19) * K « bare 


At face of right support‘d, by (17), « » 4(1.96Ha807) (19) 


Atloftpointof inflection, by (17), u 


16,200 

3(l'96),(0.'867) (19) 


168 '^/ 




u » 132 is O.K. with deformed bars with booked ends. 
u — 168 is too high. Cany 4 — bars through in bottom, u — 126 
This is O.K. with deformed bars with hooked ends. 


At left end, by (18) 

Max. stirrup siao = 0.38" « A, 


18,000 

(11.62) (0.867) (19) 


04 


#/□' 


O.K. 


0.2208°"' for l-W'^D 


No. of H'V U.«tirrup8 at left end, by (24) = 

37.500 - (_-40,000)_- (40)(11.02)(0.867)(19)(5) 

.. (16,000) (0.867) d9)'(0.2208) - -- X 1.2 =■ » 

No. of H" 0 U-stirrups at right end, by (24) =* 

41.500 - (-_•«,000) - H0)(11.02)(0.8G7)(19)(5) 

■(r6,C)00) (0.867) (19) (0.2208) .. 

Total depth of l>eams «* 19 + M« + IH = 20 % 21". 
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20 


DESIGH SHEET 3 


I.ivi' load par foot of span = Ij.'iOO 


Woiglit .)f beam = 12 X 24 X 


150 30(F 

144 *" 


l,S(K)#f" 

h = 12" rf = 21 - 2 - = 21.02" 4. - 4 X 0.44 = l.To'' 

wIAa) /IL>\ "Jl 

Moment at mitor - » 438,000 “ 

Moment at ends = = (J^) “ 6*4,OOo"*^ 

Approx, steel stress, by (1.5) 


58.1,000 ,,17 500#/°" 

(1.7C)(Js)(21.(i2) 


At end, hy (0) 
By (7) 


P 


5H4,000 
’ (12)(21.(i2)4 
1.70 

' (12)(2r.«2) 


10-1 
= 0.0008 


From Diagram 1, with p = O.fMlOS and A" = 104, /, = 0.50' 

j ~ 0 . 8 K. 

(1,800) (9) 


,//□' 


At face of support by (17) 
At Mo point of span by (17) 
By (18) 


“ ~ (9.42) (0.88) (21.02) 

^ (1,8001(0.4)(18) ^ 

(4.71)(0.8S)(21.G2) 
(1,800) (9) 
(l2)(().8SI(2y02) 


/, - 17,400' 

a/u" 


//a". 



By (24) and pref fdinR text, 

Shaded area = (32)(12)(0.88)(21.C2) ( = 175,' 


No. of Is" IJ-stirrups = 


175,000 

(10,000) (0'.2208) (0.88) (31.02) 


, 000 '"" 

2.0 each end. 


By (20) /. = 


(s -_e.)fvd» (.80) (12) (0.88) (21.62) (7) 


AJd' 


(0.2208) (0.88) (21.02) 


11,400 




in stirrup next to 


support. 



Sec. «-Sl} ■ BSmmBCED CONCMBTM MEMBERS 


440 


DESIGS SBEET < 

For A. C. I. Btresses, fc = 760, /. = 18,000 and n - 15, TaMe 1 gives i - 0.872, k • 
0.3846 and K ■« 136.7. 

Assume a 4-in. slab, weight = 40’^^'^' 

150^/^’ 

Superimposed load on slab =- m'/W, 

200 *'° 


Moment at center (or supijorls) ■= (200)(H,» = 12,800''^ 


w/>« 
12 ’ 
12,800 


b = 12". By (10) d» =^ 2 ffj 25 7 ) = S-S"' = 2.0" 4" slab O.K. 


Oso d - 3.05". By (16) A. 


12,800 =. 0 20713"/' 
(18,000) (J4) (3.05) 


a . ...» (12)(0.1104) 

Spacing of 44" round bars = ^ -- = 5" on centers 

Same moment and same reinforcement required at supports. 

Try bonding up alternate rods and lapping to quarter points. 

.... . . , , , „-.(») (200)(0.4)(81(I0)('’> 

At ho point of clear span, by (1,)' v = (, ,i8)(^4) ( 3 . 05 ) (12) “ 

This >)ond is higher than ordinanoes allow^ but is commonly allowed with well anchored 
bars. To conform to the ordinances all the V)ars would be carried through in the bottom 
and additional round bars at 5'^ ceuiorti provided in the top of the slab over supports. 

At lace ol support, by (1H)<'> c =. (i 2 hti)( 3 \).';) “ 25^''^° 

® (12,800) 


By (14), compression in concrete,'') /. = („.;Ys5-H0.875) 112)(3.65)• 
Total slab thickness ** 3.05 +0.19 + 0.75 3.99" 




T-BEAMS AND RIBBED ONE-WAY SLABS 

In reinforced concrete structures the slabs and beams arc poured in one opera¬ 
tion and the two are in fact monolithic. The compression occurring in the top of 
the beam near the center of the span will be resisted by the slab directly over the 
beaim and for a considerable distance on either side. Thus the effective section 
resisting positive moment of the vast majority of beams in actual structures is a 
T-section and such beams are called T-bcams. In ordinary tilc-and-concrete-Joist 
construction and in open-joist construction the same co-action of slab and rib 
occurs and these types must be designed as T-beams. 

A T-beara as a structural member may be a separate beam, a single span in a 
continuous beam or in a framed structure, or a cantilever projection as in foot¬ 
ings. Furthermore all T-beams with end restraint must be treated as rectangu¬ 
lar beams over some part of their length. In order to present a T-section in 
flexure for both positive and negative moment, a beam must have an I-shape. 
Such lieams do occasionally occur but the usual case of a T-beam member 
involves design as a T-beam only for positive moment near the center and design 
as a rectangular beam for negative moment at each end. 

21. Formulas.—Certain additional notation becomes necessary in designing 
T-beams. This notation is given in Annendix A. 
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Figure 6 shows the distribution of stress over a T-beam section and illustrates 
some of the symbols used in the formulas. In this figure the portion adke is 
called the flange, the portion/j/nm is called the stem, and the portion bcnnt is called 
the web. 

If the slab is thick and the beam shallow, kd may be less than t and the neutral 
axis lies within the flange. This condition is commonly de.signated as Case I 
in T-beara analysis. Since the concrete in tension is neglected in flexure the 
stress distribution and formulas for positive moment are identical with those for 
rectangular beams given in Art. 1, p. 432, except the following; 

For negative moment 6' must be substituted for b in all formulas and the design 
made for rectangular beams at the support where there is no flange available for 
compression. Very commonly this negative moment section will have com¬ 
pressive reinforcement and in this case the design becomes that of a doubly- 
reinforced rectangular beam. 



Section Stress Diiagrom Enlergerf Deteil of Ibl 

(<f) (b) (c) 


Fm. G.---Strc‘a« distriliutuin in T-l.Hianis (( 'hm* IT). 


If the slab is sufficiently thin so that kd is greater than t iind the neutral axis 
lies below the flange entirely, as illustrated in Fig. (i, the area of concrete available 
to take compression is less than in a rectangular beam of size bd and new formulas 
must be developed. Two ca.ses, (Ca.se II and t!ase III) arise under this condition. 
In Case 11 the small amount of compression in the stem between the neutral 
axis and the under side of the flange is neglected. The stress in this |)ortion is 
low as shown in the stress diagram. Fig. 6, decreasing to zero at the neutral axis, 
and the width affected is only the width of the stem. The principal formulas for 
design are derived in the same manner as for rectangular beams. 

pn -f 0.5 

Position of the neutral axis k = —. ^ (27)' 

pn + ^ 


For balanced reinforcement values of k may he taken from Table 


Arm of resisting couple j = 1 


t 

d ' 


“- 4 ) 


1 


(28)‘ 


*See fooluotc on p. 451 



Sm. 6~21’ 
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Percentage of reinforcing steel p 


d f.v 2k/ 


For neutral axis at lower face of flange with balanced reinforcement 


For over-reinforced beams M = M, 


©M. [l- 


For under-reinforced beams M = M, — A,f,jd 

K = K.^^: = i 


Formulas (1), (2), (3), (40), (43) and (44) also apply to Case II. Values of 
K, j and p for T-beams with various ratios of < to d may be taken directly from 
Table 2, p. 468. 

> I'ormulrtK (27), (28), (20) and (31) are derived as follows from Fig. 6(c): 

From similar triangles ahc and ab'c* 

ab ah' . /nb \ 

- - or. » 

Substituting values of k, ft and t/d, we have 




" «•-»(]) 


Equating the total tension to the total coinprension, wc have 

J. a/,. _ ' 


which reduces to 


“- 

P - f. 'fl - 

/, • rfL 2*4 

Substituting *■ ^’jt) ^29), 

^ Pn+O,.". (;;)•-= 

jm+‘ 

-i) 
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A third case is distinguished when the compression in the web below the 
flange is taken into account (Case III). The Joint Committee gives formulas for 
this case as follows; 

Position of neutral a.xis 


7 j . 1‘^ndA. + {h- 'h')U \ [nA. + (6 - nA. + (6 - h')t 

\ ■ ■ h' .. " Wy .. b' 

Position of resultant compression 

_ - %U)h + [(fcd - ty{t + Miikd - <))]6' 

® .. t{2kd - t)b + (kd - tYb'' 

Arm of rc.sisting couple jd — d — z 
Compressive unit stress in extreme fiber of concrete 

_ 2Mkd _ 

l(2M - l)bt + (kd - lYb'ijd 
Tensile unit stress in hmgitudinal reinforcement 


(36) 

(37) 

(38) 

(39) 


/. = 


(40) 


M 

A. id 

These formuhls are very cumlicr.sfuTic to us(!. Equal accuracy may be obtained 
by considering the T-bcain, Fig. C, as made up of a rectangular beam benm plus 
a T-beara (made up of the sum of ahmo and edrri). The two parts will affect 
the valuc of p and K (for balanced reinforcement) in proportion to their widths. 
In other words, if K, and p, arc the values from Table f for rectangular beams 
and Kt and p, the values for a T-beain (Case II) taken from Table 2 (for the 
proper value of t/d), then, f<)r the (torabination 





(41) 

and 

(b'\ 

, /b - / 7 '\ 

(42) 

P-P\b) 

+ b ■ ) 

Also 

A 

(43) 

and 

II 

1 ' 

(44) 


Approximate formulas for Case IT may 1 k' obtained by considering that the 
average value of the compressive unit stress f)ver the flange can never be less 
than and the depth z to the resultant of the compressive stress can never 


be greater than The arm of the resisting couple will always be greater than 


(d — ^). Approxinuitc equations result: 


?1. 

= - 2*) 

(45) 

A 

_ M. 


A, 

t- (■' - 2 ) 

(46) 

M, 


(47) 


2M 



- 2 ) 

(48) 
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Those formulas are used in rapid estimating work but should not be used for 
design. In the case when ^ is very small the error is considerable, as a consider¬ 
able portion of web concrete is then neglected in compression and the average 
stress is greater than ^ /c- When the neutral axis lies in the lower surface of 

the flange, the true value of z Ls ^ in.stcad of | and the formulas l)ecome wasteful. 

22. Steps in the Design of a T-beam.—The stci)s in the design of a T-beam 
are much the same as in the design of a rectangular beam, the principal difference 
being in the numerical values of k and p. The weight of beam to be assumed, 
however, is only the weight of the stem, as the flange weight is commonly in the 
superimposed load. The steps are: 

(а) Determine the value of h'd by Formula (20). 

(б) Determine whetlier or not the design of the beam comes under Case I. 
The value of t will have been determined previously in the design of the slab. 
(It may, of course, Ije chango<l, if found desirable, to aid the beam design.) The 
value of d will generally d(!jH!nd on architectural considerations and is therefore 
known or can be readily assumed. Use Formula (30) to determine the limiting 
value of d for Ciuse I. If d by (30) is equal to or greater than the value indicated 
by external eomlitions, the beam is t’ase 1, and the design may proceed exactly 
like a rectangular beam except that l‘’ormulas (2.5) and (26) replace Formulas 
(18) and (19). If d by (30) is less than the value indicated by the external condi¬ 
tions, it is a Case II or Case III T-bcam and the design procetsis as follows: 

(c) Determine the value of hd^ by Formula (43). For f.lasc III the value of K 
is found using Formula (41) in a cut-aud-try process in which experience creates 
skill. For Case II the value of K and p may be taken from Table 2. 

(d) Determine p from Formula (42) for ('a.sc III, or from Table 2 for Case II, 
and determine A, from Ftinnula (44). Decid(! on the numlier and size of bars 
and check to see if they can be placed in the width h'. If two layers are necessary, 
the value of d may be reduced and a re-design may Ik- required. 

(c) Investigate the bond stress on the longitudiTial .steel. Article 25 takes 
up this matter in more detail. 

(d) Design the web reinforcement ex.actly as for ii rectangular beam of 
width 6'. 

(g) The protective cover for the reinforcement in the stem of T-beams should 
be the same as for rectangular beams. In the upper portion of a T-beam, the 
protective cover may be reduced to that in a slab, remembering that this cover 
will ordinarily l)e above the slat) sled wliieh rests upon the beam steel. Where 
plaster is applied directly to the concrete, the fire proofing cover may be reduced, 
according to some ordinances by one-half the thickness of the plaster but not 
more than % in. 

23. Brackets and Hatmehes. —The preceding outline of steps to be taken in 
design applies to the T-section under iK).sitive moment at midspan in which the 
wide flange is in compression and the stem in tension. The two ends of the T- 
beam where the stresses are reversed must now be designed for negative moment 
as rectangular beams. If brackets or haunches are not j)crmissible, this design 
may fix the values of V and d for the entire beam. Brackets are made by deep- 
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ening tlie beam from the point where the ordinary depth is sufficient to take the 
(Mimpi-ossion, increasing to the column.« Haunches are made by increasing b' 
from the same section to the column. The use of either bracket or haunch de¬ 
creases the shearing stress and permits of decreased web-reinforcement. Either 
one adds to the exfiense of the formwork considerably, and where a reasonal^le 
amount of compressive reinforcement will serve the same purpose it is generally 
used in preference to brackets or haunches. 

24. Use of T-beam Diagram.—The best T-bcam design and review diagram 
for Case II with which we are familiar Ls Diagram 2, p. 469. In using this dia¬ 
gram the usual calculations for shear and bond must be made to complete the 
design. The proper proceeding in reviewing designs using this diagram is as 
follows: 

The values of p,t,/d,f\^ — and k are established in any review problem. 

(o'! Enter upper part of diagram with p, t/d and K and determine /,. 

(6) Enter lower part of diagram with p, t/d and f, and determine /». 

To vise Diagram 2 for design, proceed as follows: 

(a) Assume depth and weight of member and correct given moments and 
shears to include effect of the weight. The assumption of depth establishes d and 
t/d very closely, the slab thickness being knovvai. 

(h) Enter lower part of diagram with Uf. and t/d and determine p. 

(f) lOntcr upper part of diagram with l/d, p and f, and determine K. 

M 

(d) Prom the relation K — compute b. 

(c) Prom Porraula (26) determine h' and design the web reinforcement. 

(j) By Formida (17) investigatv' the bond at the point of inflection. 

((/) Chock the a.ssumed weight and revi.se design if necessary to correct .same 
or to secure proper jiroportions of member. 

26. Discussion of Stresses in a T-beam.—^l^et Fig. 7 represent a T-bcam 
member with the longitudinal reinforcement as shown in (u), the uniform 
load as in (6), the shear curve as in (c) and the moment curve us in (dj. 
The moment curve shown is drawn in accordance with the almost universal 
specification that for a continuous beam of eviual .spans uniformly loaded the 

WL 

maximum positive moment at center of intermediiite spans shall be taken as 

and the maximum negative moment at the corresponding supports at the same 

value. (The 1921 .1. C. report recognizes a ptmlive moment of for tliis case 

which i.s more reasonable.) These two values are not for any one condition of 
load on the adjoining spans but represent maximums at the two principal sections 
under all possible loadings. The moment curve is therefore composed of two 
portions, one representing positive moments at their maximum values and the 
other representing negative moments at their maximum values. The shear 
curve is the same for both cases. The point of inflection is seen to have possible 
positions as far from the support as jmint 5 and as near to it as point 3. Assume 
that the depths are so selected as to give eight bars at the center and eight at the 
support. Since A, is proportional to M, a graphical construction may be made 
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showing th® moment carried by each set of two bars and this has been done. 
Starting at the center of the beam it k seen that considering moment^ only two 
bars of the bottom reinforcement can be bent up or terminated at point 6, two 


4. 



more at point 5, two more at point 4, and the last two at point 3 where the posi¬ 
tive moment becomes zero even in the extreme case of loading on adjacent spans. 
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Similarly considering the upper reinforcement from the support towards the center; ■ 
and taking account of moment requirements only, the eight bars requit^ at the 
end can be reduced to six at point 2, to four at point 3, to two at pofat 4 atid 
entirely cut off at point 5 where the negative moment becomes zero at the othw 
extreme. As has been mentioned, (Art. 12) good practice requirjfe thgt at least, 
one-fourth of the bars required at the center be carried through in the bottom of 
the beam to the support and bond considerations frequently raise this proportion.. 
These are the two bottom bars that otherwise would be terminated at point 3. 
At the top, also, practice has standardized very largely on carrying at least one- 
fourth of the bars to the quarter point of the clear span instead of stopping at 
point 5 which is 0.2 IL from the face of the support. The intervening bars could 
be bent (for moment) as shown in Fig. 76 and would provide an efficient arrange-;: 
ment of web reinforcement except for sections close to the support and possibly,.; 
if the shearing stress is high, beyond the outer bent rod. 

In Fig. 7d curves have been drawn .showing quite clo.sely the tensile unit 
stress in the various pairs of rods as it varies from the center to the support figured 
by Formula (1.5), and in Fig. 7c the bond unit stress variation is shown in a 
similar maimer, figured by Formula (17). Note that by applying Formula (17) 
to sections between the point of inflection and the support the bond stress on 
the tensile (upper) reinforcement is found. The lower reinforcement is in com- 
pre.ssion and its bond stress is lower. A .study of Fig. 7c indicates that the criii- 
cal section for bond in intennediate spans of continuous beams under the usual 
moment specifications will commonly be found at a section at a distance of Ho 
of the clear span from the face of the support. 

26. Bond Considerations.—At the end of simple beams, and at the outer end 
of beams continuous at one end only, the .section at the face of the wall support 
may be critical for bond and very commonly the bottom rods will need to be 
hooked over such supports. The top steel will almost always require hooks over 
the end support. It is a safe and at present practically universal rule to provide 
teusion steel in the top at the ends of all concrete members thus avoiding the 
pos,sibility of'cracks forming at that point and destroying the shearing resistance 
of the Ix^am at its critical section. 

In Fig. 7 all bars have bcsin bent up and used for negative reinforcement as far 
as practicable. It sometimes happens that a ])ortion of the reinforcement at 
either the center or the support is not iKieded at the other .section of maximum 
moment value. Such bars are terminated where they are no longer needed for 
tension. Large bari shotdd always end in a hook bent to a diameter not less than 
eight times the bar diameter to minimize the slipping. Even an elementary 
consideration will show the de.signer that exceedingly high bond stresses must 
occur at such rod ends and that some slip is. bound to occur. It is also true 
in most cases that where a bar is bent from the lower to the upper plane, the bond 
stress at the neutral axis will be so high, as to cause some slipping and the actual 
tension in such rods will rarely decrease to zero as shown in Fig. 7d. In this 
case the opposed tensions above and below the neutral axis tend to balance each 
oUier BO that high bond stresses are justified in design. Their magnitude is never 
figured since the anchorage is exceptionally good. The bending of such bars, 
however, should be gradual to avoid high stresses in local compression at the 
points of bend. The radius of bend should be not less than four bar diameter. 
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27. Laterd Spacing of Longitudinal Bars.—The lateral spacing of the longitu- 
dimil bjiw for positive moment is governed by the .same condition set forth in Art. 
11 for rectangular beams. For negative moment, however, the minimum 
spacing can be used in the bars in all layers since there is ample concrete in the 
6BngeB of a T4)eam to take the horizontal shear. 

28. Critical Sections.—For T-beams the critical section in horizontal shear is 
across the stem at the under face of the flange and adjoining the support. The 
intensity is the same as the intensity of the vertical shear and is figured by For¬ 
mula (25). The same web reinforcement will provide against both vertical and 
horizoptal shearing stresses in all usual oases. Other sections where caution is 
sonjetiracs urged in T-bcam design are the two sections through the flange in 
the planes of the sides of the stem. In the writer’s opinion these sections are 
•alpiost never critical, since the shear is very low at the center where the tee is used 
and at the siipport the T-beam becomes a rectangular beam. Reinforcement 
must be provided to take the cross bending of the flange as a slab across the stem, 
where this is not provided as a part of the slab design. Such a case occurs where 
beaVns of T-shape are separate on one or both sides, the flange being provided 
solely to increase the comprcission area. 

29. Ribbed Slabs of the One-way T 3 rpe.—Ribbed .slabs are T-beams with or 
without fillers of such a character as to increase theur strength. Figure 8 shows 
several common types. Hollow (day tile greatly increase the strength in compres¬ 
sion and shear and also the rigidity. (Where the tile arc laid with staggenid 
joints, the thickness of one web may 

properly be added to th(! width of the r-ir —iqi fTflnl nDn IIZlIIl 

concrete joi.st as effective in shear, IpJ 

and one half of the thickness of the 


Cl«y Tile Fillers 
C^) 



u 



open Joist Construciion 
(h) 


top slab of the tile may be added to 
the concrete .as effe(dive in com¬ 
pression.) Gypsum tile are similarly 
effective to a less degree. Metal 
domes are cominoirly con.sidered as 
forms only, even if they are hdt in 
place permanently. The design of 
ribbed slabs is precisely the same as 
that of T-beams aS outlined above. 

Diagram 8 gives information of value 
in selecting trial dimensions. 

30. General Proportions of T- 
beams.—^Tests have shown conclu¬ 
sively that the slab is effective as a 
compressive flange in T-beams to 
a very great distance from the stem. City codes and the ideas of those who some¬ 
times write specifications have become “set” at various stages in our developing 
knowledge of this matter and vary widely. The latest Joint Committee report 
permits the use of the adjoining slab for a distance on either side of the stem equal 
to 8 times the slab thickness. Of course, not more than one-half the clear distance 
to the adjoining T-beam is available and a limitation that h shall not exceed H to 
ii of the span length of the beam is commonly recognized in design. For beams 



Gypsom Tile Fillers 

Fio. 8.—Typos of ribbed slab construction. 
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h.aving a tee on one side only the effective width of slab acting with the beam should 
bo reduced to four to six times the slab thickness, depending on the depth of 
the beam and the ratio of t to d. The important considerations ore; (1) the 
moment produced on the unsymmetrical beam section when the center of 
action of the compressive stresses is moved from its usual position directly above 
the center of action of the tensile stresses, and (2) the torsion due to unbalanced 
external loading. A rational design is very difficult and is seldom if ever made, 
but the designer remains responsible for keeping these moments to reason¬ 
able amounts. The slab thickness should bear a sensible relation to the 

effective depth of the beam. Table 2 includes the range of ^ properly used for 

design. For ribbed slabs without fillers .some ordinances limit the vridth of flange, 
b, to of the distance center to center of joists as a maximum, but if the slab 
is properly reinforced and of ))roper thickness no special limitations are nece.ssary. 

In ribbed construction th(! stem will commonly be wider at the support (to 
resist diagonal tension) than at the center. This is accomplished in clay tile 
construction by using smaller tile at the ends of rows or in gypsum block construc¬ 
tion by sawing off standard blocks to give the necessary joist flare. In metal 
forms the flare is provided by the shape of the forms them.selves. The required 
flare at the ends of joists should be called for on the details in all ca.ses. 

In hospitals and hotels it frequently becomes uecc.ssary to limit the depth of 
the main girders to that of the ribbed slab between. In such ca.ses the ribbed slab 
must be made unusually deep unless very expensive girders with heavy compres¬ 
sive reinforcement are resorted to. 

31. Reinforcement for Shrinkage Stresses.—Most materials in hardening are 
subject to .shrinkage and if the section is irregular, as in a T-beam, severe shrinkage 
stresses may be present at the throe planes of juncture of flange and stem, and 
flange and web. Reinforcement should always be provided across these sections. 
The slab steel and the stirrups or ties for compression steel are generally present 
in adequate amount, but whore a designer in some special case dispenses with 
either of these reinforcements he must provide a suitable system of ties across such 
sections. The proper amount is a mattisr of judgment depending on the relative 
proportions of the parts. Certain proportions of parts, as in cast iron, reduce 
the destructive effect of shrinkage to a minimum. 

Illustrative Problem.—The beams in a floor are spaced 4 ft. on centers and the slab is 
6 in. thick. The total superimposed load, including slab, is 1,800 lb. per ft. The clear 
span is 18 ft. 6 in. and the moment coefficient at the center is fixed by ordinance as wL^/l2. 
The total depth of l)oam is limited to 24 in. Design one beam as a T-beam at the center, 
using/e = 700,/, =■ 18,000 and n = 15. 

For solution see Design Sheet 5. The following notes apply to that sheet: (a) Since 
16.2.5 is less than 21..5, the neutral axis falls below the flange; (5) this is the more accurate 
but much more laborious solution but is followed when a number of beams are to be designed 
at one time, all having the same value for / and d—it is also used when the slab is very thin 
and the stem very wide, a ease in which the other method is Quite wasteful; (e) if this value 
had not checked that assumed, a now assumption and re-computation would be necessary; 
(d) average of minimum spai'ing for and ?i-in. round bars; (e) this is the solution com¬ 
monly used, and is quite accurate for usual proportions of stem and flange; if) when pinched 
for flange width a solution by Case III will reduce this width somewhat. 

lUnstrative Problem.—A T-beam is subject to a bending moment at the center of 
3,000,000 in.-lb., including the moment of its own weight. The stem width is 12 in. and 
the total depth is 30 in. The flange thickness is 5>j in. and the total available width is 
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56 in. Boinforccment coiisints of four square bars in one layer, centered 3 in. 

above the bottom of the I>oain, and two 1 scjuarc Iwirs in a second layer, centered 7 in. 
above the bottom of the l)earu. The reinforcement is bent up at the ends. Find the 
stresses in concrete and steel. 

For solution soo Design Sheet 0. 

Illustrative Problem.—Design an open yoist (ribbed slab without fillers) floor for a 
BuporimpoHed load of 75 lb. per .sq. ft. on a clear span of 20 ft-, using A.C.I. specifleations 
for 2,000 U>. concrete and structural grade steel. .Joists are to be on 24-in. centers. This 
floor is for the center bay of a building five bays wide. 


DESIGN SHEET 5 


Assume weight of stem, below flange, us 200 


I, SOO 


jr 


Superimposed lo;ul = 

2 , 000 ' 

AVith one layer of bars, d will be approx. 24 — 2^2 21.5" * — — 0.28 


liy (2«i) 
Ily CiO) 


= Vi’oOUo! 80 j' = ''' 


Montent at center — ^ (2,(HK))(I8.5)2 =- 685,1 

O') 

Solution as (’use 111 'P-bcam 


(.^asc I. 




t 


For/f -• 700, /., - 18,000, n 15 and == 0.28, from Table 2, K lies between 107.0 
and 115.1, and j> lii‘s l)ctwcen 0.(1067,5 and 0.00716. 

15.3" 

' 3.7 \ .(r) 


I’ry K — 111. Ity (45) h — 
Hy (14; 


685,000 
( 111 )( 21 . 5)'2 

K =. (113.1) (j"!i) + (i<'i’ «)(^V;i) " 

3 . 


p - «l ‘W'l«)(,'"a) + -0.0070.^ 

□ " 


Hy (42) 

By (44) 

Width of stem 

AVoigbt of aO-m, below flange -- t0.(>2)(18) = ISO O.K, 

At >io point of span, by (17) 


A. = (0.00705) (13.3) (21.5) = 2.02" 

I 0i)\ 

= V3 X 2 ; -f 4- 3" = 9?.i" 

ri5o 


= 2-and 


^ (2,000)(0.4)(18.5) _ ,rT^/0'^ 
(5.1)(().86)(21.5) 


At fat^e of support, liy (18) 

From Diagram 4, a »= (0,31) (13.5) (12) = 69 

.n 


(2,000) (9.25) 
(9.62) (0.86) (21.5) 




Max. stirrup =-• 

oO 


(1.28)(2,02) « 2.59 = 12-?ii"0U-8tirrup8 

21.5 

0.43" =» H" <t> 


Stirrup spacing in terms of a = 0.043; 3 0.104; 0.145; 0.212 

in inches «= 3", 3 0 7>i" 10", 

(«) 

Solution as Case II T-beam 

For j = 0.28 K = 107.9 p = 0.00675 (From Table 2.) 
n 1. 085,000 ... o„(/) 

’’ (107.y)(21,5)J " 

By (44) A, - (0.00675)(13.8)(21.5) = 2.00° = 2-H"0 and 

The balance of the design is the same as Case III above. 


1 See table on p. 466. 





460 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 6-3X 


DESIGN SHEET 6 


For this steel arrangement d = (approx.) 25" 


t = BJ/'i -•V? = 0-22 X. = (4)(l,250) + (2)(1.5026) = 8.19° 
a 2x5 

P - = 0.00.585 


M _ 3,000,000 
^ “ bd'‘ (.5(i)(2.5)* ^ 


■' (50) (2.5) 


Knter upper half of DiaKnini 2 with these values of Kf p and ^ 


A - 10,000 

t 


/fu’ 


Enter lower half of Diagram 2 with p, ^ and /, 

/, 

Spacing of bars in bottom layci 
Steel should be re-arranged. 


12 


025 #/°" 
- 3 - 4.5 
3 " 


l,t.)" clear 


DESIGN SHEET 7 


A.C.I. Specifications; -t-5/ = —.If 


12 ’ 


= 40 

Assume weight of slab as 


60#/°' 


Sujierimposcd lo.ad 


75 

135 


#/□' 

I/'d' 


A = 750, A = 10,000, M = 15, = 0.413 


//' 

Load per joist = (2) (135) = 270 

Try 8" joist.and 2" slab, d = 10 - lli - = 8.12" j - = 0.24C 


From 'fable 2, A' = 115.7, p = 0.0082, j = 0.894. 

M = (J 2 ) (270)(20)> = 108,000"* 


By (10) 

By (44) 
By (17) 


108,000 

(U5.7T(8J2)» 


(a) 


14.15 

.4, = (0.0082)(14.15)(8.12)-0.94' 
(270)(0.4)(20) ^ 

(2.350) (0.894) (8.12) 


D" 


— 2 -ili'V bars per joist 
Use deformed bars 


By Table 5 width of beam = 5' = (2)(l)s;) + (2)(H) + 112 = 5.62" at center 

By (26)^** 6' - (40)*io^894)K'i2) ~ " ^Ouired width of joist at support without 

stirrups 


Weight of floor = (2)(12) + ® ((«)(6) + (H)(9.3)] -= 51#/°'^'*^ O.K. 

/262\ I n" 

AtBupport-Af « -108,j «-101,000"^ A, « O.S4 ^ 

Rectangular eection K = 133.r». By (10) I/' = = 10.2^' 

(loo.o) (8.62)* 

Make joist 6" wide from center to quarter point flaring to 10" wide at support. 
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For solution see Design Sheet 7. The following notes appiy to that sheet: (a) Assum¬ 
ing one >i-in. square bar carried through straight in bottom; (b) stirrups are rarely used 
in ribbed slabs, but joists are flared from the quarter point to end of span; (c) d •= 8.62, 
as only the cover for a slab is required for top steel; (d) this difference of 18 lb. per ft. 
between actual and assumed weight should I>e taken into account—in this case it permits 
the steel to be reduced by using two K-in. round bars (area ■= 0.88 sq. in.) where the 
uncorrented value of A, was 0.94 sq. in. (joist width computation is corrected). 

BEAMS AND SLABS REINFORCED FOR COMPRESSION 

Cement is clie-aper than steel for reinforcing concrete against compression 
and the do.signcr sliould realize that compre.ssive reinforcement of beams and 
slabs always exacts its penalty of added cost, both in the construction of the 
work and in the labor of design. There are many cases where the use of com- 
pres.sivo roinforcenient is justified, however. In the design of T-beams at the 
sujtjtort (really rectangular beams as has been pointed out) it may be less ex¬ 
pensive to put in compression steel than to build forms for brackets or haunches. 
This is commonly true when the necessary amount of compressive reinforcement 
can bo secured by simply lapping across the support the usual straight bottom 
bars from the beams on cither .side. 

32. Formulas.—Additiomal symbols are required for the formulas used in 
the calculation of double-reinforced beams. The .symbols used in the formulas 
that follow are as given in Appendix A with the following additions: 

Ki = factor exi)ressing ratio of resisting moment of member with balanced 
reinforcement (but wdthout compres.sive .steel) to M®. 

Ki = factor exi)re.ssing ratio of resisting moment of couple formed of C 
and its balancing tension to 6d®. 

K — factor expressing ratio of external moment to M® = if] -|- Ki. 

Pi = steel ratio for member w'ith balanced reinforcement. 

Pi = steel ratio for the tensile steel added to balance the compression 
steel. 

p — total teusih' steel ratio = pj 4- p;. 



'■■Sfee! area 

Section Stress Dmgrezm 


Fia. 9.—Stress distribution in doubly reinforced beams. 

In Fig. 9 some of the above symbols are illustrated, and relationships are shown 
permitting the ready derivation of Formulas (57) to (61) inclusive, which a:e 
commonly used in design. 
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The usual formulas expressing the relationships in rectangular beams rein¬ 
forced for compression are given by the Joint Committee as follows: 

Depth to the neutral axis k = + ?>'^ ) + ’‘“(p + p')’ — »i(p + P') (49) 


For balanced reinforcement k may be taken from Table 1. 
Depth to resultant compres.sion 

gW -h 2p'nd’ (k- 
k^ -t- 2p'n 

Arm of resisting couple jd = d — z 

J'his is commonly assumed as j = 0.80 in design. 
Compresisive unit stress in extreme fiber of concrete 

/ = 

Compressive unit stress in longitudinal reinforcement 


(50) 

(51) 


(52) 





(53) 


Tensile unit stress i longitudinal reinforcement 

M ^ M 
pfinU A,jd 


Formulas (17) to (23), inclti.sivo, for bond stress and web reinforcement apply 
to double reinforced beams the same as to ordinary beams. 

These formulas have been re-written' so as to facilitate their use in design, 
and Tables 3 and 4 are based upon this treatment. 

Percentage of tensile reinforcement 


P 



A-" (k_d'\ 

2n(l - k) V3 d / 



(55) 


Percentage of compressive reinforcement 


K 

/. 

■*( 


k 


(' - .9 
i')(>-n 


(56) 


Tables 3 and 4, pp. 470 and 471 respectively, give value's of p and p' for various 
values of y and y -, and for ^ equal to 0.1 and 0.2. 


A simpler of formulas Ls based on the combination of a flexural member 
with balanced reiidorcement and a couple composed of the compression in the 
compressive reinforcement and the tension in added tensile reinforcement to 
* By Mr- Ralph U. qC Chicogi/. 
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balance. On this basis the formulas take very useable form and are applicable 
to T-boams as well as to rectangular beams.* 


M 

Factor for external moment K (57) 

Factor for compression reinforcement couple Ki = K — Ki (58) 

Percentage of added tensile reinforcement ps = - -(59) 

Total percentage of ten.silc reinforcement p = pi + pi (60) 

1 — k 

Percentage of compression reinforcement p' = j>- —(61) 


Values of k, pi,j and K for rectangular beams may be taken directly from Table 
1, p. 466, or for T-beams from Table 2. These arc Ihe formulas to use in de.sign 
whenever the actual condition docs not fall within the limited range of Tables 
3 and 4. 

33. Steps to be Taken in Design. Tn the design of a rectangular beam with 
compressive reinforcement the values of h and d are limited and known; otherwise 
compressive reinforcement would not be u.sed. The steps in de.sign are as 
follows; 

(c) Determining // from the shearing unit stnsss by Formula (18) takings = 

(6) Com]>ute K by Formula (57) and also K/f, and A'/fc 

(c) t'heck to see that w and d'/d are within the limits of Tables 3 and 4. If 
so, dclermine the value of p and p' by inlerpolation from these tables. 

(d) Comi)ute Ai (= pbd) and A' (= p'hd) and determine the number and size 
of bars. 

(e) (,’heck the bond unit stress on the tensile reinforcement bj' F'ormula (17). 

(f) Complete the design of web reinforcement as in a rectangular beam. 

In case the values of n or of d'/d, found under (r) alrove, are outside the range 

of Tables 3 and 4, tin; design can l)c made by solving equations (65) and (56). 
h'or this purpose the value of k is taken from Table 1. 

If a T-beani is to be designed with compressive reinforcement, or if a rec¬ 
tangular beam is beyond the range of Tables 3 and 4, the steps in design using 
Formulas (.57) to (61) are as follows; 


1 Formulas (59) anti (01) are derivwl as follows from Fig. 9, considerinp: only the couple composed of 
C* and ita balancing tension T': 


Mi a* Kihd* « np'Stbd" 


> pif,bd‘ 


' (■ -a 


From (6) 


From (a) and (6) 


Mi 

'' w* ■ 


Ak 1 


i'-o 


(a) 
^ ( 6 ) 

(50) 


(61) 
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(<i) Chock the shearing unit stress by Formula (IS). 

(6) Compute K by Formula (.'>7) and K» by Formula (58) taking the value 
of Ki from Table 1 or 2. While consulting this table, also record the 
values of k and pi. 

(c) Compute the value of pj by Formula (59) and of p by (60). 

(d) Compute the value of p' by Formula (Cl). 

(c) Compute A, (= pbd) and A' (= p'bcO and determine the number and 
sise of bars. 

(/) Check the bond unit stress on the tensile reinforcement by Formida (IT). 

(g) Complete the design of the web reinforcement. 

34. Designing Details.—If it Ls desired to cut off the compressive reinforce¬ 
ment .short of the point of inflection, the compressive unit stre.ss must be computed 
by Formula (5.3) or Diagram 3, p. 474. This diagram gives the emboiiment 
necessary for any compres.sive unit stress at any specified bond unit stress. 

After the steel areas have been determined at the center and at each end of 
the member, considerable study is frequently necessary to determine the most 
effective way of arranging and bending the bars to provide these areas with the 
lea-st waste. Unle.ss the load is uniformly distributed the load-shenr-moment 
graph will be found a most useful aid in detailing a beam w'ith compressive rein¬ 
forcement. From this graiih the location of the section where the compression 
steel is no longer required is easily found, using Formula (57) rewritten as follows: 

Ml = Kibd^ (02) 


in which Mi is the value of the ordinate to the moment curve at that section. 
The tension and web reinforcement is detaileii in the same manner already 

described for rectangular and T-beams. 




rri 


1 

1 



yng 


.j 







(b) 

Comprt»3ian Tte 
bftrrvp Combined 


The compression steel is generally 
required to b(^ tied in the same manner 
iis the longitudinal steel in a tied column. 
For this purpose 3i-in. round ties at 8 in. 
on centers are not alw'ays sufficient. A 
safe rule is to use sufficient ties so that 
their cross-sectional area per foot of 
length of nicml>er shall not be less than 
10 per cent of the area of the com¬ 
pressive steel. The spacing at tfic .sec¬ 
tion of maximum stress should be not over 8 in. and the tie area may be. decreased 
as the stre.ss decreases, where such refinement is warranted. Figure 10 shows 
detaib of the projKjr bending of compression lies. 

When compression reinforcement is used in an isolated beam (as between two 
elevator shafts), care must be taken that the beam is not made too slender for its 
span. In general the width of an isolated beam should be not loss than }io of 
its clear span. If necessary to re<luce the width below this figure, the compressive 
unit stress in the concrete should be reduced in accordance with the formula 


Action El«VA(IOrt 

rej 

Compression Tie Onfy 

Ties for Compression Steel 
Fiu. 10.—Ties for comproBBion steel. 


Per cent reduction in stress = 3L/6 — 90 (63) 

Blttstrative Problem.—To design a beam whoso web dimensions are limited to 36 in. 
wide by 14 in. deep^ for a coneentrat-ed load at the center of 20,000 lb. and a uniformly 
distributed superimposed load of 850 lb. per ft. over the entire 20>ft. clear span. At the 
center, a 2>d*in. slab permits of a total effective flange width of 64 in. This beam is the 
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middle ipan of a continuous beam of five opal spans, the adjoining span being loaded in 
an identical manner. Design the T-section at the center and the rectangular section at 
the support for /« «« 700 and /* *= 18,000. 

For solution see Design Bheet 8. The following notes apply to that sheet: (a) Moment 
coefiicients taken from three-roomont diagrams; (&) moment crM>fiicient9 taken from 1921 
J. C. Specifications: (c) allows for $^-in. slab rods over ll^;i-in. compression bars; (d) allows 
for ^B-in. slab rods over 1-in. tension bars; (e) from Table 6, p. 472; (f) seven 1 square 
bars in compression, or equal area. 


DESIGN SHEET 8 
Moment due to concentrated load(°) 

At center -^M (0.1.*?) (20,000) (20) (12) - 

At support -M « (O.X19)(20,000)(20)a2) = 
Moment due to uniform Ioad(*) 

Weight !>eam = 450 


Superimposed load 


jr 


625,000 
572,OOO" 


1,300’^'^’ 

At center +A/ = (•Jj'o) (2,300) (20)» =. 390,000"* 

At support -M = (l% 2 )(2,300)(20)» = 520,OOo”* 

Total moment at center = +1,015,000 ^ 

Total moment at support = —1,092,000 
T-beain Design: 

For/. - 700,/„ - 18,000 and n - 15, from Table 1 or Table 2, A = 0.368, d ^ 14" 
2-»h ^ 11.37" ^ 


0.20 

- 123 


d 11.37 

From Table 2, A'l 97.6, pv - 0.0000, j ~ 0.907 
9 ,-' _ 2.25 

d 11.37 
1,015,000 
(6i) (11.37) 2 

A'a =-• K - Kx = 123 - 97.0 »= 2.5.4 

““ 18,000 C l - 0.20) 
p =- 0.00176 -h 0.006 = 0.00770 

A, « (0.00776)(11.37)(64) = 5.65^"' 
7“l'V bars, tension 


<(' = 1 + M = 2)i", 

K at center (5 — 6-1") 

By (58) 
ny (59) 

By (00) 


By (61) ,/ = 0.00170 (o:|or-O^o). “ O-; 

A' -= (0.006ril)(11.37)(C4) = 4.8l'^ 
Hectangular Ileum Design: 

d at support = 14 — 1 — — ««(<») 


r- * 1,092,000 

A at aupport = - 210 


00661 

— O-l'V bars, compression 
« 11.87'' 


0.22 


By (58) 
By (59) 
By (00) 

By (61) 


p2 ■ 

P 


216 - 113 
_ 113_ 
18,000(1'- 0.22) 
0.tK)72 -f- 0.00805 


d' ^ 2 + H ^ 2.C2" 
d' ^ 2.62 
d Ti.87 
113 

0.00805 
0.01525 


A, » (0.0152.5)(11.87)(24) = 4.34'"' = 6-l"0 bars, tension 

p' - 0.00805 - 0.0343 


A' = (0.0343) (11.87) (24) 


Width required at support 
By (17), at support u 

By (17), at Ho point^^^ u * 


(6)(2.06)^‘'' + (7)(1.25) + 3 = 27.2" O.K. 


‘0.80^ =,7-1)4 ^ IrnrK, i’omproasion 


(10)(l,.300) + 10,000 
' ■(6)(314)(Ky(11.87) 

(8)(!,s00)(10,000) 

(7)(5.00)(J4)(ii;37) 


118 


i/a" 


Hook ends. 


59 


#/□" 
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Table 1.—Rectanqulab Beams 


n 

/. 

A 

fc* 

} 

kj 

P 

K 

n/e 

n(l -k) 

15 

16,000 

650 

0.379 

0.874 

0.330 

0.0077 

107.5 

1.64 

0. 0405 


700 

0.396 

0.868 

0.344 

0.0087 

120.4 

1..52 

0.0437 


750 

0.413 

0.802 

0.356 

0.0097 

133. 5 

1.42 

0.0408 

1 

800 

0. 429 

0.857 

0.367 

0.0107 

146.9 

1.34 

0.0499 

i 

»r>(i 

0.444 

0.852 

0.377 

0.0118 

100.6 

1.20 

0.0531 



900 

0.458 

0.848 

0.387 

0.0129 

174.5 

1. 19 

0.0561 


18,000 

050 

0 351 

0.S83 

0. 310 

0.0063 

100.8 

1.85 

0.0361 



7(K) 

0. 308 

0.877 

0.323 

0.0072 

1,13,1 

1.72 

0.0388 



750 

0. 385 

0. 872 

0.335 

0.0080 

125.7 

1.00 

0.0416 


8(K) 

0. 400 

0.867 

0.346 

0.0089 

138.7 

1.50 

0.0444 


850 

0. 415 

0. 862 

0, .357 

0.0098 

151.9 

I 41 

0.0471 


900 

0.429 

0. 8.57 

(1.367 

0.0107 

16.5.4 

1.34 

0.0.900 

12 

16,000 

850 

0, 389 

0.870 

0. 338 

0.0103 

143.2 

L.-ir 

0.0531 


0(H> 

0.402 

0. 866 

0.348 

0.(U13 

156. 5 

1.48 

0.0560 

1 

950 

0.415 

0. 802 

0. 357 

0.0123 

170.0 

1.41 

0.0591 


1.000 

0.428 

0. 857 

0. 800 

0.0)34 

183. 5 

1.33 

0.0623 


1.050 

0 441 

0. 8.53 

0. 37.', 

0.014.5 

197. 3 

1.27 

0. 0()5K 


I.lOO 

0. 4.53 

0. 819 

0. 3S4 

0 01.56 

211.5 

1. 21 

0.0690 



1.1 50 

0 464 

0. 845 

0. 392 

0.0167 

225, 8 

1. 16 

0.0721 



1,200 

0. 474 

0. 842 

0. 398 

0.0178 

239.8 

1. 11 

0.0750 


IS.OtHI 

8.50 

0. 361 

0. 8H0 

0. 318 

0. (MJH.', 

134..3 

1.77 

0.0171 



900 

0. 375 

0.87.5 

0. 328 

0.0093 

140.8 

1.67 

0.0500 



950 

0. 388 

0. 871 

0. 337 

0.0102 

ir.9. .T 

1.58 

0. 0529 



1.000 

0.400 

0.867 

0. 346 

o.om 

172.3 

1.50 

0. 0.5.56 



1,050 

0.412 

0. 863 

* 0 35.5 

0 0120 

186. 3 

1.43 

0.0583 



1,100 

0. 423 

0. 859 

0. 36:i 

0.0129 

199. 4 

1.37 

0.0610 



1,150 

0. 434 

0. 85.5 

0. 371 

0.0138 

212.7 

1 31 

0 0639 

1 

1,200 

0.444 

0. 8.52 

0. 378 

0. 0148 

226. 3 

1.25 

0. 0665 

10 

16.000 

1 ,050 

0.396 

0.8GS 

0.343 

0-01.30 

180.3 

1 .53 

0.0656 

' 

1.100 

0. 407 

0. 864 

0.3.51 

0.0140 

193. 5 

1 46 

0. 0687 


1, ! 50 

0.418 

0.861 

0. 3.59 

0.0150 

216 9 

1 39 

0.0718 


1,200 

0. 428 

0.857 

0. 360 

O.OIUI 

220. 4 

1.34 

0.0749 


1,250 

0. 438 

0. 8.54 

0. .-w:) 

0.0171 

234.0 

1.2H 

0.0780 

1 

1,3<K) 

0.44S 

0. 851 

0. 38(» 

0 0182 

247 8 

1.23 

0.0811 


1..'150 

0. 457 

0. S4S 

0. 387 

0.0193 

261.8 

1.19 

0. 0843 

1 

1,400 

0. 46<i 

0. 

0. 393 

0.0204 

276,0 

1.11 

0.0875 

; IS.000 

1,050 

0. 308 

0.877 

0.323 

0.0108 

170.4 

1.72 

0.0582 

' 

1,100 

0.379 

0.874 

0.331 

O.OU6 

182. 9 

1.64 

O.OGIO 


1.150 

0 390 

0.870 

0. 339 

0.0125 

195. 5 

1.57 

0.0638 

1 

1,200 

0. 400 

0. 867 

0, 34(i 

0 0133 

208. 3 

1. 50 

0. 0606 


1,2.50 

0. 410 

0. 863 

0. 353 

0.0142 

221.3 

1.41 

0.0694 

1 

1,300 

0. 419 

0.860 

0. 360 

0.01.51 

234. 5 

1.39 

0.0722 

' 

1,350 

0.428 

0. 857 

0.367 

0.0161 

347, 8 

1.34 

0.07.90 

! 

1,400 

0.437 

• 0. S.'',4 

0. 373 

0.0170 

261.4 

1.29 

0.0778 


Applies to auy type of beam. 
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Diagram 1. 

Values op/„ p , K , k and j kob Ueotangular Beams with Tension Steel Only. 

n - 10 
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Table 2.—T-bbams 

n - IS 


Values 

of'- 




Values of K 

, J, luui p 





/j « 10,000 


/. - 

18,000 


d 


1 /, » 650 

I 

700 

j 760 

j 800 

650 

1 700 

1 

750 

1 800 


K 


83.0 

1 

1 89.7 

i 90.6 

74.5 

! 111.3 

87.7 

94.7 

0.10 


0.027 

0.027 

0,926 

0.0926 

0.928 

0.928 

0.927 

0.026 


P 

0.00613 

0.00558 

O.OOOOOj 0.00650 

1 0.0044^ 

>1 0.0048C 

> 0.00527 

’ 0.00570 


K 

82.1 

89.5 

97.0 

!j04.6 

70.9 

1 87.4 

95.1 

102.7 

O.IS 


0.919 

0.919 

0.918 

0.917 

0.921 

1 0 . 920 

0.919 

0.918 


P 

0.00567 

0.0060S 

j 0.000.59 0.00710 

0.00482 

t: 0.00527 

0.00574 

0.00G20 


K 

87.0 

95.4 

103.6 

111.4 

84.8 

i 92.9 

101.1 

100.3 

0.20 


0.912 

O.OIl 

0.910 

0.909 

0.914 

i 0.913 

0.912 

0.911 


V 

0.00507 

0.00653 

0.00709 0.00705 

1 0.00516! 0.00506 

0.00616 

0.00666 


K 

91.7 

100.7 

109.2 

118.0 

89.0 

! 97.6 

106.4 

115.3 

0,22 

3 

0.905 

0.904 

0.903 

I 0.902 

0.908 

! ().9on 

0.905 

0.904 


P 

0.00034 

0.00090 

0.00760 0.00818 

0.00545! 0.00000 

0.00654 

0.00709 


K 

96.7 

106.1 

114.3 

123.8 

92.4 

101.9 

ini.2 

120.5 

0.24 

3 

0.899 

0.897 

0.890 

: 0 895 

0.902 

1 O.IKH) 

i 0.899 

0.897 


P 

0.00000 

0 .00733 

0.00708 

0.00863 

0.00570 

'1 o.oooaoj 0.006.S8 

0.00716 


K 

98.0 

^os.x ! 

118.9 

:i28.7 : 

96,2 

'105.2 

11.5. I 

126.0 

0.20 i 

1 3 

0.S93 

j 0.891 i 

0.890 

! 0.888 

0.807 

' 0 89.5 

0 893 

0.891 

1 

1 P 

0.0(>(i94 

; 0.00705. 

0.00831 0.(K)906| 

1 0.00591, 0.006.5.5 

0.00717 

0,fK>780 

i 

K 

101.7 

ill2.1 i 

122.7 

,133 2 

97.4 

'107.9 ! 

118.6 

128.7 . 

0.2S 1 

3 

O.KKR 

1 0.S8S ! 

0.884 

0.882 

! 0 892 

1 0..S90 j 

0.888 

0.886 


P 

0.00717 

I 0.00792| 

0.00867 

0.00941 

0.00607 

! 0.0067.*>' 

0.(K)7I2 

0.00809 


K 

103.8 

1H.9 1 

126.9 

'136.8 

90.1 

'llO 0 

121.1 

132,0 

0.30 

3 

0 KK3 

0.880 1 

0.879 

0.876 

0.889 

’ 0.H86 1 

0.883 

0 880 


V 

0.00730 

0.0081.5| 

0.00896 

, 0.00976 

0.00621- 

0.00692, 

0.(K>762 

0 00833 


K 

J0.5..6 

117.0 '128.4 

139.8 

100 2 

i 

; 111 . .5 

12.3 . 0 

134.6 

0.32 

J 

O.H70 

0.870 

0.874 

: 0.871 

0-SH7 . 

0 8S2 ! 

0..S79 

0.876 


P 

0.007.51 

0.00831; 

0.00910 

0.01002 

0.00629^ 

0.(K)70.5l 

0 00778 

0.00853 


K 

100.0 

IIS.O 1130.4 

!142 3 

100.7 

112.5 

12-1 4 

136 4 

0.34 

J 

0.870 

0.872 

0.870 

1 0.866 

0 , 88.5 ( 

0.8S0 i 

0.876 

0.K72 


P 

0.00701 

o.ooHio! 

0.00937 

1 0.01026 

O.OOU33 

0.(M)7l.5! 

0.(M)790 

0.00H69 


K 

107..3 

ii9.7 !: 

131.8 

1144.2 


113.0 

12.5.2 1 

137.6 

0.30 

3 

0.874 

0.870 i 

0.867 

' 0.862 


0 879 1 

0 875 1 

0.870 


P 

0.00707 

0.00860- 

0.009.52; 

1 0.01043 


0.007161 

0.0079Kj 

0.00880 


K 


120.2 

132.9 ! 

!146.6 

i 

; 



0.38 



0.808 i 

0.866 

0 869 

1 i 









’ 1 

0.00801 



K 


. ^.33 4 

146.5 1 


1 


0.40 



1 




j 







0.00900' 

0.01067 


[ 


0.00889 


K 

j 

1 






0.42 



1 ' 








.i 

.1. 

n 011171 






K 

i 

107.52 i 

121)..?r, !i3;t.si 

146 94 :i00.81 

113.11 ' 

126.74 ' 

138.66 

k 

3 

O.H74 

0 . 808 

i0.802 

0.8.57 ; 

0.883 

0.877 ; 

0.S72 1 

0.867 


V 

0.00709 

0.00807 

0.00968 

0.01071' 

0.0063l| 

0.00716; 

o.oosoi! 

O.W)889 

.All 






j 


- 


values 

k 

0.3786 1 

0.3902 

0.4128 

0.4287 

0.3513 1 

1 

0,3684 1 

0.3.846 ! 

0.4()(K) 
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Diaoram 2 . 

DfcsiaN Diagram f^r ’F-miiAHe. 
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^ Si 
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* Bftiod on a aimilar diagram in vol. 1 of ** Bridge Engineering'* by Waddell. 


Vettues of k 













Table 3.-Beams Reinforced for Compression and Tension 

Values of p and p' for Various Values of Klf* and iC//e 
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STBVCTURAL MEMBERS AND CONNECTIONS [Sec. ^34 


Tablk 5.—Abeas and PERrMBTERs OF 1, 2, 3 OE 12 Bars 



A* (nn. 

in.) 


1 Size of bur 


Sd (nq. in. per in.) 

1 

2 

3. 

12 

1 

No. of bars 

1 

2 

3 

0.1104 

0.22 

0.33 

1.32 


1.178 

2.36 

3.53 

0. 19B3 

0 . :«» 

0. 59 

2.30 


1.571 

3. 14 

4. 71 

0.2500 

0.50 

0.76 

3.00 

H □ 

2.000 

4.00 

6.00 

0. 2008 

0.01 

0.92 

3.08 

H4- 

1.904 

3. 93 

5.89 

0.4n8 

0.88 

1.33 

5. 30 

?40 

2. .350 

4.71 

7. 07 

0. no 12 

J.20 

l.SO 

7.22 


2.749 

5. 50 

8.25 

0. 7815 

1.57 

2.30 

9.11 

1 0 

3.142 

6. 28 

9.42 

1 . 0(KK) 

2.00 

3.00 

12.00 

1 D 

4 .000 

8.00 

12.00 

1.2050 

2. 53 

3.80 

15. 18 


4. .500 

9. 00 

13. 50 

1.5025 

3.12 

4.09 

18.75 

D.n 

.5. 000 

10. (K> 

1.5. 00 


i 


Table 6.--"Arkas, Pkhimeters and Weiohts, Combinatjon of Foou Bahs 






A 

2 

2 




I 



I 

i 



Hnr 



?M0 

10 




.1* 

i.sq. in.) 

i (HM. in.) 
I»T in. 

WoiKlit. 

i (lb.) 

piT ft. 






0. 7H 

«.2S 

2 67 





. 

. . ; 0. S9 

7. 14 

03 






. . ’ 1. (M) 

7 07 

3, -12 






. . 1 J.00 

8. 00 

3.40 






.. 1 i.n 

7.93 

3. 79 




.. 


.. 1 1.23 

7. S« 

4. 17 

2 


■■ 



. ! 1.28 

7. 8.5 

4. 34 

2 




.. j i-.-is 

8. 71 

4. 70 

2 



! :: 

.. i l.."0 

8. 61 

.5. 09 





J 1.70 

9. .50 

,V7U 

4 




.. , 1.77 

9. 12 

6.01 


2 


1 

. . i 1.82 

9. 43 

6. 17 

2 

2 



2. (M) 

10. 21 

7. 09 



2 

i 

2. IS 

10. 21 

7. 40 


4 



. . '2. 40 

11.00 

8. 18 

2 


2 

1 

. i 2.45 

11. (M) 

8.34 


2 

2 



. . 1 2. 77 

11. 78 

9. 42 

2 



2 


.. i 2.88 

12.71 

9.80 



4 



.. 1 3-14 

12. 56 

10.07 


2 • 

•• 

2 


.. 1 3.20 

13.49 

10.89 



2 

2 


.. i 3.57 

14.28 

12. 13 


2 



2 

.. ; 3.74 

14.49 

12.69 




4 



4.00 

16. 00 

13.60 



2 


2 


4. 10 

1.5.28 

13.94 




2 

2 


4. .53 

17.00 

15.41 



2 



2 

4.70 

10.28 

15.90 





4 


5.0G 

18. 00 

17.21 




2 



6. 13 

18.00 

17.42 





2 


5.60 

10.00 

19.23 







0.25 

20.00 

21.25 
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Table 7.—Abbas, Pbbimbters and Weights, Combination of Six Bars 



Bar 


A. 

£o 

(sq. ill. 
per in.) 

Weight 

(lb. 

per ft.) 


M * 

I tft 


1M° 


(sa. in.) 

0 






2.05 

14.14 

9.01 

3 

3 





3.13 

15. 31 

10.04 


0 





3.61 

16.40 

12.20 

3 


3 




3.68 

10.49 

12.50 

2 


4 




4.02 

17.27 

13.67 


3 

3 




4.10 

17.67 

14.13 

3 



3 



4.32 

19. 07 

14.71 



f. 




4.71 

18.84 

10.00 


:i 


3 



4.80 

20.24 

10. 33 

2 



4 

■■ 


4.88 

20. 71 

10. 00 



t 

2 

.. 


r,. 14 

20. 56 

17.47 


ir 


4 

.. 


5.20 

21.50 

17.77 


3 

3 


• ’ 

.5, 36 

21.42 

18.20 


3 


3 


r,. 60 

21.74 

19.04 


. > 


2 

5.67 

21 50 

19.27 



C. 


0.00 

24.00 

20.40 


3 


3 

6.16 

22.92 

20.91 


1* 



■t 

0.26 

23. ,50 

21.30 



1 

2 

6. .5.3 

25. 00 

22.21 



3 

a 

6.80 

25. ,50 

23.11 


3 



3 

7.04 

24.42 

23.94 



4 


2 

7.13 

20.00 

24.22 


' 1 


(i 

7. GO 

27.00 

2.5. 82 


• ; 

3 


•■1 

7.00 

27.00 

26.14 





4 

7.82 

20.28 

26. 58 


: [ 


I 

2 

8. lU 

28.00 

27.84 



3 

! 4 1 

8.25 

28.00 

28.05 


; 1 


a 1 3 ! 

8.48 

28. .50 

28.84 




2 , 

4 

8.78 

29.00 

29.85 





3 

9.38 

30.00 

31.87 
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STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 6-34 


Diagram A. 



Length of Embedment to Take Off Stuehs in Hond. 



Unit Sth£s» in Compressive Esinforcement. 


Iisoool 
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STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 6-»4 


Diagram 5. 

Number and Spacing gp Vertical Stirrups undjir Uniform Load. 


fferfio of /sngth reijuiring otirri/ps.ft, to c/emr spon.L 



fSO 
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/eo 

//o 

/oo 
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SO 

40 


Shee>r//T^ unit stnsss, v,(*f enn/ of beetm 






Spacing c. to c. stirrups in torms of ‘'a’' Area At of all stirrups in beam—U shaped 


Sec. 6>-341 


REINFORCED CONCRETE MEMBERS 


•oNOW:t^os«oeo©ap!geo.oK^»HOOc©e>l5 t 
u»e9i^oo©'^""C3»e.to^Ogo'‘0 90.-<o»o*«*c-( <xo 


« a- 60 N> © '4< ra M < 


ssssssssssssssssssss 

©o»oot-tdioi"we^.H004odr»«fi>»0'^’we^^ 


i.-fO^oor-i’-too'vwwNi 


C0i»l-l'-l-®©>C«5'*t<^«CCe0NNi-*'^OO »to 


: o o -f -e ed eo eo ec oi ci w • 


fOroeCCOCOINNWMC^i 


i.-,,M.-i^©©000 


''I *1^ ic O r-» .-H -f © -H © 
© •- C* MO <» © C- © •■r O 
©©©©©©©© — .H 


©©©©©©©©©< 


©OOOC©©0© — — 

6 © 6 ©o’d©d©c’c©©©©C( 


•■0 00 ro -t* I 

eo 05 t TT • 

© © © O > 


I I- -c r- «oe'i»-' 5 i-'iz.i- 

■ o lO © »- 05 © a -51 •— © t- © 
.©©©©©©©^"'-—■Cl 


®ll 


[ ■!• Oi S fls A 'h 

‘ T! 3 O Si Sf O 


B © i S^.-g'S 

9 L. d s d ^ 
a> 10 h 0) ^ 


©©000©0©©0®©000©0© 


acjecreooccceeocoooce 
00 '-‘«>CJO ■— C^^5C5©P5•©■^ *ooow 

(Me00505P505'»f*t‘-H>0‘C©r>.00OC>J-t'ffilO 
©©00©0©®0©©0®0-^*^'^'-'CO 


0000©®©©©0©0000000© 


ro 'r* I'o © u o <0 > 


S'i'.n A3^S,S S S'5 ,? <1 ^ .s .s .S ,5 

■i-<-H0t'MC'ie'»<M«eo-*'‘O©©’.t‘ec 

00000©0000©©000000w-w 

dddddddddddddddddddd 











































478 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 6-34 


Diagram 6. 

Proportion al Part op Longitudinal Steel Permitted by Moment to 
BE Bent Down near Support. 

Notr.—H y reversing terms he.nl and straight in left-hand legend, the proportional 
part of longitudinal stool porrnittod by moment to be bent up at Boctions away from the 
center imiy bo dpU*rmined from this diagram. 



Distance from bend point to support in inches 





























i^f^/aes of "rise" 0 in inches 
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Diagkam 7. 

Lkngth of Sloping Poktion of Longitudinal Bkam Baks. 

Note.—S oi struighiodffo on any two known quuntitios and road oonnurront value of third 

quantity. 
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Diagram 8. 

Approximate Dimensions op Ribhed Slabs as Governed by Shearing 
Stress op 40 Lb. per Sq. In. 


3ifpenmposefif Lowf in lb,per stf.ft 
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Tabm 8.—Weights of Ribbed .Slab Construction 


Vie corrcrefe consfrucfion 

Corf»r^~ 


iiiSliiiiiliNii 


Open Joist Constriction 
h' • ' v U ' ArVip^Corer 

0Ojf 


trAfM ' 



iUt-a/fatfr triUffA 

Depth 

Width 

of 

joist* 

(in.) 

iSpac- 

ing 

c. (o c. 
joists 
(in.) 

Weight 

Depth 

1 

Box 1 Cover 
(in.) j (in.) 


Spac¬ 

ing 

C to c. 
joints 
(in ) 

W'eight 

Tile 

(in.) 

Cover 

(in-) 

Per 
foot 
of joiHt 

(Ib.) 

Per 
sq. ft. 
of floor 

(lb.) 


Width 

of 

joist* 

(in.) 

Per 
foot 
of joist 
(lb.) 

Per 
eq. ft. 
of floor 
(lb.) 

4 

+ 2 

•I 

lit 

nn 

50 

8 -f 

2 

4 

24 

80 

40 

4 

4- 3 

4 

10 

S2 

02 



5 

25 

90 

43 

6 

-h 2 

4 

10 

72 

r»i 

» + .-i 

■< 

24 

104 

52 

5 

-i- 3 

4 

10 

ss 

OG 



5 

25 

115 

55 

a 

+ 2 

4 

10 

78. 

58 

10 4 

2 

4 

24 

88 

44 




17 

8n 

G1 



3 

2iy 

100 

48 

0 

4 3 

4 

I«t 

00 

G8 

JO ^ 

■ 3 

4 

24 

IJ2 

50 



r, 

17 

10.3 

73 



n 

23 

125 

00 

8 

■4 0 

•1 

10 

no 

41 



i) 

2C 

138 

04 



fi 

IS 

7ri 

r.o 

12 + 2 

4 

24 

96 

48 

8 

1 2 

4 

in 

01 

08 



r) 

25 

no 

53 



0 

IS 

111 

71 



n 

2C 

124 

57 

8 

4 3 

4 

in 

107 

so 

12 4 3 

4 

24 

120 

60 



C, 

IS 

120 

8« 



.5 

2.5 

135 

65 

]() 

+ 0 

4 

J« 

72 

54 



0 

26 

150 

69 



li 

IH 

02 

ni 

15 4 

2 

r> 

25 

125 

60 

10 

1- 2 

4 

in 

101 

78 



0 

20 

142 • 

60 



fi 

18 

12K 

8.5 



7 

27 

159 

71 

10 

1 3 

4 

in 

120 

00 

1.5 4 

3 

5 

25 

100 

72 




18 

iin 

07 



n 

26 

1G8 

78 

12 + 0 

4 

in 

84 

fi.3 



7 

27 

18G 

83 



f> 

IS 

108 

72 

18 4 

3 

f. 

2G 

186 

86 



S 

20 

132 

80 



7 

27 

207 

92 

12 

1- 2 

•1 

in 

Jin 

87 



s 

28 

228 

98 




IS 

114 

ftn 

21 + a 

G 

20 

204 

91 

12 

■•1 

' -4 

16 

132 

104 



8 

28 

252 

108 


: 


is 

inj 

108 



10 

30 

300 

12C1 


• Widtli of joist, ill .<ilioar iimy be tak<‘n as i in. larger tliaii joist width. 

> Widlli of joist ill ahear may be tukun as 1 in. larger than joist bottom width if joists are flared at 
top as shown above. 

Three-inch covit is roijiiireil to endn'il cmiduilM where no separate floor finish is usihI with ui>on joist 
construction. 


SLABS SUPPORTED UPON FOUR EDGES 

• 

When designed in aocordiincc with the provisions of most city codes, the two 
way slab supported at its four edges, is uneconomical and its use is therefore 
limited. It has long been known, however, that such slabs possess a surprisingly 
high load-carrying capacity and it is the convinclion of engineers familiar with 
tests that such members should be figured as slabs and not as beam strips. The 
design of such members is therefore in a period of transition, the old formulas 
being in disrepute while no agreement has been reached among engineers generally 
as to the proper moment coefficients to use in the light of reopnt test data. 

31 
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36. Beam-strip Method of Design.—Considered purely as a member, using 
the beam-strip method of design, with the bending moment diagram fully known, 
there are no new design problem.s involved. The formulas are the same as those 
stated for one-way slabs in Art. 1, p. 432, and the design procedure is the same, 
except that the weight of the slab is considered to be distributed between the two 
sets of reinforcing bars in the same proportion as the superimposed load. For 
squiire sl.'ibs the load is con.siderod as equally divided between the two directions. 
For rectangular slabs, the Joint Committee report of 1916 recommends the fol¬ 
lowing division of the load between the long and short directions: 



in which r — proportion of total load carried by shorter span, a — length of 
longer span, b — length of shorter si)an. 

Figure 11 giv(>s the distribution of the load between the long and short 
directions in accordance with the formula above. 



Fio. 11.—Load distribution in rncianjtulHr slabs. 

The formula r — is an average of a number of formulas in general use; 

and is considered by many to reprc.sent the actual distribution of load more 
clo.sely than the .loint Committee formula. 

When designing by present beam-strip methods, some allowance is made for 
the decrease in moment near the supported edges. A common allowance is to 
permit of a 20 per cent reduction in total steel area, effected by an increased 
spacing of the bars in the outer (luarters of the jianel. 

36. Slab-analysis Methods of Design.—The proper design of such slabs by 
true slab-analysis methods has not yet been standardized and various proposals 
are continually being made. The designer is advised to consult an anal3fsis by 
Prof. Westergaard of square and rectangular slabs.* 

37. Detailing the Reinforcing Steel.—In detailing the reinforcing steel for 
two-way slabs, considerable confusion in the field may be avoided by using 
straight bars in the outer quarters of the panel and only bending up the bars 
near the center. Bent-up bars at the corner run afoul of each other. The steel 
for negative moment over the column may well be bent into the shape of squares 
(or rectangles)j the bending being all in a horizontal plane. These squares 
may then be laid directly upon the beam steel, thus saving one layer and increas¬ 
ing the value of d for both beam and slab. 

* I^ooeedlnics A.C.I., vol. 17, 1921, pp. 430-439. 
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Illustrative Problem.—Dosign a two-way interior floor panel 16 ft. 0 in. X 20 ft. 0 in., 
supported on each edge on steel I-beams and carrying a superimposed load of 200 lb. per 
sq. ft. Use Chicago stresses! and take the positive and negative moment on each beam 
twZ* 

strip as The total steel may bo reduced 20 per cent. Use 1 in. for protective cover. 

For solution see Design Sheet 9. The following notes apply to that sheet: (o) Since 
the supports are I-bcams and not monolithic the span is the full panel dimension; (&) the 
steel in the long direction will be placed above that in the short direction at the center and 
below it at the panel edges. 


DESIGN SHEET 9 

a = 20' - 0" h = 10' - 0" a/b ^ 1.25 r = 1.25 - 0.5 = 0.75 
Kuporimixisod load = 200 
A.s.'iiimc S" slab = 100 

///□' 

Ix)!id in short direction - (0.75) (300) — 225 

#/□' 

Iroad in long direction = (0.25) (300) 75 ' 

A =- 700 A = IX,000 K = 15 K * 113.1 f, =-. 0.0072 (Table 1, p. 466) 
Short Way: 

.1/ - (225)^"^ (10)2 =..-,7,000 

h ^ 12". d 2 d - 0.0" 1 1.4 - S" slab. O.K. 

.1. — (0.0072)(12)(0,0) = 0,.57 ^ ~ b'i" on centers. 

Outer ((uarteiN =- (0.0)(0.57) = 0.34^'V^ = al 0" on ceiit(;rs. 

l.ong Way: 

M - (J",) :«),ooo 

d = S - 1 - O.T.'i 0.2.5"(») 

aW?." on ceuters. 

Opitor (jiijirtiTs = (0.0)(()..‘iU5) — 0.183^ .. at 13" on ci-ntors. 


FLAT SLAB FLOOR PANELS 

38. General Description. - A flat slab floor consists of a slab of concrete 
resting directly upon regularly ,s))acod columns without supporting beams or 
girders except at its edges, or to carry heavy concentrations of load. The 
further limitation that the percentage of reinforcing steel shall not exceed p = 
.01 in any direction at any point is commonly applietl. The more common types 
ait) distinguished liy; , 

1. The upper ends of the columms arc flared out into column capitals. 

2. The slab surrounding the column is thickened by means of a square or 
rectangular drop, 

3. The slab at the center may be made thinner by a panelled ceiling effect 
(this is used only under very heavy loadings). 

4. The slab may bo lightened by means of hollow tile or other fillers, in a- 
manner generally similar to ribbed slab construction. 

1 8uq table on p. 43G. 
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As flat slabs have or do not have the various features listed above they are 
distinguished by various names, as follows: 

1. Drop constructum in which column capitals and drops are both present. 
This is the most common type. 

2. Cap construction has the column capital but no drop. 

3. Column consbruction without either column capitals or drops. 

4. Panel construction, same as drop construction but with slab reduced in 
thickness at center by means of panelled ceiling. 

5. Tile construction, in which tile filleis are u.sed to lighten the weight and 
which may conform otherwise to any of the above tyxxss. 

The differences in design are not great and only the drop construction will 

receive full treatment here. 
Figure 12 gives sections through 
four of the above t ypes and will 
visualize the es.sential differ¬ 
ences in construction. 

Flat slabs are classified in 
still a third way into “sys¬ 
tems” dcirending upon the 
arrangement of their reinforce¬ 
ment, as follows: 

1. Fotir-way system, having 
bands of rods running directly 
from column to column in both 
directions and also bands of it)ds running from column to column in both diagonal 
directions. 

2. Three-^oay system, having bands of rods running from column to column 
only, but with the columns arranged at the corners of t riangles. 

3. Two-way system, having bands running directly from column to column in 
two directions, and having the intervening space reinforced by other sets of rods 
parallel to these bands. 

4. Ring system, in which at least the portions of the slab surrounding the 
columns and surrounding the panel center are reinforced by .s( ries of rings or by 
continuous flat spirals. In .some ca,ses the remaining portions of the slab are 
reinforced by groups of straight rods, in others additional rings are forced to do 
an unnatural duty in these i)arts. 

The four-w'ay system has been longest in u.se and the patents have largely 
expired for this type. The two-way and three-way systems are also standardized 
through long and successful use. The ring system is the latest to arrive and 
considerable change from present practice would not be surprising, ore this type 
becomes standardized. 

Flat slabs are used commonly for structures carrying floor loads of 100 to 
150 lb. per sq. ft. or more. For the tyjaia of occupancy requiring lighter floor 
loads than these, the column capitals and drops are generally objectionable, 
while column construction which eliminates the capitals and droi)s is very much 
more expensive. ' 

39. Comparison of Various Specifications.—In discussing the design of 
reinforced concrete beams and slabs as structural members, we have assumed that 





1 

__ 1 _ k t , 1 

Not l9aa than j 



Drop Construct’iori 


Rwnel CoMsifuefrtort 
(c) 


till. . 

V" 



1 La. 



Constrcfcften 

(b) 


Column Cmts^ruc^ion 


Fio. 12.-—Typ«s of flut 
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the external loads, shears, and moments were fully known in all oases. In the 
case of flat slabs, in like manner, some specification must be selected as a guide in 
determining the external conditions. Of all such spwifications, the Chicago 
flat slab ordinance comes the nearest to being in general use and has been so long 
in use as to demonstrate its conservative character. The American Concrete 
Institute Specifications are in most resisjcts equivalent to the Chicago code and 
have the advantage of being so drawn as to apply to varying sizes of column 
capitals where the Chicago code is drawn for one fixed size, c = 0.225L. The 
New York code is much more recently adopted and its slightly lower moment 
requirements are offset by the lower unit stresses permitted in design. The 1921 
.1. C. rejmrt, while not fully considered at this writing, recognizes much the same 
moment coefficients for the reinforcing steel but increases them for the concrete, 
thus re()uiring thicker slabs.’ Tables 9 and 10 give a resumd of the principal 
provisions of tlu!S(! specifications. 


Tabuk 9. —Dksign Provisions for Foitr-way .Square Interior Flat Slab Panbls 
w'lTii Drops and Capitals. IIabei) upon 2,000-lii. Concrete and n = 15 



A.f I. 

ChicaRo 

New York 

1921 Joint Cum. 

(%iiieret<.> stress. /, . 

750 

700 

050 

800* 

Hteel slrefts, /.. 

H) i.s.ooo 


10.000 

10-18,000 

l''ixcd col. capital. 


0. 22ruj 

0. '2'2hL 


Formula No. 

(01) 

(05) 

(04) 

(64) 

Slab thickite.s8. 

t. * 

(, - 0 02Z7V»' 

tl “ 

/i - 


0.2Lv'io + 1" 


0.2L\/ \D + 1" 

0.2L Vw + F' 

8lab -b drop, tj. 

<1.07(1 

<1.07(, 

> 1.33fi 


Min. drop width. 

0. 

0. X\L 

0. 33Z.< 

0.33/v 

ShcarinR strcHR* (odKc f»f 
capital). 





niURuiial tension^ (imIrc of 
drop). 

oo#/'>" 

0„#7 □" 



Formula No. 

«Hi) 

(07) 

(08) 

(69) 

Total iiionicnt oo«*ff.*. 

Affl * O.OOWi 

Mq « H’VIO 

A/o « wt./n 

A/o - 0.09u>L 







(h — f/c)’ 



V - .It) 

— Mt Column strip*. 

r»(> 

HT./ao 

wLm 

51-.57 %Af# 

+ Afe Column strip. 

IS-20%.If0* 

H7./S0 

WL/m) 

18-20%.Wo 

— Mm Middle strip*. 

l.S-20%A/o» 

W]./ 120 

IFL/133 

lH-20%Afs 

+ Middle strip . 

lO-12%A/o'‘ 

W7,/120 

frz./ioo 

7-9 %A/o 


1. Maximutii tib«'r ntrcHs coniputfid by Bpocial funiiula litkiriK into uocuunt vuriution iu intenuty 
of stresB ucrosH the column strip. 

2. Soo OhicuRo ofide for special formula for flat slab on columns without capitals or drops. 

3. The iiioinent oocifleients in table arc for four-wny type bnly Csec Table 10 and various speeifica» 
tions for coefficients for other types). 

4. Effective steel area, OhicaRo « one direct + one diagonal baml. Other specifications ** one 
direct + component of two diagonal bands. 

5. Effective steel area, ChicaRO « one diagunal hand. Other s])ccifioutions — uoiiipoueut of two 
diagonal bands. 

tt. The A. C. I. s))eciflcational lows 10 per cent of total moment to be assiRiied to sections by designer. 
The peroentoges tabulated arc proper for four-way type with drop. One htmdred per cent of Afo must be 
used on the 4 sections. 

7. Figured on vertical section throuRh edge of column capital. 

8. Figured on vertical section of depth jd on edge of drop. FiRuros in parenthesM arc formula 
numbers for text reference. 

1 Changed to conform with practice, <faii., 1923. 
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Table 10.—Desion Provisions for Two-way Square Interior Flat Slab Panei.s 
WITH Drops and Capitals. Based on 2,000-lb. Concrete and n — 15 



A. C. 1. 

Chicago 

Now York 

1021 Joint Com, 


(00) 

(70) 

(OS) 

(00) 

Total luonuUit corfT ........ 

M\i S3 O.JMlWi 

{h - yc)2 

Mm =r. WL/\ri 

Mm - WL/n 

Mm 0.00 wL 

— Afe Column strip. 


TfL/30 

WLfS'i 

47-53% 

+ Me Column strip. 


wim 

WL/»n 

19-21% 

— Mm Middle strip. 

14- 10% 

WL/120 

WL/Wi^ 

14 10% 

Middle strip. 

14- 10% 


WL/\:is 

14-10% 


The allowable concrcto and stoel fiber the size of column ciipital, the .slab and drop thick- 

neswes, the width of the drop and the ullowalde ehcariue stresses are tlio same for two-way u.s given for 
four-way in Tabic 0. 


The various specifications should be studied in all their details. Note that 
the A. C. I. specification applies to all .shapes of column capitals and to all pro¬ 
portions of panel dimensions (within the jHirmitted variation) without modifi¬ 
cation. It is recommended for use wherever some other specification is not 
compulsory. 

The symbols used in flat slab forinulas, and not heretofore listed, arc given in 
Appendix A. Figure 13 shows the usual division of a flat slab iianel into design 
strips. In the designation of the strips the 1921 J. report has been followi^d, 
while in the notations the more flexible A. C. I. speeifuaitions are used. 

40. Assumption as to Tensile Stress in Concrete.—One of thii ns.sumptions 
commonly underlying the design of reinforced concrete is that the teiesile .stress 
which admittedly exists in the concrete .shall be negleided. Thi.s assuniption is 
reasonable in the ca.se of beams and girder.s in which large i)erc(nitages of steel 
are crowded into small stems, and its use greatly simplifies tin; design forinulas. 
When, however, the iiercentage of reinforiang steel is low and distributed widely, 
as is practically always the ca.se in flat .slab.s, the tensile nsistance becomes im¬ 
portant and dc|)cndable. To take account of this tmi.sile re.si,dance ainl still use 
the simple formulas, the moment coefficient,! in flat slab de.sign ha v<! been naluced. 
Where the theoretical total moment coclFnient is M = 0.12r)«’i!,(f« — i/c)'* the 
A. C. I. specification (which agrees with the others citcal in the table within very 
narrow limits) calls for a design total moment of il/„ = O.fyMvhiln —qcY. Thus 
the concrete has been credited with approximately 28 per cent of the entire 
tensile resistance. To be consistent, this moment coefficient reduced on account 
of tension in the concrete, should not be applied to the concrete in comprcs.sion. 
The 1921 J. O. report proposes ^ir the first time to design the concrete for the full 
statical moment, and for good measure, takes account of a variation, alleged to 
be very large, in the compressive stress acro.ss the column strip. Since it does not 
recognize any increased compressive unit stress at the support (as is done in 
beams), the net result is to require abnormally heavy slabs. In view of the very 
satisfactory experience with present Chicago slab thicknesses under severe and 
long continued test loadings, in many of which te.sts the stresses have been meas¬ 
ured, it is doubtful if a designer is warranted in following the new J. C. to its 
extreme position. The presence of the drop undoubtedly largely reduces the 
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variation in compressive stress across the column strip. There would seem to be 
an ample basis of experience beneath the provisions of the various specifications 
in Tables 9 and 10. The fiber stress in compression at the support should not be 
increased as it is in teams. 



Pesyn strips of rii^ht angles are similarly locafeel. 

Fid. 13.—Frincipnl rleninn scftiujiH in ncnord.-inno with 1921.1. C. and A. C. I. spenificationB. 

41. Steps to be Taken in Design.—For design purposes a flat slab floor panel 
is divided into two strips (in each direction) called the column strip and the middle 
strip. The column strip is bounded by two lines parallel to the panel edge and 
distant 1 on either side of it, while the middle strip comprises the slab between 
the column strips on either sale. Figure 13 illustrates these design strips and, 
together with Fig. 12, much of the notation of the design formulas. On each 
strip the maximum po.sitive moment at the center and the maximum negative 
moment at the, panel edge are assigned definite values by Table 9. The first step 
in design of a four-way flat slab panel in accordance with the Chicago code is to 
compute the values of ic, IF, and IFL, and to do this the weight of the slab roust be 
assumed. Table 11 may be used as a guide and will enable this assumption to be 
made with great accuracy. Check the slab thickness by Formula (65)* and revise 
if necessary. Two-way, three-way and ring types take the same slab thickness as 
four-way. 

> s<.e Tabic 9. 



Squabb Interior Flat Slab Panel 

American Concrete Institute Specifications 

18,000 /, = 750 n = io c = 0.225L 
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Next determine the bending moment + Mt at the center of the column strip. 
Determine d from the slab thickness and compute the steel area for the direct 
band of rods. The two formulas used are 

+ M, = WL.m and A. = 

Determine the nurater and size of rotls to give a spacing in a band 0.4fj wide of 
between 4 and 9 in. 

Next determine the design for the center of the middle strip, using the formulas 
+.¥„ = TTI,/120 and A. = 

d for this section will be less because there are two layers of rods. Determine 
the number and size of rods to give a spacing in the diagonal hand (0.4/. wide) 
of 4 to 9 in. also. For the two positive moment sections and for the negative 
moment .section of the middle .strij), the compression in the concrete practically 
never controls, as the formula for slab thickness is determined by deflection 
considerations. 

Next determine the negative moment on the column slrij) from the formula 
— Me = TFL/.10. The compressive stress governs at this section. (Compute 
the required value of and select values of h and d to agree. The value of ft 
will be fouml in Table 11 or any other vtdue between the limits of ()..'{/. and 0J>L 
may be substituted. The value of K will deixjud upon the s1resses/c and/, as in 

I-Me 

beamde,sign. The value of d may be solved cUrectly from the tormula d = ■y' ^ -■ 

Compute A, for this value, of d and determine whether or not one direcd, Iwind plus 
one diagonal band W'ill j)rovide sufficient steel area, llj-bendingupsonadraction 
of the rod.s in each band the required area is generally made up without difficulty, 
but in some cases it is advantageous to incnaise either ft or <1 to facilitate a con¬ 
venient steel arrangement. Th<! total thickness thn)ugh the slab Jiral drop will be 
d plus two rod diameters plus the necessary protective covea- for a slab. Check 
to .see that this total thickn(;ss does not exceed 1 /a times thi; slab thickness alone. 

Next design the slab for negative monumt (jn the middle strip using t iu! two 
formulas 

-M„ = If/Vl20 and .1. = 

f-Jil 

and determine the numlxir and size of rods. 

Check the design for shear and diagonal tension. Along tiie ]jeripliery of the 

column capital the load causing sliear will be V - v (jj- — ” ^ and the shearing 
V' . * . 

unit stress will be a = .in which d mast be taken for the. combined slab and 
iced 

drop. This stress must not exceed 120 lb. per sq. in. for 2,000-lb. concrete. The 
A. C. I. limits this stress to 100 lb. jxir sep in., which is a better stress limit to ase. 
At the periphery of the drop the loud causing shear (as a measure of the 

y 

diagonal tepsion) will be V = wiL^ — P), and the unit stress will be v = 

This stress must not exceed 00 lb. per sq. in. Figure 14 illustrates shear design 
assumptions by various specifications. 
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If panel construction is used, the eompressive stress at Ixjth sections of positive 
moment must be checked. 

The bond stress, so troublesome in beam design, will rarely require investiga¬ 
tion in flat slab design, as small rods, shallow depths and long spans make an ideal 
combination for low bond stresses. 

The protective cover on flat slabs should be the same as on other slabs. For 
ordinary i>rotection only, in. clear of concrete above and Mow the steel is ade¬ 
quate with proper spacing and supporting devices. One inch will be sufiicient 
cover for highly fire-resistive construction. 

In the steps giv(!n above a design in accordance with the Chicago fiat slab code 
has been outlined. If any of the other three sjMScifications given in Table 9 had 
been u.scd, the stops would have been the same, using specified moments, except 
that the area of steel in the diagonal band resisting positive moment on the middle 
strip must be taken as the right sectional area of two bands multiplied by the sine 
of the angle between the bands and the section. In like manner for the negative 
moment in the column strip, the component of the two diagonal bands will be used. 



AC.I Chicff^o 19SIJC 

by Three 


Fi(j. 14.—Sli<‘ar ui. coliniin by fiirtM? specificatums. 


For the two-w.ay and three-way type of flat slab the various specifications 
should be consulted. The number of layers of steel at various sections may also 
be different, which will affect the value of d. A'ery coramoidy also the size of 
bars used in these typos will be somewhat larger than in the four-way t 3 ’^pe and 
this again will affect the value of d. In Table 10 the design moments at the 
principal sections are listed in the two-way type. 

42. Floor Loads Coming on Lintel Beams.—^Wherc w.alls of sill height occur 
at the boundarie.s of flat slab floors, it is generally possible to design a beam of no 
greater depth than the combined drop and slab thickness and, if this is done, no 
floor load need be figured as coming upon this lintel beam (some city ordinances 
do not agree with this). If, however, the wall is a solid brick wall for the story 
height, the beam must be deeper and will be so stiff as to take a portion of the 
load and weight of the floor. With the four-way or three-way types the area of 
load considered as coming upon the Untel beam should be taken as a triangle 
equal to one-fifth of the wall panel area. With the two-way type this should be 
increased to one-fourth. 

43. Interior Beams.—Where fire walls occur on interior column center lines, 
the beams must carry the wall plus the above portion of the floor load on each 
adjacent panel. For other beams the designer mu.st make similar allowances for 
floor load unless tlieir depth can be kept within the combined thickness of slab 
and drop. 
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44. Diameter of Column Capital.—Tho colunm capiial diaraetcr, c, may not 
be less than 0.225Z< in Chicago. If it be made greater, no reductions in the 
moments are permitted. Under the A. C. I. si»icifications tho column capital 
diameter should preferably be not less than 0.2Ij but may be any diameter and 
the moment depends upon the size. Very large column capitals should not be 
used upon small columns. The diameter of the column capital should not in any 
caes exceed three times the column diameter. Bending in the columns due to 
unbalanced floor loading must always be taken into account in design. 

45. Size of Drop.—The drop should be not leas than 0.31/ in width and not over 
0,5L in any case. The combined thickness of slab and drop must not exceed one 
and two-thirds times the slab thicknesis alone. The diagonal ten.sion along the 
edge of the drop will commonly determine the minimum drop size. Very large 
drops are objectionable since they cut up the forms badly. In rectangular panels 
the drop is made rectangular also and the above limits apply to parallel dimen¬ 
sions of drop and panel. 

46. Slab Thickness in Panel Construction.—The slab thickness, at the 
center when panel construction is used, should not be less than two-thirds of the 
nominal slab tliickness, ti, and the width of the ceiling panel should not exceed 
two-thirds of the parallel dimension center to center of column. When a drop is 
used with panel construction the panel dimension should not exceed (L — h). 

47. Slab Thickness without Drop.—When no drop is iis(k 1 , the slab thickness 
is determined by tho compressive unit stress at the column cajutal (the width of 
beam being taken as the full width of the column strip) or by the shearing unit 
stress along the periphery of the column capital. This shearing stress 
should be determined as' in footings for a section concentric with the column 
capital and removed a distance d from it. The total load causing shear will be 

V — — ^(c -)- 2d)’'^and the shearing unit stress will be v = 


This stress should not exceed 60 lb. per sq. in. 

48. TUe Fillers.—Tile fillers should not be permitted within the area com¬ 
monly covered by the drop and where the shearing stresses are increasing rapidly. 
In general the ends of rows of tile should be not less than 0.2L from the column 
center lines to which the rows are perpendicular. 

49. Details of Design.—Steel detailing of flat slab design has been badly 

abused in many cases in the past and unsatisfactory results can be traced to 
this fault in some cases. Flat slab bars should not be lap-spliced at sections of 
ipaximum moment. When any .splicing at such sections is necessary, each bar 
end should be carried to the quarter point of the adjoining span and the lap 
counted as two full bars in tension. A portion (not less than one-quarter) of the 
bars in the direct bands should be carried through in the bottom of the slab to 
an embedment in the drop, for the same reason as in beam design. At the outer 
walls this portion may well be increased to one-third. Of the bars which bend 
down from the upper level over the coliimn to the lower level at the center, a 
portion should be jii^.just outside of the drop (there is generally a supporting 
bar at this point) rest at a greater distance, where they can be spared in 

tension, thus reinforang a zone just outside the drop against diagonal tension 
In considering the point at which this second group of bars may be bent down, 
the designer must remember that while the moment reduces much the same as in 
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a beam, the tensile stress in the steel is sharply increased at the edge of the drop. 
This section will commonly require the same steel area as the section at the 
column capital. Hence, the bending down of bars depends upon the decrease in 
the moment between the edge of the drop and the point of inflection. The point 
of inflection will be farther from the column center and is generally considered to 
fall at the quarter point of the span center to center of columns. 

The rods in the upper part of the slab near the column are commonly sup¬ 
ported by two bars placed just outside the edge of the drop and themselves resting 
upon precast concrete blocks of the proper height. The rods in the top of the 
slab for negative moment in the middle strip are supported in like manner upon 
two bars upon slightly higher precast blocks. These supporting bars, also the 
number and height of concrete blocks, should be shown and specified upon the 
design drawings. A small allowance for crmvning or lifting of the rods at 
the column is generally necessary. 

Radial head bars or column bars bent out into the slab were common features 
of certain designs but have been shown by test to be inefficient reinforcement and 
are no longer used. Circumferential bars (rings or spiral) were also formerly 
used under the slab sttiel at the column. They are now placed on top if used at 
all, but their effectivene.ss as tension reinforcement is largely offset by the weak¬ 
ness they cause. Such bars tend to form continuous circular cracks following 
the bar extending deep into the slab and tending to precipitate a shear failure. 
Further, the concrete under the exceedingly high local compression against the 
bar yields plastically, with the result that these circular cracks tenb constantly 
to increase in size, and deflections are increased. The recovery from de¬ 
flection with circular reinforcement is much less than with the usual bands of 
small rod.s. 

60. Compression Reinforcement in Pflace of Drop.—Compression reinforce¬ 
ment in the bottom of a flat slab across the column has teen used in some eases 
in place of a drop. It is far from economical. Further, the shearing stresses are 
greatly increased and it is very difficult to reinforce a flat slab against high 
diagonal tension stro.s.ses. Such web reinforcement must be very small to be 
effective on so small a depth and the labor of placing it is excessive. 

61. Use of Wire Mesh.—Wire mesh has been frequently proposed and occa¬ 
sionally used for flat slab reinforcement. If provided with closely-spaced welded 
intersections, it is csi)ecially adapted to this use and somewhat higher tensile 
unit stre.sses may projMjrly be permitted. New York city code permits 20,000 
lb. per sq. in. on such material iind some cities even more. 

62. Rectangular Panels.—The A. C. 1. moment formula is so expressed as to 
apply directly to rectangular panels and is recommended for use wherever possible. 
The Chicago code is somewhat irrational in its pVovisions for rectangular panels 
and gives designs that do not agree with test indications. Using the A. C. I. 
specifications, the procedure is exactly, the same as with square panels, the values 
of h and h interchanging in the two directions. The computations for sections 
parallel to the shorter dimensions of the panel should be made first since they 
detennine the drop thickness for both directions. The slab thickness may be 
based upon the average panel dimension, except that the minimum value of L 
in Formula 64 should be 0.9 of the longer panel dimension. Almost all specifica¬ 
tions agree that when the ratio of longer side of panel to shorter side exceeds four 
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to three the floor should be designed in some beam type of eonstniction and not 
as a flat slab. 

63. Flat Slabs Supported on Walls.—Flat slabs should not be designed for 
support on walls at one or more edges. Such support requires special con.sidera^ 
tion as it materially affects the curvature of the slab and the moments developed. 
The safe rule is to provide column support at the edges of all flat slabs and carry 
the walls as curtain walls on these columns. 

Illustrative Problem.—To design a four-way flat slab interior panel, 20 ft. square, for 
a suporimposed load of 200 lb. per sq. ft., including floor finish. Allow ^-in. protective 
cover and use Chicago strosscs for 2,0004b. concroto and hard grade steel. 

For solution see Design Sheet 10. The following notes apply to that sheet: (o) Deduc¬ 
tions are: 1 in. for two layers of rods, 94 in. for cover and ^ in. for crowninff of the slab steely 
(6) the higher fiber stresses permitted at the support of beams and girders are not available 
for flat slab design. 

Illustrative Problem.—To design a four-way flat slab interior panel, 18 ft. by 22 ft., 
for a superimposed live load of 250 lb. per sq. ft. and a wood finish floor weighing 22 lb. 
per sq. ft., allowing cover and using A.C.I. specifications. 

For solution see Design Sheet 11. The following notes apply to that sheet: (a) This 
trial is made to determine whether the average span or 0.9 times the longer span is to be 
used in thickness formula; ( 6 ) there are two bands, the effective area of each being its 
right area times sin o; (c) two bands, with seven lapped rods each, provide twenty-eight 
round rods whoso effective area in this direction is 0.775 times their right area; (d) 
same steel, but only 0.G35/0.775 as effective in this direction as they were in the 22-ft. 
direction; (c) would not appear well to have drop wider in 18-ft. direction than in 
22-ft. direction; (/) see wording of the A. C. I. specification. 

niustrative Problem.—To design a two-way flat slab exterior panel for a suporimposed 
load, including floor finish, of 125 lb. per sq. ft. The panel dimensions are 18 ft. c. to c. 
columns perpendicular to the wall and 20 ft. c. to c. columns parallel to the wall- The 
superimposed lintel load is 250 lb. per ft. Use A. C. I. specifications for 2,000-lb. concrete 
and hard grade steel. 

For solution see Design Sheet 12. The following notes apply to that sheet: (a) qc/ 2 is 
the distance from the column center to the ('enter of gravity of the semi-perimeter of the 
column capital, and is the reduction in span at either end due to the presence of the capital; 

( 6 ) column strip on first interior column center line in wall panel); (c) half column strip 
along wall, not including lintel; (d) moment over first interior column; (c) 80 per cent of 
moment of interior strip = ^3 of moment of wall strip; (/) considering the lintel beam only. 


DESIGN SHEET 10 


Superimposed load 

- 200 ^^°' 

/. = 700 

From Table 11 dead weight 

= IjW ( 8 ” slab) 

/. - 18,000 

Total dead and live load 


K = 113.1<“> 

h »a0'-0'' c = (0.225)(20) = 4'-6" diam. 


Vr = (300)(20)* ■= 120,000'^ 

WL = 2,400,000 

= 28,800,000"^ 


By (65) It « (0.0227) (120,000) = 7.86" 8 " slab O.K. 

/-. » * • . 28,800,000 

Column strip, + M« 460,000 " 


d=8-«— 

Band width = (0.4) (20) 


A, 


360,000 


(18,000) (H)(7) 

8 '—0" Spacing rods 


3.26 '■ 


90 

i6 


= 17 —H rods 
= 6"OJ£:. 
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Middle strip, + ^ 240,000"'' 

d - H -U 


120 
^ 0.75" A, 


(18,o4^H^(0.75) “ 2-26 = 12.lrHr" <t> rods 


Column strip, - M, = 28,8TO,000 ^ qqq oqo" 


Spacing = ^ ■=.8>i" O.K. 


From Table 11, 5 = 6'-8"= 80" ^f^SO) 


106 d « lO.a" 

Total slab and drop thickness *= 10.3 4- 1 + 1 — 


Use 4>i" drop, d = 10.5'" A$~ 


JlOOjOOO 


.'i.Sl ^ 


' 30 —>a^'0rods 


(18,()00)(Jii)(l0.5) 

Bend up S — ^i"<l> from direct band and lap 0.25Z« past column center 
Bond up 7—>2"^ from diagonal band and lap 0.35L post column center 


Middle strip ~~Mm ~ +3/m 

d ^ S - n - H ^ 7 " A,^ 


■■ 240,000 " 
240,000 


(18,000) (Jg) (7) 2.18° -11 H ^ bars lO'-O" long 

9 —>^"^15' —O'i in direct band, straight in bottom 
5 ——0" in diagonal l)and, straight in bottom 

Kdgu of column capital V ~ 300(20)* ~ ^ (4.5)* ==> 115,000^ 


Kdgc of drop 

Too high. Make drop 7'-0" square 


„ = . ..IIMOO ^ #/□" 

(3.14) (54) (10.5) 

r - 300(20)2 - (0.87)* ° 100,000# 
100,000 _03#/u" 

(4) (80) (IS) (0) 


O.K. 


105,300 

(4)(84)(Js)(0) 


- r,d.7- 


#/i 1' 


O.K. 
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A.C.I. Specifications,/c = 750 /» = 18,000 K 
For Moments in 22' Direction 

h = 18'-0" h = 22'-0" L ^ 20'~0' 

22 

Diagonal span « Zi* + Za* =* 28.4 sin a = 

28.4 


*= 125.7 


' (0.9) (22) «= 19.8' 
- 0.775 


7/“) O.K. 


Since no limitations are stated, assume c = 5' —0" circular capital, g = H 
41 n' 

Superimposed LL = 250^' 

Wood floor finish =22 ^ 

Assume 9" slab = 11.3 385^^°' 

Slab thickness, by (64), I, - (0.2)(20)\/385 + l - 8.87" 9" slab O.K. 

Total moment (in 22' dirontion) M, = (0.09) (385) (18) (22 -^3^^^) * (12) 

» 2 , 010 , 000 "# 


Column strip, 4-M. = 
d =• 9 - H - = S" 


(0.20) (2,610,000) = 522,000"ff 
_ 522,000 

(18,000)(T4)(8) 


21 
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Middle strip, - (0.20) (2,610,000) = .522,000"# 

- H = 7.75" ,,„,X’r(7.75) “ " C-i) 


. 9 


2.76 


□ 


14-H 


Column strip, -Me = (0.50) (2,610,000) = 1,306,000" 
Assume 4" drop, d “13—1 — 1 =11" 


J,305^000 
(12'6.7)(il)» 
1,305 ,000 


(18,000) (K) (11) 


86". Drop 7'—2"wide (X to 22' direction) 
7.53 


□"/9- >*"0 from direct band, lapped =3.54 

— band,lapped **» 4.20^®^ 


7.80 


O.K. 


Middle strip, -Mm « (0.10)(261,000) « 261,000 

12 — H"0-“17'—0'^ in long direct band straight in bottom 
7 — —in each diag. band straight in bottom 

For moments in 18' direction 

IS 


22'-0" U = 18'-0" sin a 


28.4 


» 0.035 


Total moment M. = (0.09) (385) (22) (l8 - ’’(12) = 1,970,' 

A 

Column strip, +ilf. = (0.20) (1,970,000) = 394,000"’^ 


, 000 " 


A 394,000_ 

“ (18,000)(JD(8) - 


+ = 394,000" 




3.23° + (2) (0.635) = 2.54° =13-«4>lMir3 


Middle strip, +M. 
d - 7.75" A. 

Us© 14 —H0 rods in each diagonal band 
Column strip, -Me = (0.50) (1,970,000) = 985,000' 


d » 11" A, =5.65D"|g_ 
Width in compression, h 


— from each diag. band, iappod =3.49 


n"(d) 


from direct band, lapped 


985,000 
(125.7)(11)> “ 


= 2.35 
5 . 84 '- 


O.K. 


J 


Make drop 7'—2" squarof'^ 

Middle strip, - Jlf„ = (0.10)(1,970,000) = 197,000' 
n" 

d = 8" A, = 1.56'-' = rods ll'-O" long 

Edge of capital V = (385)(22 >418) - 4(6 + ,2)'^^ “ 


r>oo 


138,600 


.-w'iT; = 47'^° "(70 allowed) 


(3.14)(70)(1.414)(><)(11) 

Edge of drop V = (385) (22) (18) - (7.16)' - 132,50o’*' 

_ 132,600 

(4) (86) (H)(7) 

Too large, make drop 7'—6" square v = (4 )(qoK^)( 7) O.K. 
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DESIGN SHEET 12 

Use A. C. I. sjwciflcation/c = 760 /, = 18,000 K = 125.7. 

Assume octagonal interior column capitals 4'—6" diam. q = H 
Assume wall column brackets 2'—6" wide X 1'—3" deep. Col. 2'—0" X 2'—6" 
J. towall .®^‘^2.6) +^(2,.5) (2..-i) ^ ^ ^ ^ c (») 

I, to wall = 1.00 - 

Koduction in span 

X to wall « 1.07' + CH)(4.5) - 3.17' 

li to wall, int. col. =* (?|)(4.5) » 3.00' 

II to wall, wall col. — (2) (1.00) « 2.00' 

L.L = 125 By (04), h = (0.2)C19) ^213 + 1 “ 6.85 7" slab 

OK. 

7" slab = 8S 
w = 213 

Tor moments 1| to wall 

' for int. col. 

' for oxt. col. 



•— r 

ig- —, 

1 


i 

iX 

Tpi 
* ' 1 

q 0 

K 

T 

i 


f5‘J; 

^pmrmagt I 

-s 

_x 

I 

1 

1_ 


h = 18'-0" h - 20'-0" (h 


|20 - 3 « 17'-0" 
l20-2«18'-0" 


Column strip, +A/c = (0.20)(0.09)(2l3)(18)(l7)*(12) « 240,000" 


H - 6" A» 


240,000 
(J 8,000) (t8)’(0) 


2.64 


— 13 —>2 "-A rods 


Half column strip, ('■> +Afc = (H)(0.20)(0.09)(213)(18)fl8)»(12) =- 134,000" 
134,000 , □" 


ft" *4.= 


(18,000) (t^)(C) 


1.42 


— 7 — rods 


Middle strip, = (0.1ft)(0.00)(213)(18)(17.6)*(12) 203,000" 

, .r a. , w «r// 4 203,000 

(18,000) (J») (5.75) 

Column strip,!'-) -M, = A/.) - 600,000"’** 


• rods 


Asruiiu! ti'—8" drop. 5=80" d* = 


000,000 


(125.7)(80)* 

Total thi(!kiioss slab and drop = 8.6 + 1 + 1 = 10.6 

600,000 

(ix,0()0)C-,;)f8.75) 


74 d = 8.6" 


Make drop 3?4" thick d = 8.75" A, 


=4.35 - 22-H'V 


Halt column strip,C) -.1/. - °'“(134,000) = 336,000"^ 


0 . 20 ' 

-8.76" A. =2.44' 


□ " 


13-t^"<6 


Middle strip, — iWm 


(0.14) (0.09) (213) (18) (17.5) 2(12) « 284,000"" 
a" 

d » 6" Ag » 3.0 = 16 —>a''« rods 

For moments X to wall. (Moments increased 20 per cent.) 

h = 20'-0" fa = 18'-0" (h qc) 14.83' 

Columnatrip, +Afc « (1.2)(0.20)(0.09){213)(20)(14,83)2(12) = 243,000" 
Same design as in other direction, 13 —><14' rods 
Middle strip, +Afm 


.. 194,(M)0"^ 


d « 5.75" A» “ 2.15 » 11 —>!a"^rod8 

0 20 4 

Column strip,(d) —A/* “ 608,000"" 


= 8.76 A, « 4.41 


n'- 


23 — >5 rods 
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Middle strip, v-Jlf. «= ® = 170,000''^ 

-U.lD 

j j,„ A t o^*' ft . // j f Provide this no. of rode at wall and at int. 
d=6". =1.8 -9->s'Vrode{ e„ds. Hook rode into lintel. 

At wall end of column strip provide as many rods as at interior end or 15— 
hooked into column and lintel. 

Lintel Beam: 

Superimposed load » 250 Span 

Weight of beam « 150 400 


Moment at center = (400)(18)*(^/f 2) * 130,000' 


20-2 

J 


18'-0^' 


A, 


d — 8 75 6 — 1*^0,000 . — 13 5 Q K 

d - 8.75 6 - (i 23.7)(8.75)>“ 

1 . 10,000 

■ (18,000) (K) (8.76) “ 


Moment at support same as at center 
Sheer at edged 6'-8” dropC/) = 

[Beam = (2) (400) (6.67) 

1 Slab 


4/0" 

27" (or Imam 


Shear at edge of drop - 


6,330 

(0.5) (213) (18) (20) = 38,370 
43,700 

Resisting section ■= (2)(39) + 40 — (118)(Jt)(5) = 615 
+ 2 (13)(«)(8.75) = 200 
715 

„ ^ 43,700 ^ #/□" 

715 

Make lintel l>cam 18'' wide. 

[Beam (2)(400)(8.75) 


Shear at edge of cap 


= 7,000 

[Slab (0.6)(21,1)(18)(20) - (3.96)(1.23) = 37,800 

44,800 

44,800 

(46 +'40 + 38) (1») (1.414) (8.75) 


■ 04O.K. 


MEMBERS SUBJECT TO DIRECT AXIAL COMPRESSION 

There are cases in design where concrete and reinforced concrete members 
receive direct axial load only. There are many more casts where they are wrongly 
considered to receive such load by neglecting the eccentricity. Most building 
columns come in this latter class, the justification being, presumably, that present 
factors of safety are. based on tliis practice. While this matter has no bearing on 
the design of structural members, it is perhaps worth while to remember that in 
actual buildings a column under true axial compression is more rare even than a 
simple beam. 

64. Formulas.—The symbols used in the formulas that follow are as given in 
Apiiendix A with the following additions: 

A' = loaded portion of area of member (considered as surrounded by unloaded 
portions). 

p' = percentage of spiral reinforcement. 

P' = total safe load on long column or strut. 

P, = load on concrete of composite column. 

P, = load on sljeel or cast iron of composite column. 

Ta = permissible compressive stress on area A'. 

R = least radius of gyration of net section of member or of structural steel 
or cast iron core section in composite members. 
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The commonly used formulas for designing compresiiioa’ inembers are: 
For plain concrete piers, caissons, or walls 


P/A = /. = 0.25/.' 


f71) 


For columns or struts reinforced with to 4 per cent vertical rods tied with 
not less than Ji-in. round rods at 8-in. centers 


P/A = /.(I -vA-nj)) (72) 

For columns or struts reinforced with closely spaced spirals' enclosing vertical 
rods* 

Chicago Ordinance, P/A = /.(I 2.5np')(,l — p + np) (73) 

New York Ordinance, P/A = /.(I — p -|- np) -f 2f,p' (74) 

1921 J. C. Report, P/A = [300 + (0.1 -f 4p)/.'](l - p + np) (75) 

A. C. I. Specifications, P/A = /.[(I 4- 4np') — p -|- np] (70) 

For composite columns or struts of structural steel' and spiral-encased con¬ 
crete core, the .1. C. recommends 

P = 0.25/.'A -I- (18,000 - - 0.25//)A. (77) 

tc 

(The quantity in the parentheses must not exceed 10,000.) 

For composite columns or struts of cast iron' and spiral-encased concrete core 

P = 0.25//A + (12,000 - - 0.25//)A. (78) 


(The quantity in parentheses must not exceed 10,000.) 

For long columns and struts (ii/K exceeds 40) the J. C. recommends 


P'/P = 1.33 - 


h 

mk 


(79) 


For loading over a portion only of the area of a column the compre.ssivc unit stress 
may be increased to the value given by the J. C. formula 


r. = P/A' = 0.25// -^A/A' 


(80) 


'i'he radius of gyration of reinforced concrete sections is obtained by conaid(!r- 
ing the reinforcement to be of n times its actual area and to act at the same 
centroid. 

In the design of structural members subject to axial compression it is assumed 
that no external bending moment is applied to the member at any point. The 
only flexural stress taken into account is that duo to the length of the column and 
its deflection under axial load. The ends of these members are presumed to be 
substantially fixed inasmuch as pin connections are practically unknown in 
reinforced concrete. . 

66. Height or Length of Member.—The height or length of a member, h, 
is taken as the distance between those points at either end where lateral support 
is present in at least two directions making an angle of not less than 75 deg. and 
not more than 105 deg. with each other. For columns in flat slab construction, 
h is the distance from the floor to the under side of the column capital. Where 
beams frame into the column the shallower set of beams governs the value of K. 
If beams occur along one center line only, h must be taken as the clear distance 
between floor slabs. 


> For limitiog oonditiomt tte« i!to various spcolfiofttions. 
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66. General Considerations.—It is always cheapest to use a minimum amount 
of reinforcing, say H of 1 per cent, in carrying direct compression. Tied columns 
with low percentages of vertical steel are generally less expensive than spiral 
columns. The reason for this is that concrete itself is the cheapest column rein¬ 
forcement. There is another designers’ axiom that reads, “Cement is the cheap¬ 
est concrete reinforcement,” which means that a richer mix is generally cheaper 
than a larger column of the usual mix, or a column of the usual mix more heavily 
reinforced. As against the saving in the first cost of construction the tied column 
occupies more floor space than the spiral column and that is a continuing dis¬ 
advantage that remains “long after the price is forgotten.” 

The relative strength and advantages of tied versus spiral columns has long 
been a matter of rather heated discussion among engineers and equally a matter 
of serious investigation among technical committees. Tied columns have been 
charged with many weaknesses of which they are not guilty and spiral columns 
credited with a reserve strength which is probably not fully available without 
very serious damage to the supported construction. Most well-informed engi¬ 
neers would certainly prefer a spiral column to a tied column at the same cost jjer 
ton of load carried. But the tied column designed in accordance with Formula 
(72) is frequently much cheai)er while it unquestionably has an adequate factor 
of safety as compared with the rest of the structural members. In many codes 
and ordinances an insufficient number of ties is permitted. Very few concrete 
buildings have been constructed without tied columns at least in the upper stories. 
A designer should adopt a spiral column type, however, wherever ihe cost com¬ 
parison is not too heavily against it. 

The Emperger column, combining a cast-iron core with a spirally reinforced 
concrete shell, is of particular advantage where ventilating ducts are placed at 
the center of columns. In this combination the cast iron is always under com¬ 
pression and its great compressive strength is fully utilized. Where very heavy 
loads must be carried on very small columns, a structural steel core is commonly 
used. 

Where concrete columns are supported laterally for their entire height, as is 
the case with caissons, very long members may be designed without reinforce¬ 
ment. When without lateral sui)port, plain concrete piers are commonly limited 
to a height of three to four times their least breadth. Plain concrete walls are 
built to much greater heights when under very light stress and when protected 
from large temi>erature changes. 

Where load is applied to a small portion only of the area of a member, the 
stress on the loaded area may be larger than when the entire area is loaded. The 
unloaded concrete acts to restrain the portion under load. Where a column rests 
on a much larger pedestal or on top of a caisson, such a condition exists. The 
capacity of the loaded area depends upon the extent of the unloaded area that 
surrounds it and, with a very small proportionate part loaded, compressive 
strengths several times the ultimate strength of the same concrete in fully-loaded 
test cylhiders may be realized. The stress, r^, under such load concentrations 
may be computed ty Formula (80). 

67. Design of Plain Concrete Piers.—The simplest compression member is 
the plain concrete pier or caisson. The allowable working compressive stress is 
generally taken as 0.26//, although Chicago limits it to 0.2//. To find the diam- 
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eter of a circular pier or caisson, divide the load (including the estimated weight 
of the pier but not including the weight of the caisson) by the product of the 
area of the pier or caisson times For this case Formula (71) reduces to 

Diameter = 2.25“^ (81) 

For a square pier of side b, Forinula (71) reduces to 



and, for a rectangular pier of diinonsious b and d, to 

M = A = 4^, (83) 

JO 

Areas and perimeters of caissons and column are given in Table 1.5. 


Table 12.— Values op n por Various .Stkenoths of Concrete 


Valuf of n 


___ . 

Values tif /«' fur wliiu 

( n applies 



1 

A. C, I. 

i 

New Yurk 

1»2I J.C. 

ir> 

1 

1 

1,200-2,200 

2,000 1 

1: 2: 4 mix 

1.200-2,200 

12 

i 

2.201-3.300 

2 .noo 1 

1: l.r>: 3 iiiiv 

2,201-2,000 

10 

i 

3,301 up 

2,900 i 


2,001 up 


68. Design of Tied Columns.—The tied column is next in order of ease in 
design. A design graph from which the safe value of P/A for any percentage of 
reinforcement may be road directly is commonly used. Diagram 9 is a general 
graph on this order in which the steel has been tramformed into equivalent area 
and an average safe load, P/A, plotted for the core area of the column. Table 
12 gives the projier value of n to use for various values of/«' for tied columns. At 
the right hand margin of Diagram 9, values of P/A in terms of f/ are given in 
accordance with the J. C. and A. C. I. specifications. The value of /c for tied 
columns is given as 0.2// by the Chicago code and the 1921 J. C. report, as 
0.25// by the A. C. I., and .as 500 lb. per sq. in. by the New York code. For any 
particular value of /'« a design graph is readily prepared in which the safe load 
P/A in pounds per square inch is plotted against the ratio of vertical stMl. Dia¬ 
gram 10, p. 509, is such a graph for the Chicago ordinance and the 1921 J. C. 
report for 2,000, 2,500, and 2,900-lb. concrete, and for the A. C. I. and New York 
codes for 2,000 and 2,400-lb. concrete. 

To design a tied column, the first step is to a*ume a core area and find the 
value of P/A for the superimposed load plus the weight of the assumed column. 
Enter the graph (for the ordinance or specification to be used) with this value of 
P/A and detennine the steel percentage p. If no size limit exists on the column, 
the cheapest columns will be found when p — 0.005 (= 0.5 per cent). Table 13 
gives the core areas, perimeters, and weights per foot of concrete columns, round, 
square, or octagonal in shape. The volumes of column capitals in flat slab 
construction must be included in the column weight computation and may be 
taken direct from Table 14 for the range of sizes found in practice. 
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If the concrete to be used on the work is a 2,800-lb. concrete the general graph 
niay be used. The value of n from Table 12 will be 12 and the ratio of P/A to 
/'c is readily determined from Diagram 9 in accordance with the A. C. I. or 1921 
J. C. specifications given by the scales at the right. 

To complete the design after sufficient trials to eliminate any error in the 
column weight assumption, compute the number of >i-in. round ties required. 
These should be spaced 8 in. on centers and should be detailed as explained in 
Art. 64 in accordance with the number of vertical bars. When the percentage of 
vertical steel is considerable a check should be made to see that the area of ties 
per foot length of column, as cut by a section through the column center, is not 
less than 5 per cent of the area of the vertical steel. 

59. Design of Spiral Columns.—^The .spiral column is designed by more 
complex formulas, which differ widely in different specifications. The 1921 J. C. 
formula should be used wherever possible, as tests show conclusively that some 
of the column formulas in common use result in dangerously high stresses in the 
vertical steel. The J. C. formula is also the simplest to use and is covered com¬ 
pletely by the single design Diagram 11, p. 510. It is as economical as the 
Chicago code for example. 

To design a column by the J. C. formula, the weight of the column must be 
assumed and the P/A determined for the assumed column. With this value of 
P/A, enter Diagram 11, follow up vertically to the strength of concrete proposed 
to be used, and from this intersection proceed horizontally to the percentage, p, 
of vertical steel. Now lay a straight edge on Diagram 17 so that it passes 
through this value of p and also through the assumed diameter of column core 
(used to determine A), and, from the intersections of this straight edge with the 
vertical steel scale, the number and size of vertical bars may be read directly. 

The size of wire and pitch of spiral are also determined from Diagram 17, 
using p' equal to one-fourth of p (as found from Diagram 11), laying the straight 
edge so as to pass through p' and the assumed diameter and reading on the spiral 
scale. The weight of the spiral so found may be obtained from Tables 17 to 22 
and the sectional area of an equivalent cylindrical shell is also given in the table. 
The weight of vertical column steel is found from Table 10. 

To design a column by the Chicago code determine P/A as before and enter 
Diagram 12, 13, or 14 (according as 1:6, 1:4}-^ or 1:3 concrete is used). Place a 
straight edge through this value of P/A on the middle scale and the correspond¬ 
ing values of p and p' are read on the two outer scales. Economy of design tells 
us to use as small a percentage of vertical steel as possible, the code forbids using p 
less than p', and the straight edge should be swung on the RxedP/A value to secure 
proper relations of p and p'. The designer, however, should not aim at minimum 
reinforcement (p == p' = 0.006) but must remember that this ordinance will 
result in exceedingly high stresses if low values of p are used. The high stress in 
small amounts of vertical bars is due to the shrinkage and yield of the concrete 
which throws an initial compression into the steel, and the smaller the percentage, 
the higher this initial compression will be.* 

For this reasop a designer should use not less than per cent of vertical 
steel wheii designing in accordance with the Chicago, New York or A. C. I. 
column specifications. Additional factor of safety will be obtained if hard grade 

> A,C.I. Froeeedinfft, rol. 17, 1921, p. 150. 
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steel is used and in this case as low as 1 per cent of vertical steel is justified. The 
maximum percentage of vertical steel should be determined by the periphery of 
the column core and the arrangement should be such as to give not more than one 
ring of vertical bars, with the spacing of rods in this ring large enough to permit 
the concrete to flow through freely to fill up the shell. In general, this requires 
somewhat greater spacing of bars than in a beam with only one layer of steel, as 
the olosely-spa®ed spiral forms a network with the verticals that tends to hold 
back the concrete and form pockets in the shell. A clear spacing of l}i in. is 
recommended as a minimum. 

Having by a sufficient number of trials arrived at a proper relation of p, p' 
and column size, the size and spacing of the column spiral and the number and 
size of Column vertical bars may be read by means of a straight edge direct from 
Diagram 17. 

Spiral column dc.sign in accordance with the New York code is made in 
exactly the same manner as with the Chicago code, and the same limitations as 
to vertical steel percentages apply. This code results in the same exce.ssive 
compressive stresses in small amounts of vertical steel due to the shrinkage of the 
conerete. Determine p, p' and column size from Diagrams 15 and 16, and the 
spiral size and pitch and the number and size of vertical rods from Diagram 17 
as before. 

60. Design of Columns with Structural Steel Core.—To design a concrete 
ef)lumii reinforced by a structural steel core the total load P including an assumed 
column weight must be determined. In such design the maximum dimension of 
the column is commonly fixed by architectural limitations so that A can be 
assumed very closely. The total load carried by the concrete is the first term of 
Formula (77), Pc = 0.25//A. This really includes the area of the structural 
steel core also, but A is used instead of Ac for the reason that A, and hence Ac is 
an unknown to bo determined and it is simpler to use A and deduct the conerete 
stroa.s from the permis.sible steel stress than to guess at the steel area at the start. 
The load left to be carried by the structural steel core isF,=P— Pc. Having com¬ 
puted this numeral value of F„ design a steel column in the usual way for a stress 

of (18,000 —— 0.25/,') but not to exceed 16,000 lb. per sq. in. If the detail 

of the steel column is not such as to enclose and restrain the core concrete 
in a degree equal to a K per cent spiral, then a >2 per cent spiral must be 
provided. 

61 . Design of Columns with Cast-iron Core.— A. composite column of concrete 
reinforced by a cast-iron core is designed in the same manner as above except that 

the cast-iron column is designed for a stress of (12,000 — — 0.25/c'), but not 

to exceed 10,000 lb. per sq. in. The diameter of the cast-iron core must not 
exceed one-half of the core diameter of the concrete column. Also a H per cent 
spiral must be provided. 

62 . Load Applied on Part of Area Only.—Where one compression member 
rests upon another, as a column upon a caisson or pier, the top of the lower mem¬ 
ber must frequently be designed for a heavy load concentration over a small 
area. In such design, the concentrated load is known and no dead weight need be 
added. The allowable bearing stress may be computed by Formula (80). If 



504 


STRUCTURAL MEMBERS AND CONNECTIONS (Sec. fr-83 

P/A* exceeds 0.25/c' •VaJa/ the caisson top must be enlarged ot reinforced. 
For a reinforced top, Formula (80) becomes 

P/A' = X -VaJa' (84) 

in which x = the safe load upon the whole area A as reinforced (but considered 
to be without the benefit of restraint of any surrounding unloaded concrete). 
Either ties and longitudinal rods or spiral and longitudinal rods may be used. 
Top reinforcement for a caisson is best provided by carrying the column vertical 

and lateral reinforcement down into the 
caisson. The verticals should^ extend a 
sufficient distance to deliver their com¬ 
pression to the concrete at safe bond Values. 
The spiral or ties should extend to a distance, 
a (see Fig. 15), such that the load, x, com¬ 
puted for an extended base of diameter 
(c + o), by Formula (84), shall not exceed 
0.25/c'. The top of the caisson may l)c made 
of richer concrete to increase the value of 
If this is done, the richer concrete should 
extend for a depth not less than the difference 
in diiimeter of the caisson and the supported 
column, and the vertical bars should extend 
into the caisson a proper Icnglh to transmit 
their load by bond. The extension of the 
verticals is commonly effected by using 
separate dowels extending up into the column and down into the caisson, while 
the spiral in the caisson is generally separate from the column spiral. 

63. Design of Plain Concrete Walls.—Plain concrete walls are designed the 
same as plain concrete piers using the formula 

P/A = 0.2// (85) 

A section of wall 1 ft. long is commonly taken as the designing unit. The height 
of such walls is limited by the same rules as apply to brick walls or other masonry 
construction, having duo regard for rhe unit stresses permitted. Such walls 
have not been used as compre.s.sion members to a large extent on account of the 
limited number of eases in which they are so situatetl as to be free of destructive 
temperature changes and movements. In basements and similar places of low 
temperature range plain concrete walls of heights up to sixteen times their thick¬ 
ness are used, and when the Htre.ss is kept down to 0.1/e' this ratio may be increased 
to 24. If such walls are braced laterally by cross walls so that the length between 
cross walls docs not exceed 30 times the wall thickness, a height ratio of 24 with 
a stress of 0.15/c' may be permitted. Where such walls form a closed shaft, such 
as a vent, stair, or elevator shaft, whose greatest clear dimension in plan does not 
exceed 24 times the wall thickness, a stress of 0.15/o' may be permitted without 
other height limitation. 

Plain concrete*walls subjected even to normal outdoor ranges of temperature 
develop unsightly cracks which may affect their strength. Exposed walls are 
therefore required to have temperature reinforcement both vertically and 
horizontally, even though no steel is required to tak? the direct compression. A 



Flo. 15.—Design of caisson top. 



■ Sec. ft-64] 


JtEINFORCED CONCRETE MEMBERS 


50.5 


common specification is of 1 per cent in each direction. The percentage is 
properly a function of the size of rods used, however, a.s their effectiveness 
depends upon their size. The writers have proposed the following formula for 
which no sanction of established general usage can be claimed. 

p° (,0.(m0055k°tyE^ ^ ^ 

in which 

p° — ratio of temperature reinforcement. 

Ec = modulus of elasticity of the concrete. 

k", — a coefficient depending ujjon the rigidity of the supports against 
movement due to temj)erature changes.^ 
n = ratio of moduli of elasticity of steel to concrete. 
o = perimeter of one reinforcing bar in inches. 
t = range of temperature in the concrete in degrees. 

u” = safe working stress in sliding bond.* 

If we consider the probable temi)crature range in the concrete itself of an exposed 
wall us 70 deg., the percentage of deformed J-^-in. round bars would bo approxi¬ 
mately 0..5 jier cent horizontally and per cent vertically. In the parapet wall 
the temperature range would be greater, say 90 deg. and the percentages would be 
ai)proxim.ately % jier cent and per cent resjxjctively. With larger bars, or 
with plain bars, larger jH;rccntages arc necessary to have the same beneficial 
effect. 5'he minimum i>ercontage of temperature reinforcement that will do 
any good i.s generally considered to bo approximately 0.1 per centincach direction. 
Many engineers use double this ])ercentage as a minimum. A superficial con¬ 
sideration of the problem will show that very small steel areas will have no value 
under loads sufficient to crack the concrete, even considering the relief afforded 
by the formation of the crack. 

When the load on walls including their own weight is more than 0.2//, vertical 
reinforcement is required and may 1x5 computed by Formula (72) as for a tied 
column. Since the minitnum percentage for such members is yi per cent, no 
temperature steel need be added in a vertical direction butFormula (8G) must still 
be used to determine the horizontal temjxirature reinforcement. This horizontal 
steel if pro]x;rly arranged will replace the ties otherwise required longitudinally of 
the wall, so that only ties through the wall need l)e added. 

64. Reinforcement Betails.—Column vertical bars must possess some stiff¬ 
ness, a.s a bent or bowed bar under compression would throw tension into the 
concrete. Experience indicates that a t^-in. round bar is the smallest that should 
ever be used for a column vertical bar and that this size is jrermissible only in 
spiral columns where such tension is provided for. For tied columns the minimum 
size is J^-in. and the minimum reinforcement in ally single member is four ^ji-in. 
round bars. These bars are held in ahgnment during construction and the effect 

I Values of are recommended os follows: 

for bridge slabs built Into heavy abutments. 

H for outside walls of building in horizontal direction. 

0.5 for floor slabs on column support. 

0.4 for roof slabs on column support. 

0.3 for outside walls of buildings in a vertical direction. 

Va}u(» of u* are recommended as follows: 
for plain bars. 

iac deformed bars of proper design. 
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of any unavoidable slight bowing neutralized by ties placed at S-in. centers. 
Ties are always J4-in. round or larger (see Art. B8). City ordinances permit 
wider spacing of ties, especially with larger bars, but the 1921 J. C. report recom¬ 
mends this fixed spacing for all bar sizes. Ties should be so detailed as to afford 
support against outward bending for every vertical bar at intervals of 8 in. 
Figure 16 shows proper details for (a) a 4-bar column, (6) a 6-bar column, (c) an 
8-bar column, (d) a 10-bar column and (e) a 12-bar column. In a spiral column 
not less than si.v vertical bars should be used. The weight per foot of groups 
of column bars may be taken direct from Table 16, which also gives the sectional 
area of the group. 



/ e fi»s S tims 3 hms S fms 


(b) (c) (^) (e) 

Pig. Ifi.—Column tie bonding details. 

Spiral details have become standardized by long experience. The maximum 
pitch is almost universally specified as 3 in. but not to exceed one-sixth of the core 
diameter. The minimum is set at 1% or IJs in. by the manufacturing process 
and by the practical requirement that the concrete must flow from the core into 
the shell when the column is poured. Every spiral 16 in. or more in diameter 
should have at least three spacers to insure the even spacing of the coils at all 
points. Several extraordinarily severe fires have removed the shells of concrete 
columns to such an extent as to show clearly that two spacers do not insure an 
even spacing of the wire. For spirals 30 in. or over in diameter four spacers are 
recommended. Each end of each spiral should be provided with an extra turn 
thoroughly wired or otherwise held securely against slipping. Where the wire 
must be spliced in the length of a spiral, each end of the wire at the splice should 
be carried half around the spiral and bent with a 0-in. hook around the spacing bar. 
The spiral length should be approximately 2 in. less thiin the cle.ar height between 
floor slabs (counting the drop as a part of the floor slab in flat slab construction). 
Sizes of spiral wire are commonly stated in fractions of an inch although the actual 
cold drawn wire largely used in spiral manufacture provides sectional areas 
slightly less than these nominal sizes. Diagram 17 gives the percentages, p', 
for various sizes and pitches on any core area in which they are used, while from 
Tables 17, IS, 19, 20, 21, or 22, the weight of the wire per foot length of spiral may 
be read for the same percentage and core diameter. To this weight must be 
added to 1 lb. per ft. to cover the weight of spacers and Uy the length of spiral 
3 to 4 in. must be added to cover weight of extra turns, etc., at each end. 

Composite columns with sts-uctural steel or cast-iron cores must in general be 
detailed so as to provide effective means of getting the load into the metal section. 
Bond stress, which is effective on ordinary column bars, becomes unreliable in 
character and insufficient in amount in the case of large areas of flat or rounding 
metal surfaces. Each story of metal core should be provided with brackets or 
lugs of sufficient bearing area to take up at least that proportion of the load incre¬ 
ment in the story that the last term in Formula (77) or (78) bears to the total 
value of P/A. Column splices are made in the same way as in ordinary steel or 
cast-iron design. Cast-iron cores must be cast in a vertical position. 
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IUu8trati7e Problem. —To design a tied column to support an axial load of 180,QOO lb. 
using/r. = 400 lb. i>er sq. in. and n = 15. Allow l>4-m. cover. 

For solution see Design Sheet 13. 

Illustrative Problem.—To design a spiral column to support an axial load of 800,000 lb. 
Allow 2>iii. cover. Use the 1921 J. C. specification and the Chicago code, 2,900-lb. con¬ 
crete and n « 10. The column may not exceed 30 in. in outside diameter. 

For solution see Design Sheet 14. 

Illustrative Problem.—To design a composite column at the center of which is a C. I. 
core with 8-in. ventilating duct. The superimposed load Is 550,000 lb. Make the design 
in accordance with the 1921 J.C. specifications, using 3,000-lb. concrete. The height of 
the column is 10 ft. 

For solution see Design Sheet 15. 

Illustrative Problem.—To design the top of a caisson, 5 ft. in diameter, to carry a 
column 3H-in. in diameter and carrying a load of 1,000,000 Ib. The column vertical rein¬ 
forcement consists of twelve 1 ,'' 4 -in. square bars. The caisson is made of 2,000-lb. concrete. 

For solution see Design Sheet 10. 

Illustrative Problem.---To design the basement story (9 ft. high in the clear) of an ele¬ 
vator shaft, 12- X 18-ic. inside dimensions, (tarrying a load of 70,000 lb. per ft. on the 18-ft. 
walls just below the first floor slab. Use 1921 J.C^ stresses and 2,000-lb. concrete. 
Assume that the temperature range in the I)asement is so small as to he negligible. 

For soUttion see Design .Sheet 17. 


DESIGN SHEET 13 

P -- 1S0,0{M)^ 

Assunjc 22" square column A — (19K19) — 3fil ^ 
p 180,000 _ 

A 301 “ 


?>om Diagram 10, with/,- = 400 ti\\<\P/A *= 500 

□ // . 

p -- 0.0178 A, (0.0l7H)(3r>l) = 6.43 =8-1 bars 

Ties (0.05)(0.4) =0.32^”^ per fool 

6 —> 4 "<}i ties *0..30 iMsr foot provided, O.K. 

Arrange t ies as sliown in Fig. 16c for square column 


DESIGN SHEET 14 


Joint Committee l^esign; 

Assume 30"' dia. column. Core, 
P ^ 800,000 


26" dia. A = 

i F ^ 800,000 

A ~ 530.9 


n" 

530.9 ^ 
= 1,505 


// □" 


From Diagram 11 iorP/A 
read from diagram. 


1,505 and 2,900"" 


concrete, p = 0.0il95and for 26" core 


Vertical bars =14 — IH 

Spiral = Ho at 246'' pitch 

Chicago Design: 

Assume same size of column. P/A = 1,505 
From Diagram 14 (1:1:2 concrete,/e'= 2,900) for P/A = 1,505 
p* = 0.015 and p = 0.0564 
From Diagram 17 for 26" core dia. 

p = 0.0564 Vertical bars = 19 - l>i 
p' =0.015 Spiral = Mo at IH" pitch 
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DESIGN SHEET 16 

Araumo a 2 <i" dia. column. Coro diu. =■ 22" 

Core urea — ^[( 22 )* — (S)“ j = 330^ 

A 

Pc = first term of Eq. (78) = (7S0)(330) = 248,000"^ 

4 

= p ^ ^ 650,000 - 248,000 » 302,000^ 

Assume 1>8" shell. Inside diu. C. X. core = 8 " 

Outside dia. C. 1. core =* 10.25'' 

Area = ^[( 10 . 2 r ,)2 - (8)r] =41 

Rad. of gyration = «-\/(10.25)‘ + ( 8 )* = 3.25 

Allowable stress = 12,000 - - 7.50 = 9,030*'''°" 

Stress required = 3^2,000 ^ 7 

Try 1" shell. Area = 3C°" r = 3.21. 

#/□" 

Allowable stress * 90,100"^ 

CIS • j 302,000 e 4 nA#/n" xr 

Htress required «* —= 8,400"' O.K. 

From IMapcnim 17 fi>r p' — 0.005 and 22" dia. core 

Spiral “ > 4"0 at pitch 


DESIGN SHEET 16 


Caisson dia. = 5'~0" 
Column dia. = 3'-2" 

p = 


By Formula (84) 


. Area = A = 2,827 ° 
Area = A' = 1,134 


■^' 1 , - >^2:49 


A 

= 881’!'/°" 


1.35 


X,000.000 

Ar= = 004#/°" 
0.26/'c “ 600. Stress is too high. 


Try a = 8 " c + a = 3'- 10 New A' = l,e<i2° (see Fig. 15 

A'= ?:6S = 

P ^ 1,000,000 ^ 00.5 #/D" 

A' 1,002 1.19 

Provide caisson spiral (same wire, pitch and diameter as column spiral) extending from 
top of caisson not less than 9" into caisson. 


DESIGN SHEET 17 

Assume 13" wall. Effective thickness = 12" 

P = f0,000 + (102) (9) = 71,400 
A = (12)(12) = 144 °" ■— = -^“= 495#/°" 

r^om Diagram 10, p = 0.017 

Ag =* (0.017)(144) =“ 2.45*^ = H” ^ bars at 4.3" on ctrs. each face 

Ties through wall (0.05)(2.45) *= 0.123^ ^ *= at 10" ctra. along every third ver¬ 

tical bar. 

Horizontal steel area «“ 0.123^ " <f> at 13" ctrs. 
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Diagram 9. 

General Tied Column Design Graph. 
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Diagram 10. 

Tied ('olumn Design by Four Specifications. 
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Diagram 12. 

Chicago Spiral Column Design'— 1:6 Concrete. 

Note.—S et straight edge on any two known quantities and road concurrent value of third 

quantity. 
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^Prepared by Gardner and lindberg. ludiutrial Engineers, Chicago. Wallace Berger, Structural 
Engineer. 


Velues of p - verficeitl steel 



Vfffues of p’- spire>tf 


512 STRUCTURAL MEMBERS AND CONNECTIONS (Sec. «-64 

Diaoham 13. 

(!iiicago Spiral Column Djssion'—1:4J^ Conckbtk. 

Nutk. —Sot KtruiRht edge on any two known quantities and road concurrent value of third 

quantity. 



* Prepared by Gardner and Lindbcrg, Industrial Engineers. Chirago. Wallace Berger, Structure 
Engineer. 
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Diagram 14. 

Chicago Spirai, Column Design*— 1:3 Concrete. 

Notb.—S et Btraight edge on any two quantities and read concurrent value of third quantity. 


/'/'/? Concrete 


8 


7 



7700 

7600 

7SOO 


7400 

7300 

7300 




E" 


7/00 

1 

j 

7000 


\ 

S» 


6 



<r> 

I 


jp 

I 


900 



7 


* Prepared by Gardner and TJndberg, Industrial Engineers, Chicago. Wallace Berger, Structural 
Engineer. 
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Diageam 15. 

New York Spiral Column Design —fc = 500. 

Notk.—S ot straight edgo on any two quantities and read concurrent value of third quantity. 
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Diagkam 17. 

Percentage op Spiral Reinforcement in Circular Cores.’ 

Noth.— Road with aid of straight edge. 
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WallaoB Berser. Structural Engineer. 
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Tablu 13. —Cobb Aeeab, Pebimetbbs, and Concketb Voeumbb poh Colcmmi 


l!)iantet.er 

Cora 

area 
(sq. in.) 

^ col. perimeter 

Volume (cu. ft. per ft.) 

Col. 

(in.) 

Coro 

1 (in.) 

Ft. 

In. 

Hound 

i 

Ootafonal , 

Square 

14 

10 

78. 5 

1 3—8 

1.07 

1.12 

1.36 


11 

9.5.0 






16 

12 

113.1 

4- 

-2 

1.40 

1.47 

1.78 


13 

132. 7 






18 

14 

153.0 : 

4- 

-8 

1.77 

1.86 

2.25 



176.7 1 






20 

in 

201.0 

5- 

-2 

2.18 

2.30 

2.78 


17 ! 

! 226.9 






22 

IN 1 

2.'i4 .4 

5—9 i 

2.64 

2.78 

3.36 


10 

283.5 

• 





24 

20 

314. 1 

f>“-3 

3.14 

3.31 

4.00 


21 

316.3 






26 

22 i 

380.1 

G—9 

3.69 

3.89 

4.70 


23 

i 415.4 






28 

24 

j 452.3 

7- 


4.28 

4.51 

5.45 


25 

i 490.8 






30 

26 

i 530.0 

7- 

-10 

4.91 

5. 17 

8.25 


27 

572. 5 






32 

28 

615.7 

1 S—1 i 

5.58 1 

5.89 

7.11 


29 

660.5 






34 

30 

706.8 

8- 

-11 

0.30 ! 

0.04 

8.03 


31 

7.54.7 






36 

32 

804.2 

1 

-5 

7,07 

7.45 

0.00 


33 

8.55.3 






38 

34 

*907. 9 

10—0 1 

7.88 

8.30 

10.02 


35 

962. 1 






40 

3G 

1,017.8 

1 10—6 1 

8.73 

9.20 

11.10 


37 

1,075.2 






42 

38 

1.134.1 

11- 

~0 

9.62 

10.16 

12.25 







Table 14.—Volume op Conxrete in Column Shafts and Column Capitals 
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Table 1.5.—Abbas and Pebimetebs or Columns and Caissons 



Diatuctcr 

Ariia 

(3rc. 


Dijiniotor 

Area 

<5rc. 

Ft. 

In. 

In. 

Sg. in. 

Sq. ft. 

Ft. 

Ft. 

In. 

- 

Sq. in. 

Sq. ft. 

Ft. 

L 

1 

13 

132.7 

0.92 

3.40 

4 

7 . 

55 

2,370 

16.50 

14.4(1 

1 

2 

14 

153.9 

1.07 

3.66 

4 

8 

56 

2,403 

17.10 

14. 06 

1 

3 

ir» 

176.7 

1.23 

3.93 

4 

0 

57 

2,552 

17. 72 

14.92 

1 

4 

IG 

201.0 

1.40 

4. 19 

4 

10 

58 

2.042 

18.35 

15. 18 

1 

5 

17 

226.9 

1.58 

4.45 

4 

11 

59 

2,734 

18.99 

15.45 

1 

(> 

18 

254.4 

1.77 

4.71 

5 

0 

60 

2,827 

19.63 

15.71 

1 

7 

19 

283.5 

1.97 

4.97 

5 

1 

01 

2,922 

ao.29 

15.07 

1 

8 

20 

314.1 

2. 18 

5.24 

, 6 

2 

62 

3,019 

20.97 

10.33 

1 

9 

21 

340.3 

2.41 

5. 50 

: 5 

3 

63 

3,117 

21. 65 

16.49 

1 

10 

22 

380.1 

2. 6i 

5.76 

.5 

4 

64 

3,217 

22.34 

16. 76 

1 

11 

23 

415.4 

2. 89 

6.02 

5 

5 

0.5 

3,318 

23.04 

17.02 

2 

0 

24 

452.3 

3.14 

6. 28 

5 

0 

(HI 

3,421 

23. 76 

17.28 

2 

1 

25 

490.8 

3.41 

0.54 


7 

07 

3.526 

24.48 

17. 54 

2 

2 

26 

.530.9 

3.69 

0.81 

5 

8 

08 

3,632 

25. 22 

17.80 

2 

3 

27 

.'■.72. r. 

3.98 

7.07 

,5 

9 

09 

3,739 

2.',. 97 

18.06 

2 

4 

28 

015.7 

4.28 

7.33 

.'•> 

10 

70 

3,818 

20. 73 

18. .33 

2 

5 

29 

000.5 

4.50 

7. 59 


11 

71 

3,959 

27. .19 

18..59 

2 

0 

30 

700.8 

4.91 

7. S.l 

, () 

0 

72 

4,072 

28. 27 

18. 8.5 

2 

7 

31 

75-1.7 

5.24 

8. 12 

0 

1 

73 

4,185 

29.07 

19.11 

2 

8 

32 

804.2 

5. 59 

8. 38 

6 

2 

71 

4,301 

29. 87 

19.37 

2 

9 

33 

855.3 

5.94 

8.64 

C 

0 

75 

4.418 

30. OS 

19. (>3 

2 

10 

34 

907.9 

G. 31 

8.90 

6 

•1 

76 

4.536 

3J. 5U 

19.90 

2 

n 

35 

902.1 

0. 68 

9. 16 

6 

5 

77 

4.057 

32.31 

20.16 


0 

36 

1,017.8 

7.07 

9. 43 

(> 

G 

78 

4,778 

33.18 

20.42 

3 

1 

37 

1.075.2 

• 7.47 

9. 09 

(*. 

7 

79 

4,902 

a34.04 

20. 08 

3 

2 

38 

1,1.34.1 

7. 88 

9. 95 

0 

K 

SO 

5,027 

31.01 

20. 04 

3 

3 

39 

1,194.5 

8.30 

10.21 ' 

0 

» 

81 

5. 58 

35. 78 

21.21 

3 

4 

40 

1,256.6 

8.73 

10.47 

0 

10 

82 

5.281 

36. 67 

21. 17 

3 

6 

41 

1,320.2 

9.17 

10. 73 

0 

11 

83 

5,411 

37.57 

21.73 

3 

6 

43 

1,385.4 

9. 62 

10.99 

7 

0 

84 

5,542 

38.48 

21.99 

3 

7 

43 

1,452.2 

10.08 

11.20 

7 

1 

85 

5,(574 

39.41 

22.25 

3 

8 

44 

1,520.5 

10, 56 

11.52 ' 

7 

2 

80 

5,800 

40. 34 

22. 51 

3 

9 

45 

1,590.4 

11.0-J 

11.78 : 

7 

3 

87 

5,945 

41.28 

22.71 

3 

10 

46 

1,001.9 

11.54 

12.04 7 

4 

88 

0,082 

42.24 

23. 04 

3 

11 

47 

1,734.9 

12.05 

12.30 

7 

5 

89 

6,221 

43. 20 

23. 30 

4 

0 

48 

1.809.5 

12. 57 

12. 57 

7 

(> 

90 

6.362 

44. 18 

2.3. 56 

4 

1 

49 

1.88.5.7 

13.10 

12.83 

7 

7 

91 

6.504 

45. 17 

23.82 

4 

2 

50 

1,963.5 

13. 64 

13.09 

7 

8 

92 

6.(548 

46. 16 

24. (K) 

4 

3 

51 

2,042.0 

14. J9 

13. 35 

7 

9 

93 

6,798 

47.17 

24.35 

4 

4 

52 

2,124.0 

14.75 

13.01 

7 

10 

04 

6,940 

48.19 

24.01 

4 

5 

53 

2.206.0 

15. .32 

13.88 

7 

11 

95 

7,088 

40.22 

24.87 

4 

0 

54 

2.200.0 

15.90 

14.14 

8 

0 

»(i 

7,238 

50. 27 

25. 13 
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Tjujle 17.—Abbas and Weights of H-m. Wibe Spibam 


Core diara. 
(inctias) 


Areas of equivaiont cylinders in square inches given in heavy figures 
Weights of wire in pounds per foot longth of spiral in light figures 


Pitch of spiral in inches 




2H" 

2H" 

2H" 

2K" 

1 

j ’■^H" 

2H” 

2M" 

2" 

W’ 

w 


w 

10 

io.H«!o.UT!o.66! 

0.588 

0.618 

1 

0.661 

0.686 

0.786 

0.771 

0.884 

0.888 

0 960 

1.08 


1.75 

1.83 11.91 ; 

2.00 

2.10 

2.21 

2.33 

2.47 

2.62 

2.80 

3.00 

3.23 

3.50 

11 

;0. 566 

0.691I0.618 

0.646 

0.679 

0.718 

0. 784 

0. 798 

0.648 

OSS 

0.971 

l.M 

1.18 


11.92 

2.01 

2.10 

2.20 

2.31 

2.43 

2.66 

2.72 

2.88 

3.08 

3.30 

r^i 

3.55 

1.14 1 

3.85 

12 

‘o. 617 

0. 646 

0.674 

0. 706 

0. 741 

0. 781 

0.883 

0.871 

0.988 

0.987 

1.83 


j2.10 

2.19 

2.29 

2.40 

2.52 

2.65 

2.80 

2.90 

3.15 

3.30 

3.80 1 

3.88 

4.19 

13 

0.668 

0.699 

0. 730 

0.764 

0.808 

0.846 

0.898 

0.944 

1.00 

1.07 

1.18 1 

1 28 1 

1.88 


2.27 

2.3H : 

2.48 

2.00 

2.73 

2.88 

3.03 

3.21 

3.41 

3.64 

3.90 

4.20 1 

^1% 

1.44^ 

14 

10.11010. 751 

0. 786 

0.633 

0.866 

0.911 

0.961 

1.08 

1.08 

1.16 

1.88 1 

1.88 ] 


2.45 

12.56 

2,67 

2.80 

2.04 

3.10 

3.26 

3.46 

3.67 

3.02 

4.20 

4.52 i 

4.90 

ir. 

lo. 771 0.807 

0.848 

0.688 

0.986 

0.976 

1.08 

1.09 

1.16 

1.83 

1.88 

i 

1.48 1 

1.64 


12.62 

2.74 

2.87 i 

13.00 

3. 15 

3.32 

3.50 

3.71 

3.04 

4.20 

4.50 

4.8S 

I 5.24 

lit 

10.888 0.860 

0.898 0.940 

0.987 

1.04 

1.10 

1.16 

1.83 

1.81 

1.41 

1 88 

1.64 


12.80 

12.92 

3.05 1 

3.20 

3.36 

3. .54 

3.73 

3.95 

4.20 

4.48 

4. SO 

5.17 

5.60 

17 

0.874!o.913 

to. 964 1.00 

1.05 

1.11 1 

1.17 

1.83 

1.81 

1.40 

1.80 1 

1.61 

1.74 


12.97 

13.10 

|3.24 , 

;3. 40 

3.56 

3.75 1 

3.06 

4.19 

4.46 

4.70 

5.10 

5.40 

5.94 

IS 

0.986 0. 966 

jl.Ol 1 

1.06 

1.11 

1.17 

11.84 1 

1.81 

1.39 

1.48 

1.69 ! 

1.71 

1.88 


|3.15 

!3.29 

3.44 j 

3.60 

3.78 

3.98 

4.20 1 

4. 45 

4.73 

5.05 

5.40 

5.82 

0.28 

19 ! 

0.970 1.02 

1.07 ! 

1.18 

1.17 

1.24 

1.80 

Tm 

1.46 

1.86 

1.67 

1 80 

1.96 

1 

|3.32 

3.47 

;3.62 ! 

3.80 1 

3.98 

4.20 

4.43 

4.09 

4.08 

5.32 

5.70 

;6.14 

6.64 

20 

1.03 

1.07 

1.13 ! 

1.17 

1.38 

1.30 

1.87 

1.46 

1.64 

1.64 

1.76 

1.90 

8.06 


Is. M 

Is. 65 

3.82 l4..rH) 

4.20 

4.42 

4.06 

4.93 

6.25 

5.00 

6.00 

16.46 

7.00 

21 

11 08 

MS 

1.18 1 

1.23 

1.30 

1.87 

1.44 

1.6S 

1.68 

1 78 

1 88 

1 99 

8.16 


3.67 

13.84 

4.01 (4.20 

4.40 

4.64 

4.90 

5.18 

5.51 

.5.88 

0.30 

:6.78 

7.34 

22 

ll.lS 

Il.l8 

,1.03 1 

1. 29 

1.36 

1.43 

1.61 

1.69 

1. 70 

or 

11.94 

i8.09 

3.87 


Is. 8.') 

|4.02 

4.20 i 

4.40 

4. 62 

4.8G 

5. 13 

5.43 

5.77 

0.10 

16. 60 

17. H j 

7.70 

23 

1.18 1 

11.83 

1.89 i 

1.36 1 

1.48 

1.49 

1.68 

1.67 

1.77 

1.69 

roT 

>. is 1 

2.37 


4.02 1 

i4.20 

4.8H 

4.60 ; 

4.83 

i5.08 

5. 36 

5. 67 

6.03 

6.44 

0.90 

7.43 1 

8.05 

24 

1.34 

1.89 

1.86 ^ 

1.41 1 

1.48 

11.66 

1.66 

1.74 

1.85 

1.97 

8.18 

S .88 i 

2.47 


4.20 , 

4.38 ; 

4.57 1 

4.80 

5.04 

5.30 , 

5.60 

5.92 

6.30 

6.72 

7.20 

7. jr, \ 

8.40 

25 

1.89 

1.34 

i 

1.40 

1.47 

1.64 

1.63 

1.71 

1.88 

1.98 

8.06 

8.80 

8.87 

8.87 


4.37 

.4.r>7 i 

4.78 i 

5. 00, 

5.25 

5. 53 

5. 83 

0.17 

6. .56 

7.09 

7. 50 

H.07 

8.75 

26 

1.34 

1.40 

1.46 ! 

1.68 

i.ei 

1.69 

1. 78 

1.89 

8. 00 

8.14 

8.89 

8.47 

8.67 


4.55 

4.75 

4.96 [ 

5. 20 

5.46 

5.75 

6.00 

0.42 

0.82 

7.2H 

7.80 

8. 39 

S.TS'* " 

27 

1.89 

1.46 

1.62 1.69 

1.67 

1.76 

1.86 

1.96 

8.08 

8.88 

3.88 

8.66 


4.72 

4.94 

.5.15 1 

5.40 

5. 67 

5.06 

6. 31) : 

0. 66 

7.08 i 

7. 56 

8.10 

8.72 

0.45 

28 

1.44 

1.60 

1.67 

1.64 

1.78 

1.88 

1.98 

8.03 

8.18 

8.80 

8.47 

8.66 

8.68 


4.90 

.5. 1 1 

.5. 34 

5. flO 

5.88 

6.19 

'0. 53 ; 

6.01 

7.34 ! 

7.84 

8.40 

9. 04 

9.80 

29 

1.49 

1.66 

1.68 

1. 70 

1. 79 

1. 89 

it. so 

8.11 i 

8.84 ! 

8.88 18.66 i 

8. 76 

8.98 


5.07 

5. 30 

5. 53 

.5. 80 

6.09 

6.41 

0.77 1 

7.10 1 

7.00 

8. 12 j 

8. 70 j 

9.36 

i 

10.15 


8})iralH above and to risht of sigzag linos arc ncarost coininnrnial size fully equal to percentage of core 
urea indicated at end of line. 

Weights in above table include the wire only. To this must bo added the weights of the spacing 
burs and tlie weight of extra turn at ends of spiral. 
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Table 18.—Areas and Weights or Mg-'n. Wire Spirals 


Areas of equivalent cylinders in square incites Kivrn in heavy figures 
Weights of wire in pounds per foot length of spiral in light figures 

Pitoh of spiral in inches 

3" 1 2H" I 2 ^" I 2H" I 2 H" I m" I 2H" I 2H" I 2 " | \H" I W' I iH'' I IH" 


0.808 0.888 

2.73 2.86 

0.884 0.988 

3.01 3.14 

0.988 1.01 ‘ 

3.28 3.43 


1.80 1.86 

^.10 4.29 



•.876 0.918 
.08 3.13 

•.968 1.01 
1.28 3.44 

.08 1.10 
.58 3.75 

.14 1.19 

.88 4.06 : 


1. 77 [XiTI 
6.02 1 6.29 I 
1.88 1.98 r 

0.29 0.f)7 ! 


0.984 1.01 1.07 
3.28 3,46 3.66 

1.08 1.11 1.18 
3.6) 3.80 4.01 

1.18 1.88 1.88 
3.93 4.15 4.J19 

1.86 1.88 1.89 

4.27 4. .50 4.76 

1.88 

4.00 4.84 5.11 


1.46 1.88 1.61 

4.93 5.19 6.48 

1.64 1.68 1.71 

5.26 5.53 5.84 

1.64 1.78 1.82 

5.58 5.88 6.21 

1.78 1.88 1.98 

5.9J 6.22 6.57i 

1.88 1.98 a. 03, 

0.24 6.57 6.94: 


1.18 1.80 1.88 1.88 1.48 1.81 

3.86 4.10 4.38 4.00 5.06 6.48 

1.88 1.S8 l.ii 1.61 1.68 1.77 
4.25 4.52 4.82 1 5.16 5.56 0.02 

1.86 1.44 1.64 1.66 1.78 1.98 

4.64 4.93 5.20 5.63 6.06 6.67 

1.47 1.87 1.87 1.79*^1.98 9.09 

5.02 6.34 6.70 6.10 0.67 7.11 

1.69 1.69 1.80 1.98 8.08^m 

5.41 ^.75 6.13 6.50 7.08 7.67 

1.70 1.81 1.98 8.07 8.28 8.41 

5.70 | 0.16 6.57 7.04 7.69 8.21 

1.81 1.98 8.08 8.80 8.88 9.67 

6.18 G.57 | 7. or 7.51 8.08 8.76 

1.93 8.06 8.19 8.84 8.88 8.78 
6.56 6.98 7.45 7.9H g.5« 9.31 
8.04 8.17 8.31 8.48 8.87 8.89 
6.95 7.39 7.88 8.44 9.10 9.86 
8.16 8.89 8.44 8.68 8.88 8.06 
7.34 7.80 8.32 8.02 1 9.00 10.4 

8.87.8.41 8.67 8.76 8.97 8.81 
7.72| 8.21 8.76 9.39 10.1 11.0 
8.S8! 8.88 2.70 8.89 8.18 3.87 
8.11; 8.02 9.20 9.85 10.0 11.5 
S.80' 8.66 8.88 8.08 3.96 8.68 
8.49 9.04 ).65 10.3 11.1 12.0 
8.61 8.77 8.96 3.17 8.41 8.70 

8.88 9.45 10.1 10.8 11.0 12.6 
8.79 8.89 8.08 8.81 8.66 8.86 
9.27 9.86 10.5 111.3 12.1 13.1 


.27 I 6.56 

.93 I 8 .09 

. 57 6. 88 

TW 9.11 

.87 7.19 

.10 i. io 

.17 7.51 


8.84 8.68 8.88| 1.01 8.81 8.44 8.71 4.01 

8.05 9.13 9 . 66 : 10.3 11.0 11.7 12.0 13.7 
2.64 8.78 9.96; 8. IS 8.34 3.68 8.86 4.16 
9 00 9.50 lO.O ilO.7 11.4 12.2 13.1 14.2 
:li. 74| 8.89 8.061 8.35 8.47 8.78 4.01 4.84 
0.87 10.4 jll.l 11.8 12.7 13.6 14.8 
3.84^^00 8.1?! 8.37 8.60 8.86 4.16 4 80 
9.09 10.2 10.8 11.5 12.3 13.1 14.1 15.3 
8.94 3.11 3.89 8.49 8.78 8.99 4.80 4.68 
10.0 10.6 n.2 11.9 12.7 13.6 14.6 15.9 

8.04 8.91 8.40 3.68 3.86 4.18 4.46 4.88 

10.4 11.0 11.0 12.3 13.1 14.1 15.2 16.4 
8.14 8.89 8.89 8.74 8 99 4.87 4.80 4.88 

10.7 11.3 12.0 12.7 13.6 14.5 16.7 17.0 

3.86 3.48 8.63 ~OS 4.11 4.41 4.76 6.14 
n.l 11.7 12.4 13.1 14.0 15.0 16.2 17.5 

8.86 8.68 3.74 3.9$ 4.84 4.66 4.90 6.81 

11.4 12.1 12.x 13.5 14.5 15.5 16.7 18.1 


8.46 8.64 3.86 4.101 4.871 4.69 6.06 { 8.47 

11.8 12.4 13.1 14.0 14.0 IlG.O 17.2 
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Table 17. — Areas and Weights of Ji-iN. Wire -Spirals 


Core diam. 
(iiioh») 


AroM of oqtiivalent cylinders in square inches given in heavy figures 
Weights of wire in pounds per foot length of spiral in light figures 


Pitch of spiral in inches 



1 V‘ 

|2M'' 

2«-- 

2M" 

2M" 

2M" 


2H” 

V' 

m" 

m" 

IH" 

IM' 

10 

'o.Slfilo. 8S7 !o.B6S 

0.688 

0 . lulo . (51 

0.686 

1 

0 . 736 

0.771 

0.884 

0. MS 

0.960 

1.08 


;l.75 

|1.83 

1.91 

2.00 

2.10 

2.21 

2.33 

2.47 

2.62 

2.80 

3.00 

3.23 

3.50 

11 

:o. M$ 0. 5«1 

0.618 

0 . 64 ( 

0 . 67 fl 

0 . 711 

0 . 76 < 

0 . 798 

0.848 

05! 

0.971 

1.04 

I.IS 


1.02 

2.01 

2.10 

2.20 

2.31 

2.43 

2.56 

2.72 

2.88 

3.08 

3.30 

3.55 

3.85 

12 

0 . « 17 i 0.648 

0.674 

0 . 708 

0 . 741 

0 . 761 

0.888 

0.871 

0.986 

0.987 

rsr 

1.14 

1.88 


2.10 

2.19 

2.29 

2.40 

2.52 

2.65 

2.80 

2.96 

3.15 

3.36 

3.60 

8.88 

4.19 

13 

0 . 668 ( 0.699 

0 . 780 

0 . 764 

0 . 80 S 

0.846 

0 . 89 S 

0.944 

1.00 

1.01 

1.16 

1.88 

1.88 


2.27 

12. 3K 

2.48 

2.00 

2.73 

2.88 

3.03 

3.21 

3.41 

3.64 

3.90 

4.20 


14 

© TTIO ' O . 768 

9 . 786 

0.888 

0.868 

0.911 

0.961 

1.08 

1.08 

1.16 

1.88 

1.88 



2. 45 

12. ,56 

2.67 

2.80 

2.94 

3.10 

3.26 

3.46 

3.C7 

3.92 

4.20 

4.52 

4.90 

15 

0 . 771 0.607 

0.848 

0.888 

0.986 

0.976 

1.08 

1.09 

1.16 

1.83 

1.88 

1.43 

1.64 


2.62 

;2.74 

2.87 

la.oo 

3. 15 

3.32 

3.50 

3.71 

3.94 

4.20 

4.50 

4.85 

5.24 

16 

0.883 0.860 

0.896 0.940 

0.987 

1.04 

1.10 

1.16 

1.88 

1.81 

1.41 

1.58 

1.(4 


2.80 

2.92 

3.05 {3.20 

3.36 

3.54 

3.73 

3.95 

4.20 

4.48 

4.80 

,5.17 

5. 60 

17 

0.874 i 0.913 

0.984 1.00 

1.08 

1.11 

1.17 

1.28 

1.31 

1.40 

1.60 

1.61 

1 . 74 


2.97 

!3.10 

3.24 {3.40 

3.56 

3.75 

3.00 

4.10 

4.46 

4.76 

5.10 

5.49 

5.94 

18 

0 . 986 ( 0.966 

1.01 

1.06 

1.11 

1.17 

1.(4 

1.81 

1.89 

1.48 

1.69 

1 . 71 

1.86 


3.1.5 

,3.29 

3.44 

3.00 

3.78 

3.98 

4.20 

4.45 

4.73 

5.05 

5.40 

,5.82 

6.28 

19 

0.973 1.08 

1.07 

i.is 

1.17 

1.34 

1.80 

or 

1.46 

1.66 

1.67 

l.SO 

1.96 


3.32 

13.47 

3.62 |3.S0 

3.98 

4.20 

4.43 

4.09 

4.98 

5,32 

S.70 

C.14 

6. 64 

20 ' 

1.03 

1.07 

1.11 Il.l7 

1.88 

1.80 

1.87 

1 . 4 S 

1.64 

1.64 

1.76 

1.90 

8.06 


3. .50 

3. 6.5 

3.82 14..00 

4.20 

4.42 

4.60 

4.93 

5.25 

5.60 

6.00 

6.46 

7.00 

21 

1.06 

1.18 

1.18 

1.83 

1.30 

1.87 

1.44 

1.63 

1.68 

1 . 78 

1.85 

1.99 

8.16 


3.07 

3.84 

4.01 j4.20 

4.40 

4.04 

4.90 

5.18 

5. .51 

5.88 

6.30 

0.78 

7.34 

•12 

1.18 

1.18 

1.88 ^ 

1 . 29 

1.86 

1.43 

l.Bl 

1.69 

1 . 70 

or 

1.94 

8.09 

8.87 


3.85 

4.02 

4.20 i 

4.40 

4.02 

4.86 

5.13 

5.43 

5.77 

6. 16 

6.00 

7.11 

7.70 

23 

1.18 

1.83 1.89 !1.38 

1 . 48 

1.49 

1.88 

1.67 

1.77 

1.89 


8.18 

8.87 


4.02 

4. 20 ; 

4. .38 14.60 

4.83 

5.08 

5.36 

5.67 

0.03 

0. 44 

6.90 

7.4.') 

8. 05 

34 

1.84 

1.29 

L.86 1 

L .41 

1.48 

1.86 

i.(( 

1.74 

1.66 

1.97 

K.IS 

8.88 

8.47 


4.20 

4.38 14..57 14.80 

5.04 

5.30 

5.60 

5.92 

6.30 

6,72 

7.20 

7.7,5 

8.40 

25 

1.29 

1.34 i.40 ' 

1.47 

1.84 

1 . 63 

1.71 

1.68 

1.98 

8.06 

3.20 

8.87 

8.67 


4.37 

4.57 : 

4.78 ' 

5.00. 

5. 25 

.5. 63 

5. 83 

6. 17 

t5. .56 

7.09 

7.50 

4.07 

H.7.5 

26 

1.34 

1.40 1 

L .46 i 

L.88 

1.61 

1.69 

1 . 78 

1 . S 9 

8.00 

r 14 

1.89 

8.47 

8.67 


4.55 


4.96 

5.20 

5.40 

5.75 

6.06 

6.42 

6.88 

7.28 

7.80 

8.39 

9. 10 

27 

1.89 

1.45 I 

1.82 11.69 

1.67 

1 . 76 

1.86 

1.96 

8.08 

8.28 

8.88 

8.66 

a. 78 ^* 


4.72 

4.94 5. 15 5.40 

5.67 

5. 96 

6.30 

fi. 66 

7.08 

7. ,56 

10 

J.72 

9.45 

2S 

1.44 

1 60 1 

1.67 1 

1.64 1 

L . 78 

L.sa 

1.98 

8.08 

1.16 

i.so 

1.47 

8.66 

8.88 


4.90 

5. n 1 

5.34 ; 

5. 60 1 

5. 88 

'). 10 

6. .53 

li. 91 

7. ,34 i 

7.84 

(.40 

9.04 

9. 80 

29 

L .49 

1.86 il.68 11.70 1 

L . 79 

L .89 

1.99 

8.11 

8.84 ! 

1.88 

t.66 

8 . 76 

8.90 


5. 07 

5.30 i,5. 53 1 

5.80 i 

6. 09 

6.41 

6. 77 

7.10 

7.<*0 i 

S.12 |8.70 1 

9.36 

10.15 


Spirals abovo and in right of zigzag Hjich are iK^arest cornniercinl size fully equal to percentage of core 
area indicated at cud uf line. 

Weights in above tabic inolueje the wire only. To this must be added the weiglits of the spacing 
burs and the weight of extra turn at ends of spiral. 








See. 6-641 
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Table 18. —Areas and WEiaHTS op Wire Spirals 


Core 

diam. 

(inches) 


Arnas of equivalent cylinderB in nqiiare inehcH aiveu in heavy'figures 
Weights of wire in pounds per foot length of spiral in light figures 


Pitch of spiral in inches 



3" 

2H" 

2«" 

m" 

2H" 

2H" 

2«" 

2H'' 

2" 

IH" 

i«" 


i«" 

10 

0.808 

0.888 

0.878 

0.918 

0.984 

1.01 

1.07 

1.18 

1.10 

1.88 

1.38 

1.48 

1.61 


2.73 

2.80 

2.08 

3.13 

3.28 

3.46 

3.65 

3.86 

4. 10 

4.38 

4.09 

6.05 

5.48 

11 

XiSt 

0.988 

0.968 

1.01 

1.06 

1.18 

1.18 

1.88 

l.SS 

TII 

1.61 

1.63 

1.77 


3.01 

3.14 

3.28 

3.44 

3.61 

3.80 

4.01 

4.25 

4.52 

4.82 

5.10 

5.50 

C.02 

12 

o.tes 

1.01 

1.06 

iTio 

1.16 

1.89 

1.28 

1.86 

1.44 

1.64 

1.68 

1.78 

1.98 


3.28 

3.43 

3.58 

8.75 

3.93 

4.15 

4.39 

4.64 

4.93 

5.26 

5.63 

6.06 

6.57 

13 

1.04 

1.08 

1.14 

1.19 

1.88 

1.88 

1.89 

1.47 

1.67 

1.61 

1 . 79 

1.98 

3.09 


3.55 

3.72 

3.88 

4.06 

4.27 

4.50 

4.76 

5.02 

6.34 

6.71] 

0.10 

6.57 


14 

1.18 

1.17 

1.88 

1.88 

1.88 

TTl 

1 to 

1.89 

1.69 

1.80 

1.98 

8.08 



3.83 

4.00 

4. IS 

4.38 

4.00 

4.84 

5.11 

5.41 

f 75 

6. la 

6.56 

7.08 

7.07 














U 

1.80 

1.88 

1.81 

l.SS 

1.46 

1.68 

1,61 

1 . 70 

1.81 

1.98 

8.07 

8.88 

8.41 


4.10 

4.29 

4.48 

4.09 

4.93 

5.19 

5.48 

5,79 

6.16 

6.57 

7.04 

7.59 

8.21 

10 

1.88 

l .»4 

1.40 

1.47 

1.84 

1.62 

1.71 

1.81 

1.98 

8.06 

8.80 

8.88 

8.87 


4.38 

4.57 

4.78 

5. 01 

5.26 

5.63 

5.84 

6.18 

6.57 

7.01 

7.51 

8.08 

8.76 

17 

1.37 

1.48 

1.49 

1.66 

1.64 

1.78 

1.88 

1.98 

8.06 

8.19 

8.84 

8.88 

8 . 78 


4. 05 

4.86 

5.08 

5.32 

5.58 

5.88 

6.21 

0,50 

6.98 

7.45 

7.98 

8.50 

9.31 

18 

1.48 

1.61 

1.88 

1.86 

1 . 73 

1.88 

1.98 

8.04 

a, 17 

8.81 

8.48 

8 . 8 ? 

8.89 


4.93 

6. 14 

5.37 

5. 63 

5.91 

6.22 

0. 57 

6.95 

7,39 

7.88 

8.44 

9.10 

9.80 

10 

1.88 

l . S « 

1.66 

1 . 74 

1.88 

1.98 

a. 08 

8.16 

a , a 9 

8.44 

8.68 

8.88 

8 06 


5. 20 

.'i.43 

5.68 

5. 94 

6.24 

6.67 

6.94 

7.34 

7,80 

8.32 

8.92 

9.00 

10,4 

20 

1.61 

1.88 

1,76 

1.88 

1.98 

8.08 

8.14 

a , a ? 

8.41 

2.67 

8.78 

8.97 

8.81 


5.47 

5.71 

5.97 

6.20 

6.57 

6.91 

7.30 

7.72 

8.21 

8.76 

9.39 

10.1 

11.0 _ 

21 

1.88 

1 . 76 

1.84 

1.98 

8.08 

2 18 

8.86 

8.36 

8.58 

8.70 

8.89 

8.18 



5. 74 

6.00 

6.27 

6. 56 

6.89 

7.26 

7.67 

8, 11 

8,03 

9.20 

0.85 

10.0 

11.5 

22 

1 . 77 

i.b4 

1.98 

8 . 08 

8.18 

a 88 

a . SB 

8.50 

8.66 

8.88 

8.03 

3.86 

8 . as 


6.02 

6.29 

6. .57 

6.88 

7.22 

7.01 

8,03 

8.49 

9.0‘1 

1.65 10.3 

11.1 

12.0 

23 

1.86 

1.98 

i.M 

8.11 

8.38 

3 . 88 

8.46 

8.61 

a , 77 

8.95 

8.17 

8.41 

3.70 


0. 20 

0.57 

6.87 

7.19 

7. 55 

7.95 

8.40 

8.88 

9.45 

10.1 

10.8 

11.6 

12.0 

24 

1.88 

8.01 

8.10 

TW 

8 81 

8 43 

8.67 

2.73 

8.89 

8.08 

3.81 

8.66 

8,86 


6.56 

6.85 

7.17 

7.51 

7.88 

8.30 

8.70 

9.27 

9.86 

10.5 

11.3 

12. 1 

13.1 

25 

8.01 

8.08 

8.19 

8.89 

8.41 

8.64 

9.68 

8.88 

1.01 

8.81 

8.44 

8.71 

4.01 


6.83 

7.14 

7.40 

7.82 

8.21 

8.65 

9.13 

9.06110.3 

11.0 

11.7 

12.6 

13.7 

26 ' 

8.09 

8.18 

8,88 

3.88 

3.51 

8.64 

8.78 

8.95 

8.13 

S.SI 

3.88 

8.86 

4.18 


7.11 

7.43 

7.77 

8.13 

8. 54 

9 00 

9..''>0 

10.0 

10.7 

11.4 

12. 2 

13.1 

14. 2 

37 

8.17 

8.86 

8.87 

8.48 

8.60 

8 . 74 

a . 89 

8.06 

3.85 

8.41 

8 . 78 

4.01 

4.84 


7.38 

7.72 

8.00 

8.45 

8.87 

9.3r 

9.87110.4 

11.1 

11.8 

12.7 

13.0 

14.8 

28 

8.88 

8.88 

8.48 

8.87 

a . 70 

a . 84 

8 . 00 

8.17 

8.37 

S . 60 

8.66 

4.16 

4.80 


7.66 

8.00 

8.30 

8. 75 

9.20 

9.69 

10.2 

10.8 

11.5 

12.3 

1,7.1 

14. 1 

15.3 

20 

8.88 

.8 48 

8.84 

8.66 

X .80 

8.94 

3.11 

3.89 

8.49 

8 . 73 

3.99 

4.80 

4.86 


7.93 

8.29 

8.66 

9.08 

9.53 

10.0 

10.6 

11.2 

11.9 

12.7 

13.0 

14.0 

15.9 

30 

8.41 

a.sx 

8.68 

a . 76 

8.89 

8.04 

3.81 

8.40 

8.68 

8.86 

4.18 

4.46 

4.88 


8.21 

8, 58 

8.00 

9.39 

9.80 

10.4 

11.0 

11. 6 

12.3 

13.1 

14.1 

15.2 

16.4 

31 

8.48 

X.SD 

8.78 

8.84 

8.99 

8.14 

8.88 

8.88 

8.74 

3.99 

4.27 

4.60 

4.98 


8.48 

8.86 

9.26 

9.70 

10.2 

10.7 

11.3 

12.0 

12.7 

13.6 

14.5 

15.7 

17.0 

32 

8.67 

8.88 

8.81 

8.94 

8.08 

8.86 

8.48 

3 63 

TW 

4.11 

4.41 

4.75 

8.14 


8.75 

9.15 

9.56 

10.0 

10. 5 

11.1 

11.7 

12. 4 

13.1 

14.0 

16.0 

16.2 

17.5 

33 

8.48 

8 . 77 

8.88 

8.08 

8.16 

8.88 

8.58 

3.74 

8.98 

4.84 

4.58 

4.90 

8.81 


9.03 

9.44 

0.86 

10.3 

10.8 

11.4 

12.1 

12.% 

13.5 

14. 5 

15.5 

16.7 

18. 1 

34 

8.78 

8.86 

8.98 

8.18 

8.18 

3.48 

8.64 

3.86 

4.10 

4.371 

4 . 69 

8.08 

8.47 


9.30 

9.72 

10.2 

10.0 

11.2 

11.8 

12.4 

13. 1 

14.0 

14.9 

16.0 

17.2 

18.0 
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STmrCTVRAL MEMBERS AND CONNECTIONS [Sec. ft-64 


Table 19.—Abbas and Weights or ?^-in. Wise Spibals 


; AroBfl of «‘iiuivsl«ut cylindtTK in 8<}uure iiiohoH ffivon in heavy ficuros 

i Weights uf wire in pounds per foot length of spiral in light figures 


Core diam. 
(inches) 


Pitch of spiral in inches 


Un" 29^" 2H'' 2K" 2" \VA''\lH"\W'\ 


1.33 2.4e 8 60 8.78 3.9? 3.91 8.47 

'.87 8.32 8.85 9.45 10.1 10.9 11.8 
.47 8.68 8.78 8.96 8.17 8.48 8.70 
,3P 8.88 9.44 10.1 10.8 11. G 12. fl 
.68 8.78 8.981 3.IS 8.37 3.68 8.94 
.92 9.44 10.0 ]l0.7 11.5 12.3 ji3.4 
.78 8.94 8.12 ; 8.83 8.87 8.84: 4.16 
.44 10.0 10.6 ill.3 !12. 1 13,1 114.2 
.98 3.10 8.80i 8.8218.77 4.0614.40 
.97 lO.-'i 11.21 12.0j 12.8 13.x| II.O 


1.74 1.81 1.89; 1.1 

.5.01 G. 10 6.44 

1.86 1.931 2.02 2.: 

G.30 6. .57 G.K7 7. 

1.97 2.06f2.14"n 

0.69 G.98 7.30 7.i 
2.08 2.17 2.27 2.: 
I 7.08 7.39 7.73 80.: 
I 2.20 2.291 2.40 2.1 
I 7.48 7.8I{ 8.1.5 8., 


2.32 2.41' 8.62 2.i 
7.87 8.2l| 8.59 H.' 
' 2.43 2.83 2.65 2. 
8.2G 8.621 9.02 9.' 

2.66 S.65i 2.77 2.! 

8.66 9.01' 9.4.5 9.: 

2.66 2.78: 2.90 3.< 
9.0>: 9.451 9.88 10. 
2.78i 2.90' 3.03 3. 
9. 45; 9.86 10.3 10.: 

2.89 3.021 3.15 3.: 
9.8110.3 ;i0.7 11. 

I 8.011 3.14: 8.28 8. 

|io 2 10.7 :n.2 11. 

8. 12 8.26; 3.41 3. 
10.6 in.l ill. 6 12. 
3 24 3 38 3.53 S ' 
11.0 111.5 12.0 12. 
3.36; 3.50 3.66 3.: 
11.4 11.9 12.5 13.' 


.27! 8.471 8.70! 8.97 


.6 12.4 13.2 114.2 i 
.69 8.821 4.07; 4.86’ 
:.2 13 0 13.8 14.8 j 
.75 3.99 4.26 4.561 
.8 13. G n.5 !15.5 
.92: 4.17 4.44 4.76! 
.3 14.2 15.1 10.2 ! 

.08; 4.84 4.63 4.96 
;.9 :14.7 15.7 16.9 
,.25i 4.61 4.81 6.16 
.4 15.4 1G.4 117.5 
.41; 4.69 6.00: 6.36 
1.0 115.9 17.0 11K,2 
.57: 4.86' 5.19 5 56 
>.5 ,10.5 |17.6 llS.9 
,.74 6.04 6.37j 6.75; 
1.1 '17.1 !18.3 '19. 0 


4.27 4.63 
14.5 15.7 
4.49 4.86 

1 . 5.2 10 . .5 

4 70 6.09 
ilG. U 17.3 

4. 91; 6. 32 
'10.7 !18.1 

6.12! 6.65 

17.4 ;1K.9 

6.34; 6. 79 

18.2 119.7 

i 5.56' 6.02 
IS 9 20.-1 

5. 76; 6.26 
19 0 . 21.2 

5 98 6 48 

20.4 22.0 
6.20 6.71 

21. 1 22.K - 


3.47 3.62 8. 79 3.9 

11.8 ,12.3 ,12.9 13.5 
3.591 3.74, 3.91 4.1 

12.2 ;12.7 13.3 13.« 
3. 70; 3,861 4.04 4.2 

12.G 13.1 ,13.7 14.4 
3.82! 3.98 4.17 4.3 
13 0 13.5 ;I4.2 H.? 
3.94! 4.11: 4 29 4.8 
13.4 114.0 114.6 15.3 

4.05! 4.2s! 4.42; 4.6 

13.8 114.4 115.0 !15.7 
4.18 4.34' 4.64; 4.7 

14.2 '14.8 !15.4 10.2 
4.28: 4 4?! 4.671 4.8 

14.0 11.5.2 15.9 llG.e 
4.40; 4.89 4.8OI 6.0 
15.0 ll5.G ,10.3 17.1 
i 4.6II 4.71 4.92 5.1 
'l5.4 ,16.0 16.7 17.5 


.41 6.94 
.8 23.0 
.62] 7.18 
.5 24.4 
.84! 7.41 
.3 125.2 
.06. 7.64 
.0 ,20.0 
.271 7.87 
.7 j2G.8 

.48, 8.10 
.4 ' 27.5 
.69' 8.33 
.2 i28.3 
.911 8.66 
.9 29.1 
. I2I 8. 79 
.0 '29.9 
.33 9.08 
.3 30.7 





Sec. 6-641 


REINFOnCBD CONCRETE MEMBERS 


623 


Table 20.—Abeas and Weiohts op Jig-in. Wike Sphials 


Core (liam. 
(inches) 


Areas of equivalent cylitMiers in square inches siven in heavy hirures 
Weifthts of wire in pounds per foot length of spiral in light figures 


Pitch of spiral in inciies 


j 3" 2i^'M3>rj2K" 2 " 


2.3618.47 8.58 2.70 8.84 8.98 8.15 3.34 8.54 j 

8.03 8.38 8.70 9. (la 10.1 10.7 11.3 12.0 

8.82! 2.68 8.76 *011 8.08 3.18 8.86 8.66 8.761 4.03 ' 

K.OOj 8.94 O.Sa 9.8o[ l0.3 10.8 11.4 12.1 12.8 [ 13.7 j ! 
s eal 3.80 2.92 8.06 8.23 3 383.57 3.78 4.014.28 1 4.69; 
9.10j9.r>0 9.93 10.4 10.9 11.^5 12.1 12.8 13.7 14.0 ! ir).0 
! 2.881 a 96 8.09 3.84 8.40 8.58 8.78 8.99 4.85 4.5Sj 4.861 i 
19.04110.1 lO.A 11.0 11.0 12.2 I 12.9 13.0 14.5 15.4 10.5 |l 
j 8.991 3.18 8.26 3.48 8.59 3.78 3.99 4.22 4.49 4.79 6. is l 


a.v»( a.iaj a.ae a.w a.a 

110.2 110.0 in.I 11.6 12.2 

; I I I 

I S.lSj 3.28; 3,44 3.60| 3.7 

I IP 7 I n.2 111.7 J2.2 :12.8 
I 3 30) 3. 45 3.61 3. 78 ! 3.9 

111.2 in.7 I2..3 12.8 Il3..'i 

i 3 46 3.62 3.78 3. 96 ( 4.1 
11.8 |12.3 12.8 13,a ’n.l 
I 3.62 3.78 8.95 4.14| 4.3 
■12.3 12.9 13.1 14.1 |14.8 
i 3.78 3 . 94 ! 4.12 4.321 4.5 

,12.8 :i3.4 il4.0 14.7 fla.4 


3.931 4. 
13.4 :i4. 

! 4.09) 4.: 
.13.9 111. 

4 26! 4. 

11 4 

: 4.41; 4.' 
i.’).p ,ir>. 
4.57j 4. 
iri..') iin. 

• 4. 72; 4.1 
10. t) llO.: 
1 4.88‘ 6.1 
;10.0 ;I7.. 

: 6 .04 6 .: 

:i7.1 117.' 

I 6.191 5 ■ 
[17.7 18. 

; 6 35 6.1 
18.2 10.1 

5.61 6. 
18.7 19., 
S.66 6.1 
19.3 20. 
5.82 6.1 
■19.8 20.' 
i 5.98 6.1 
,20 4 21.: 
6.18 6.' 
20.9 21.; 


12.8 13.6 14.3 15.3 10.3 17.4 18 


28 

Ml »• »* 

8 20.3 


.98 4.20 4. 

,5 14.3 15. 
.18 4.41 4.1 


[.9 15.7 il6,( 
..68 4.88| 6.1 
..6 10.4 17.-5 
..78 5.04 5.S 

1.2 17.1 18.1 

.98 5.25 5.1 
^17.9 18.f 
p.isl 6.46 6.1 
'.6 18 .0 19. t 
.38 “TTi 6.C 

1.3 19.3 29.4 
.67 6.88 6.1 
;.9 20.0 2M 
.77 s.oa^Tl 
-.0 20.7 21.t 

.97 6.31 6.6 

1.3 21,5 22.1; 


t.9 22.2 23.4 

.3 7 6.72 7.1 
.0 22.9 24. i 
.67 6.93 7.9 
.3 23.6 24.€ 

.77 7.15 7.8 


i.04 5.40 6.81 ® 

.1 18.3 19.7 (£^2% 
1.29 5.67 6 , 10 : 

;.0 19.3 20.7 
.64) 5.94 6 . 39 ! ® 92 
20.2 21.7 

.79 6.21 6.68: 7.24 

.7 21.1 22.7 
.04 6.48 6 . 97 ! 7.86 
1.0 22.0 23.7 125.7 


L26 7.89 

.7 

r.6B 5-15 

IfSJ-.f® 

lilS 8 SI 
■ 6 30.0 
1.43 » 18 
i.O 31-1 

73 9.45 
'la 132-1 
oil »• 78 
r. 513.3.2 
soli»i 

.0 34.3 

.59 10.* 
.0 35.3 
89 10. 7 

ia 138.4 


.83 9.48110.3 11-0 
.0 .72.1 134 . a 37.5 
.07 9. 73 10. 5 11.* 

1.8 33.0 35.5 38. u 
.32 10.0 10.7 Jl J 
.7 33.9 30.5 39.0 
.58 10.3 110 12.0 
.0 34.9 37.5 40.7 
.83 10.5 11.3 12.3 
.4 35.6 38.5 41.71 i». 
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structural MEMBERS AND CONNSCflOt^^ {Sec. 6 (h 

TaBI.E 21 .-AltEAS AND WeH.HTS OF WlHlS SmACB 

i An.... ut couivttloat cyliiidcru in squaro inohea given in hoavy Oguros 

Wright. oTi™ in pound, pet foot length of .pn^l in light egurea 


Core diam. 
(ineb^) 


Pitch of spiral in inches 


2K"|2?4";2H" j 1?4" J JH" 


; S.Ofl J.ssj 8.S6 8.53 5.7o| 3.90j j | 

10.5 /ll.O 11.4 J2.0 12.« fia.2 f i 

8.88 8.48 8.89 3. 76 8.84 4.15| 

f ll.2 11.7 l:».8 12.8 13.4 (i4^| | 

8.49 8.65 8.68 8.99 4.19 4.4S| 4.66 
11.9 /Z2.4 jlS.O 13.0 14.3 jlo.O / lo.O j 

8. rol S. 85/ 4.04/ 4.88/ 4.44/ 4.58 4.94 8.88' 
2.6/13.1 /13. 7 14.4 15.1 ll.5.9 16. S Il7.3 ' j 
8.91 4.08 4.87 4.46 4.69j 4.94 5.88 5 52| 6.66! 
3.3 , 13.9 14.5 15.2 10.0 10. S 17.7 IlS.S 20.0 | 

1.11 4.89 4.49 4.70/ 4.93 6.19 6.49! 6.6o' 5.1? 6. 
l.O 14.6 15.3 10.0 16,8 17.7 18.6 19.8 21.0 22. 

4.38 4.60 4.71 T12 6.15 6.46 6.76 6.09 6.46 5. 
14.7 15.3 16.0 10.8 17.0 18.5 !l9.6 20.8 22.0 ^ 

4.58 4.78 4.84 6.16 6.48 5.7l| 6.03 6 38 6.79 7. 
15.4 16.1 16.8 17.6 18.6 1U.4 |20.5 2J.7 23.1 24. 

4.78 4.94 6.16 8.40 6.68 6.98 6.81 6 67 7.10 7. i 
16.1 16.8 17.6 18.4 19.3 20.3 21.4 22.7 24.1 25.: 

4.98 5.16 6.89 6.64 6.98 6.84 6.66 6.96 7.40 7.< 
10.8 17.5 18.3 19.2 120.2 21.2 22.4 23.7 25.2 20. 


6.16 6. 

17.5 18. 

6.86 6 . 

18.2 19. 

XiJ 6. 

18.9 19. 

6.76 6. 

19.6 20. 

6.97 6. 

20.3 21. 

6.17 6. 

21.0 21 , 

6.87 5. 

21.7 22. 

6.68 6 . 

22.4 23. 
6. 78 7. 

23.1 24. 
6.99 7. 

23.8 24. 

7.19 7. 

24.5 25. 
7.40 7. 

25.2 20. 
7.60 7. 

25.9 27. 

7.88 8. 

20.6 27. 
6.08 6. 

27.3 28. 


86 6.61 6.1 

a 19.1 20. < 
69 6.84 6. 

0 19.9 20. 

80 6.06 6. 

J^20. 0 21. ( 
011 6.89 6.1 
4 21.4 ;22.. 

88 “Oi 6 .1 

2 22.2 23.: 


44 6.74 7. 

9 22.9 |24 

66 6.98*T 

C 23.6 24. 
87 7.18 7. 
4 24.4 25. 
09 7.40 7. 
1 25.2 26. 
80 7.62 7 
8 25.9 27. 


61 7.68 5.! 
0 26.7 28. < 
74 8.06 e.< 
3 27.5 28.1 
96 8.80 8.( 
0 28.2 29. ( 
16 8.68 6.t 
H 29.1 30. ^ 
37 8.76 9.3 
5 29.7 31.3 


.17 6.49 6.1 
.0 22.1 23. 
.48 6.76 7. 
.8 23.0 24. 
.66 7.01 7. 
.7 23.9 25. 
.90 7.88 7.1 
.5 24.7 26. 
.16 7.64 7. 
.4 25.6 27. 

.40 7.79 6 .: 

, 2 26. .5 28. 
.*64 8.06 a. 
.0 27.4 28. 


.asiTsl 9. 
.5 30.0 31. 


.36 7.71 6. 
.7 26.2 28.' 
.66 6.08 8. 
.7 27.2 29. 
. 68 : 8 . 88 , 8 . 
>.7 '28.3 30_ 
laj 8.64] 9 
.0 29.4 31. 
.41 8.96 9. 
..7 30.4 j32. 

.70 9.26 9.1 
.0 31.5 33. 
.99 9.6610.: 
.6 32. .5 34.' 
.88 9.8710.1 
.6 33.6 U.'i.i 
.67 10.8 10! 
.6 |34.6 36.' 
.86 10.5 11.: 
.5 35.6 38. ( 


22 8.621 9.60 10,3 
0 30.0 32.3 35.0 
56 9.18 9.87 10.7 

1 31.2 33.0 .30.4 
88 9. 68 10.8 m“ 
2_ 32.4 34.9 37.8 
21 9.8710.6 11.6 
3 33.0 30.2 '39.2 
66 10.8 11.0 11.9 

5 34, M .37.5 40.6 

87 10.6 11.4 18.3 
0 30.0 38.8 42.0 
a 10.9 11.8 18.7 

7 37.2 40.0 43.3 

6 11.3 18.1 IS. 8 

8 38.4 41.3 44.7 

9 11.6 £370~ 18.6 
9 [30.6 42.6 46.1 

2 18.0 18.9 14.0 
0 40.7 43.9 47.6 , 


1.68 9.09 9. 

1.4 30.9 .3^ 

.69 9.86 9. 

k2 31.8 33. 
.18 9.60 10. 
.1 32.7 .34. 
.88 9.68 10. 
.9 33.6 35. 
. 68 10.1 jlO. 
.7 ;M,5 i36. 


6010.1 10.8 

6 134.5 30.7 


4 :il.0 11.7 

5 1.37. .5 39.9 
7 >11.8 18.0 
4 138..5 40 9 


11.6 18.8 18.3 14.4 

30.2 41.9 45.2 48.9 
11.8 18.7 18.7 14.8 

40.3 43.2 46.5 50.4 

11.8 18.0 14.0 16. S 

41.4 44.4 47.8 51.8 

18.6 18.4 14.4 16.0 

42.5 4.5.6 49.1 5.3.2 

18.8 18.7 14.8 16.0 
43.0 46.8 50.4 54.6 
I 1% 


38 
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Table 22.—Abeas and Weights op Wire SpIiials 


?* equivalent cylindere in square inebes gives in heavy figures 
Weights of wire m pounds per foot lengU of spiral in light figures 


Gore diam. 
(inches) 


Pitch of spiral in inches 



3" 


2«'' 


2M" 

2H" 

2M" 

2H" 

2" 

VA" 

IH" 

|i«" 

IM" 

20 

«.»: 

8.43 

6.66 

8.96 

6.24 










17.7 

18.5 

19.3 

20.2 

21.2 









21 

S .46 

8.70 

5.96 

6.24 

6.66 

6.90 









18.6 

19.4 

20.3 

21.2 

22.3 

23. 6 








22 

5 . 73 

6.97 

6.28 

6.66 

6.86 

7.28 

7 68 


i 






10. 5 

20.3 

21.3 

22.2 

23.4 

24.6 

26.0 







23 

T?» 

6.28 

6 .SS 

6.84 

7.13 

7.86 

7.91 

8.41 







20.4 

21.2 

22.2 

23.2 

24.4 

25.7 

27.2 

28.7 






24 

6.26 

6.62 

6 61 

7.14 

7 . 6(1 

7.89 

8.31 

"575S 

9 . 8 ^ 






21.2 

22.2 

23. 2 

24. 2 

25.5 

26.8 

28.3 

29.0 

all. 9 





25 

6.81 

6 . 79 

7.10 

7.44 

7 . 81 

6.22 

8.69 

9.20 

9.76 

10.4 



) 


22. 1 

23.1 

24.2 

25. 2 

20. 6 

28.0 

29. 5 

31.2 

33.2 

.35.4 




26 

6 . 77 

7.06 

7.39 

7 . 74 

8.12 

6.66 

9.06 

9.57 

10.1 

10.8 





23.0 

24.0 

25.1 

26.3 

27. 6 

20. 1 

30.7 

32.4 

34.6 

36, 8 




27 

7.03 

7.33 

7,67 

8.03 

8.43 

8.08 

9 39 

9.98 

10.5 

11.2 

12.0 




23.0 

21.4 

2(1.1 

27.3 

28.6 

.10.2 

31 0 

33.7 

35.8 

38.2 

40.9 



28 

7.29 

7.60 

7.95 

8 33 

8.74 

9.20 

9 73 

10.3 

10.9 

11 . 7 

12.8 




24. 8 

25. H 

27. 0 

28.3 

29.7 

31.3 

33.0 

34.9 

37.2 

39.6 

42.5 



29 

7. 66 

7,88 

8.24 

8 62 

9.06 


10.1 

10.6 

11.8 

12.1 

12.9 

18.9 



2.5.7 

26. 8 

28.0 

20.3 

30. S 

32.4 

,14 .1 

36.2 

38. 5 

41.1 

44.0 

47.4 


30 

7.81 

8.14 

8.82 

8.93 

9.37 

9 . B 8 ' l 0.4 

u.o 

11.7 

U5 

18.4 

14.4 



26. r» 

27.7 

28.9 

30. 3 

31.8 

33.5 

35. 4 

37.4 

39.8 

42.4 

45.5 

49.0 


31 

8. 06 

8.41 

s.soi 9.22 

9 68 

10.2 

10.8 

11.4 

12.1 

12.9 

18.8 

14.9 

16.1 


27.4 

28. 6 

20.0 

31.3 

32.7 

31.8 

36.0 

3S.7 

41.2 

43.9 

47.0 

50.5 

.54.9 

32 

S.32 

8. 69 

9.09 

9.62'iO.O 

10.8 

11.1 

11.8 

12.8 

13.8 

14.8 

16.4 

16.6 


28.3 

20. T) 

30.0 

3'2,3 

33.0 

35.8 

37.8 

39.9 

42.5 

45. 3 

48.5 

52.2 

6 

33 

8. 58 

8 97 

9.37 

9.82 10.3 

10.8 111.4 

12.1 

12.9 

18.7 

14.7 

16.8 ' 

17.2 


20.2 

30.4 

31 . 0 

33. 3 

35.0 

30.0 

39.0 

41.1 

43.8 

40.7 

50.0 

53.8 

58,4 

34 

TTSi 

9.23 

9.68 

10.1 

10.0 

11.2 

11.8 

12.6 

18.8 

14.1 

i5s2 

16.3 

17.7 


.30. 1 

31.3 

32.8 

31.3 

3G.0 

38.0 

40.2 

42.4 

45.2 

48.2 

51.6 

55.4 

60.2 

35 

9.10 

9.60 

9.96 

10.4 

10.9 

11.8 | l 2.1 

12.8 

18.7 

14.8 

18.6 

16.8 

18.2 


30.9 

32.3 

33.8 

3,1. 3 

37.1 

30.1 ;41.4 

43.6 

46. 5 

49.6 

53.1 

57.1 

61.9 

36 

9.38 

9 . 79 

10 2 

1 C . 7 111.2 

11.8 

12.5 

13.2 

14.1 

15^ 

16.1 

IT * 

18.7 


31.0 

33.2 

34. H 

36.4 

38. 2 

40.3 |42.5 

44.9 

47.8 

51.0 

54.7 

58.8 

63.7 

37 

9 . 63 

10.0 

10.5 

11.0 

11.5 

12.2 , 12.8 

18.6 

14.4 

16.4 

16.8 

17.8 

19.2 


32.7 

34.1 135.7 

37.4 

39. 2 

41.4 ;43.7 

46. 1 

49.2 

52.4 

56.2 

60.4 

65.5 

38 

9.90 

10.8 ' l 0.8 

11.3 

11.9 

12.6 

18.2 

14.0 

14.8 

16.8 

16.9 

18.2 

19.8 


33.6 

35.1 136.7 

38.4 

40.3 

42.5 144.0 

47.4 

fiO. 5 

53.8 

57.7 

62.0 

37.3 

30 

10.2 

10.6 

11.1 

11.6 

12.2 

12.8 

18.6 

14.3 

18.2 

16.2 

17.4 

18.7 

20.2 


31.5 

36.0 |37.7 

30.4 

41.4 

43.6 46.0 

48.6 

51.8 

55. 2 

.59.2 

63.6 

69.0 







1% 







i«% 


Spirals above and to right of Kigzag linos are nearest comuiercial size fully equal to percentage of core 
area indicated at end of line. 

. Weights in above table include the wire only. To this must be added the weights of the spacing 
baia and the weight of the extra turn at ends of spiral. 
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MEMBERS SUBJECT TO DIRECT AXUE TENSION 

In reinforced concrete members subject to direct tension the stress will be 
uniform over the section and the tensile strength of the concrete may not be 
counted as a dependable design factor. The section may and probably will be 
cracked entirely through when the full design load comes upon the member. 
All the stress must therefore be considered as taken by the longitudinal 
reinforcement. 

66. Formula.—The only formula necessary for the design of such members is 

/. = P/A. (87) 

in which P = tension or load on member. 

A, = area of longitudinal reinforcement. 
f, — tensile unit stress in longitudinal reinforcement. 

66. Design of Tension Members.—The design of such rnemlrens is extremely 
simple and needs little explanation. Tlie steel stress in such members is com¬ 
monly limited to 12,000 lb. per sq. in. The cracks in the concrete should be 
distributed at such frequent intervals that each will be of very small size. The 
simplest way to insure thi result is to use deformed bars of small diameter. Not 
all deformed bars have merit for this purpose and a properly designed bar should 
be specifie<l and none other accepted. The cracks may be made fine and well 
distributed bj^ placing wire mesh ici7/i loeltled or integral intersections just under the 
fireproofing shell of the member. This has value also in case of a severe fire in 
holding this shell together and its use is recommended in the general ease even 
(hough deformed bars are'also used. 

Most designers feel that reinforced concrete tension members should be very 
conservatively designed. They are used in trusses and for hangers generally 
and it is not uncommon, in stair hangers for instance, fo find designed stresses 
of only 4,000 to 5,000 lb. per sq. in. in the steel, thus assuring safety under extreme 
fire conditions or after very extensive corrosion has taken place. With such low 
stresses the corrosion would cause noticeable spalling of the eonerefe long before 
any danger of collapse was present. 

The critical points in the design of most tension members lie at their extremi¬ 
ties where they receive or deliver their load. For ordinary stair hangers a detail 
is commonly used making provision that the bent ends bear upon steel cross rods 
which in turn must engage a large volume of concrete. In column hangers struc¬ 
tural steel is generally used in all cases where these hangers are attached to steel 
trusses at the top. Bond on straight bars should never b<! the sole nor even the 
main reliance for the end anchorage of tensioji members, but a positive mechan¬ 
ical anchorage should invariably be provided- 

MEMBERS SUBJECT TO BENDING AND DIRECT COMPRESSION 

It has previously been pointed out that very few columns are subject to axial 
compression only. A wall column in a reinforced concrete building is practically 
always subject fo bending as well a,s compression, and while members should be so 
arranged as to minimize this bending it cannot be entirely avoided. Certainly in 
the usual beam-and-slab type of building and in all flat slab buildings, columns 
shogld be designed as members subject to bending and direct compression. It 
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is also true that beams and slabs very commonly take direct stress as well as 
bending. In stair slabs it is always true. The wind load is responsible for direct 
compression in other meinl)ers. Too little attention has been paid to the actual 
condition of beams, slabs, and columns in this resix'ct and we may expect to see 
less dependence (to an undetermined degree) on factor of safety and more careful 
design in the future. In arch rings and rigid-frame construction where the 
design takes account of such facts as these, the designer is certainly entitled to 
reduce his factor of safety on the working stresses below what would be proper 
in much present-day building design. In general, the direct stress is compression, 
for, except in certain members of concrete trusses, the framing of concrete 
structures is arranged so as to avoid direct tension in the members. The follow¬ 
ing discussion will be confined to cases of bending and compression. Formulas 
for cases in which the direct stress is tension may be derived in the same general 
manner as for cases whore the direct stress is compression. 

67. Design of Plain Concrete Piers for Eccentric Loading.—To design a plain 
concrete pier or caisson for eccentric loading, it is first necessary to assume the 
dead weight of the pier and find the total load and also the change in the point of 
aijplication of the resultant duo to the addit ion of the weight of the pier. If the 
resultant is itmliTicd to the axis of the member, the component N parallel to the 
axis must also be determined. Next determine the distance c of the point of 
application of the rsultant from the gravity axis of the assumed section. The 
maximum fi)>er stress, f,, in the concrete is determined by the usual formula for 
homogeneous material, Formula (88).* If the point of application of the 
resultant lies inside the “core” of the section, i.e., if c is less than //6, no other figures 
are ncce.ssary. If it does not so lie, there will be tension on the section. In jJain 
concrete construction a greater tension than 0.025//, or a maximum of 50 lb. per 
sq. in., should not be allowed. When this .stress is exceeded, a reinforced concrete 
member must be used. The formula for computing the extreme fiber stresses is: 


/. 1 JV -|-.V<c 
//'/ A -27. 


( 88 ) 


68. Bending and Compression on Reinforced Concrete Sections.—Stresses 
due to Ijcnding and compression on reinforced conmqe sections may be deter¬ 
mined by the methods of flexure for concrete beams modified to fit the conditions 
of the problem under comsideration. Rectangular and round sectioirs will be 
considered. 

69. Notation.—The formulas for d(^termining .stresses in reinforced concrete 
members subject to bending and direct compression require certain additional 
symbols as follow's: 


A = ht = area of concrete section ^ 

A' = area of steel near face of memlier most highly stressed in 
compression. 

A, = area of steel near face of member least highly stressed in 
compression. 

A, = Ai + Ai = total steel area, with symmetrically placed 
reinforcement. 

A/ = area of transformed section 


I See also See. p. 139. 
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c' = distance from point of application of N to the center of the 


tension steel. 

/«" = compressive stress in extreme fiber of concrete at opposite face 
of member from /«. 

Ci = distance from gravity axis to face most highly stressed in 
compression. 

cj = distance from gravity axis, to face least highly stressed in 
compression. 

d' = distance from c.g. of steel area Ai to nearest face of beam. 

dt = distance from c.g. of steel area A 2 to nearest face of beam. 

f, = stress in steel near face of member least highly stressed in 
compression. 

= stress in steel near face of member most highly stressed in 
compression. 

h = moment of inertia of transformed section. 

Ic = moment of inertia of concrete section about gravity axis. 

I, = moment of inertia of steel section about gravity axis. 

M = Ne = moment on section. 

N = component of R normal to section. 

Nc — total compression in concrete. 

Q, L and Z = expressions reduced to tabular values to reduce labor of 
computation, see eqs. (134), (123) and (109). 


p’ — = steel ratio in face most highly stressed in compression. 

p = j^j: = steel ratio in face least highly stressed in com])ression. 
p, == ratio of the sum of A, and A' to bt. 

r — distance from c.g. of steel area A' to gravity axis with sym¬ 
metrically placed reinforcement, 
r s= radius of circular section to center of reinforcement. 

R = resultant force at any section. 


jBi = a design factor for Case II, circular section, 


N, _ 

TT/)* 


t == total depth of member. 

X = distance from line of action of A'r to center line of circular 
section. 


Figures 17 to 28 inclusive illustrate some of the above symbols. 

70. Bending and Direct Compression—Rectangular Sections.'—Three 
general cases of bending and direct compression will be discussed. They are: 
Case I—Compression over the. entire section, reinforcement on both faces of 
section; Case II—Tension on a portion of the section, reinforcement on both 
faces of section; Case III—Tension on a portion of the section, reinforcement on 
tension face only. 

. 70a. Case I. Compression over the Entire Section—-Unsymmetrical 
Reinforcement.—Figure 17a shows a rectangular section of a member and its 
reinforcement. The fiber stresses in concrete and steel in this section may be 
determined by reducing the steel area to an equivalent concrete areaj which is 

* DutitriuoB and derivations of formulae by Gboboe A. Hool and W. B. Kiknb. 
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assumed as applied in the plane of the reinforcing steel. This new section is 
known as a transformed section. Figure 176 shows the transformed section' 
for Fig. 17o. 

When the shape of the transformed section has been determined, the properties 
of the section, such as its afea, position of the gravity axis, the moment of inertia 
of the section, and the distances to the extreme-fibers may be calculated. Sub- 



Fio. 17.—Strras distribution under bending and direct stress—Case I. 

stituting these values in ccj. ( 88 ), p. 627, for the conditions shown in Fig. 17, 
the stresses in concrete and steel are as follows: 


, N , M., 

A, /', 

(89) 

N 

“ A] I, 

(90) 


(91) 

t' ■^(^8 - d 2 )\ 

(92) 


where A, and I, are respectively the area and the moment of inertia of the trans¬ 
formed section and Af = iVe is the moment on the section. Note that the steel 
stresses in eqs. (91) and (92) are n times the concrete stresses in the plane of the 
steel. 

In making calouLations of fiber stress on any given section, it is generally 
more convenient to express the projxjrties of the section directly in terms of the 
concrete and steel areas. Thus if A, denotes the area of section including con¬ 
crete area equivalent to the steel area, we have 

A, = ht + n(A' -t- 4 .) (93) 

Strictly speaking (n — 1 ) should be used in place of n, but the approximate 
formula has been used here for convenience. Formula (93) reduced to 

A, = 5« [1 -f n(p’ -I- p)] (94) 

The distance from the face most highly stressed to the center of gravity of thq 
transformed section is (by moments about the top of section. Fig. 176) 

bl^^ + nA'd' + nAM ^ + ni/d'+ npd 
~ bt + n{A' -ir A.) ~ 1 + n(p'+ p) 


34 


(95) 
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It can be shown that the moment of inertia of the section, including the concrete 
area equivalent to the steel area, taken about the gravity axis of the section is 

7 = A + nl. (96) 

when Ir, = niomenf of inertia of concrete area and I, — moment of inertia of steel 
area. Expressed in terms of the dimensions shown on Fig. 17, 

h 


+ g(c,’ + C2») 


and 

Therefore 


I. = 4'n(ci — d'Y + nA,(ci — dj)’ 


h = jj(ci’ + cj’) + n[A'{ci 


■ d')^ + A^id - dj)^] 


(97) 

(98) 

(99) 


-J-Z/nsf^ropfs 


i ,fT 


Korraula-s for fiber strc.ss may be derived by substituting in cqs. (89) to (92) 
inclusive values of h, At, c, and cj as found 
above. However, these formulas are cumber¬ 
some, and it will generally be found simplest to 
determine the properties of the section from 
eqs. (93) to (99) inclusive, and substitute these 
values in (89) to (92). 


Ormyitj A*/S'' 


TT 




teo,oooib. 




S-/in.3^.ro9(s 
Fia. IS. 

From eq. (93) 

The ratios are: 

, A' 3 
P 


bt (12) (25) 

From eq. (95) 

12.5 + 35l(O.Ul(K))(2) + (0.00667) (22)! 


Illustrative Problem.—Detortninc the fiV>cr strossos 
in steel and concrete for the conditions shown in 
IH. Assume n « 15. 

.(12)(25) + 15(3 + 2) = 375 eq. in. 

A, 2 

1.00 per cent and p = 77“ ~ 0.607 per cent 

01 ( 12 )( 2 .>) 


and 


1 + 15(0.0100 + 0.00667) 


12.0 in. 


= 1 - c = 25 - 12.0 = 13.0 in. 

From oq. (99) 

I = [(12}’ + (13)’] 4 15(3.00(12 - 2)’ + 2.00(13 - 3)’] = 23,200 in.’ 

Since ci ®* 12.0 in./the eccentricity of application of tlie load is 12.00 — 8.00 = 4.00 in., 
and M = Ne «= (120,000) (4.00) «= 480,000 in.-lb. The concrete and steel stresses are as 
follows: 

Concrete at top of section; by eq. (89) 


120,000 (480,000)(12.00) 

375 ■*" 23,200 


568 lb. per sq. in. 


Steel near top of section; by eq. (90) 

>[ 


,, ,.ri20,000 ,(480,000)00.00)1 

/.' = 15| - + 23 200 "I = 7,000 II). per sq. m. 


J 


Steel near bottom of section; by eq. (91) 

0 , 000 ) ( 10 . 00 ) 1 

23,200 


, ,,.7120,000 , (480,00 

375 + 


1,695 lb. per sq. in. 


Concrete at l>ottom of section; by eq. (92) 

120,000 (480,000) (13.00) 


»1 lb. per sq. in. 


375 23,200 

ReinfoTcemevt Symmetrical .the stcol areiis on ilic two faces of the 
section are equal and are placed at equal distances from the faces of the section, 
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comparatively simple formulas may be derived for fiber stresses in concrete and 
steel. Figure 19o shows the section under consideration. Let Ao be the (oial 
steel area in the section, equally divided between the two faces of the beam and 
placed at a distance rf' from each face. For the given conditions the gravity 
axis is at the center of the section, as shown. Other properties of the section 
which may readily be derived from Fig. 19a are as follows: 

At — 6{(l + npo) (100) 

= L + nl. = ''2 + riAa-^ = + 12»Por^) (101) 

c. = c. = 2 = (2 ” ''') 



Seem Section Verietion in fiber Stress 

(b) 

Flo. 10,— Htrc.ss (U.strii»uiiim—I—..lyiiinictTical reinforcement. 


After eq. (8S), p. 527, we may write 


Since M =Ne, 


N ^^2 
= /, 




(103) 


On sub.‘<tituting profior viilues in eq. (103), the extreme liber stresses in the 
concrete are found to be 

> 1 . ) 

yht(l + np„) i2ap„r2)/ 


/. = A| 

which may be written 


12 ' 


/. = 


bit 


and 


^1 + npo '*’ < 1 q. 12'iPoQ* ) 


/r" - 


A' 


( 


1 


I 1 4- “npo t ' 




1 + 12 )i.poi 

The stresses in the steel, in terms of the concrete stresses, arc 


d', 




(104) 

(105) 

(106) 
(107) 
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By referring to Fig. 195 it can be seen that the stress in the steel is always 
less than nfc. Thus if /«is within its allowable value, then also will the steel be 
safely stressed. 

In deriving the formulas given in this case, it was assumed that the stress over 
the entire section is compressive. The variation in stress across the section, 
however, depends upon the eccentricity of the load N. For the case under consid¬ 
eration, the limiting condition will occur when //' of Fig. 195 is zero. The 
value of e for fe" = 0 may be determined by equating the right-hand member of 
eq. (105) to zero and solving for e, from which 

1 + 12 npo(^)' t . 

* ” (1 -b npo) 6 

From this equation, the limiting ratio of eccentricity to width of section for which 
compression exists over the entire section is 

e^[l +12^01 (108) 

t fi(l + npo) 

If in any case the existing eccentric ratio e/t is less than the value given by c(i. (106) 
the problem may be solved by the formulas for Case I. If the existing eccentric 
ratio exceeds the value given by eq. (106) the formulas of Case II must be used. 

Table 18 gives values of the limiting eccentric ratio e/t for n = 12 and 15 for 
various values of steel embedment. 


Table 18. — V aloes op e/i for Symmetrical Reinforcement 



d'/t 




Valuos of po 





0.005 

0.0075 

O.Ol 

0.0125 

0.015 

0.017.'. 

0.02 

0. ()22S 

0. 025 

15 

0. OS 

0.183 

0.191 

0.198 

0. 20-1 

0.210 

0.2IG 

0.222 

0.227 

0. 232 


0. 10 

0.177 

0.182 

0.180 

0.190 

0. 194 

0. 198 

0. 202 

0.205 

0. 208 


0.15 

0,172 

0.175 

0.177 

0.179 

0. 181 

0.183 

0. 185 

0.187 

0.188 


0.20 

0.168 

0.168 

0.168 

0.169 

0. 169 

0.170 

0.170 

0.170 

0.1706 

12 

0.05 

0. 180 

in 

KIR !9 

0.198 

0.203 

0.208 

0.213 

0.218 

0.222 


0.10 

0.175 


HK SI 

0.187 

0.191 

0.194 

0.197 

0.200 

0.202 


0. IS 

.0.171 


Bf a 

0.177 

0.179 

0.181 

0. 182 

0.184 

0.185 


0.20 

0.107 

0.108 

0.108 

0. 108 

0. 169 

0. 109 

0. 169 

0.170 

0. 170 


J-/OT. 

i- 


: 

0rmv^tyAxfs 

Y .^T 


150*000 


u:" 

■ 1 


Fio. 20 - 


If the existing eccentric ratio is less than the value 
in Table 18, the problem comes under Case I, and 
it greater than given in the table. Case II must 
be used. 

Ulustrative Problem.—Dotormine the fiber atreasos in 
concrete and atcol for the conditions, shown in Fig. 20. 
Assume n 15. 

e 4 

Sirico = 0.10 ia less than the value given in 


t 25 

Table 18 for the given conditions, the problem may bo solved by the formulas for Case I 
The stool rat io is po — 7 " *=“ 0.02. 

(J 2} (afO) 
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From eq. (104) 

, ^ IM.OOOf 1 4.0 6 1 

“‘(12)(25)Li + (15)(0."02) "^25 'l + (12)(i5)(0.02)(0.40)«J 
= 500(0.769 + 0.610) = 690 lb. per sq. in. 

Also, from eq. (105) 

//' = 500(0.760 - 0.610) =• 70.5 lb. per gq. in. 

The gteel gtreeaes are 
by eq. (106) 

= 15[690 - (690 - 79.5)] - 9,430 lb. per gq. in. 

by eq. (107) 

■ A = 15[79.6 + (090 - 79.6)] = 2,110 lb. per gq. in. 


Diagramn. —The equations derived under this case contain too many variables 
to permit the construction of diagrams for the solution of problems. However, 
if it be assumed that n, the ratio of the moduli E, and Ee is constant, and if it be 
hasumed that the steel is embedded to a certain percentage of the depth in all 
sections, the number of variables is reduced so that diagrams may be constructed. 
Thus, if we assume n = 15, and if we assume that the steel is embedded in the 
concrete one-tenth of the total depth from each surface, so that r = 0.4f, eq. 
(105) becomes 

f _6 1 

' 6tLl-f 15po e l-l-28.8poJ 

or if the expression in brackets is denoted by Z 


f -^Z 


and eq. (108) becomes 


1 -f 28.8po 

0(1 -h 15po) 


e A' 

Diagrams 18 to 23 inclusive give values of Z for various values of Po, ^ and > 

and for n = 12 and 15. The termination of the curves is determined in Diagram 

22 by eq. (110) and by similar equations in the other diagrams. For values of ^ 

to the right of the dotted line terminating the curves. Case I does not apply— 
that is, there is tension in the concrete and Case II must be employed. 

Values of fc", f. and if desired, may be determined from the value off,. 
From Fig, 196 it can be seen that 


Solving for/c", we have 


|^=H(/.+/.")• 




where A, is given by eq. (100) and N by the conditions of (he problem. Values 
of f, and 'may be determined from eqs. (106) and (lOV 

niastiatiTe Problem.—Determine the fiber stresges in concrete and steel for the condi¬ 
tions shown in Fig. 20. Use diagrams and assume » - 16. 
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For tbo given conditions 
c 4 


t 


25 


0.10 


iV 2.5 1 

Sinco ^ 


use Diagram 32, from which Z = 1.38 
From eq. (10») 

, N „ (150,000)(1.38) ,, 

(12)(25) 0«0‘t--P«rHq..n. 

From o<|. (Ill) 

,V 

/."=2^,-/. 

where Ai as given by eq. (100) is 

A, = (12)(25)[1 + (15)(0.02)1 == 300 «n- in. 


Hence 


^„^(2)(150 000)_„.,o..Hoib.porsq.i„. 

owU 


The Steel stresses muy bo determined as in the preeeding problem. Note the clo.se check 
on results obtained by formulas and diagrams. 


706. Case 11. Tension on Part of Section—Reinforcement on 
Both Faces of Section.—When the tension on the extreme fibers of the section 
is within the safe strength of the concrete, the metliod and formulas of Case I may 



Beam Section Verietion in Fiber Stress 

6^) (b> 

Fio. 21.—Stress distribution undesr iionding and flirert stress—Case II. 


be employed. When the safe tensile strength of the concrete is exceeded, a 
method of analysis based on the theory of flexure for concrete beams must be 
used. In this analysis it is assumed that all tension is taken by steel, no reliance 
being placed on concrete in carrying tension. 

Unsymmctrical Reinforcement .—Figure 21a .shows a rectangular section and 
its reinforcement. The assumed variation in fiber stress is shown in Fig. 216. 
From Fig. 216 it can be seen that there arc four unknowns which must be 
determined. These arc the liber stresses and/,' and kt, the distance from 
the compression face of the bgam to the neutral axis. 

From Fig. 216 it can readily be seen that 

and 

/. = - l) (113) 

These equations are derived from a consideration of similar triangles. Since 
forces on the section are in equilibrium, the summation of fiber stresses times the 
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area on wliich they act must be equal to N, the resultant thrust on the section. 
Then 

N = yj,bkt + S.'A' - J.A, (114) 

Also, the moments about any point must be zero for equilibrium. Taking 
moments about 0, Fig. 21?», we have 

Af = }ifcm(}i - + A'/.'g - d') + A.f.(d - y (115) 

Equations (112) to (115) inclusive give four independent condition equations, 
which, when solved as a group of simultaneous equations, wilt give the desired 
values of fiber stresses and distance to the neutral a.xis. It is possible, of course, 
to derive formulas for these unknowns. However, these formulas are cumber¬ 
some and difficult to use when obtained. It will generally be found best to 
substitute known quantities, as far as possible, in eqs. (112) to (115) and solve 
the resulting equations. 

The solution for the desired unknowns may be expedited by reducing the 
number of unknowns. This can be done by substituting values of /,' and /, 
from eqs. (112) and (Ilif) in e(i.s. (114) and (115). From eq. (114) we have 

N = + nldiA’ 4 4.) - n(A'd' - A^f)) (IIC) 

and from (115) 

A/ = ylc'Plj 4 HkH^b 4^ n/d [ A' - d') - 

A . (r/ - ^) I - « - d') - A.d(d - ^)]) (117) 

On substituting known quantities as far as possible, the sim\jltaneous solution of 
the.se equations will result in a cubic equation in k, from 
wliich the value of k may be determined. Substituting 
this value of k in e<|. (116), the value of fc is readily 
deterrairicd. Having/^ and k, ecis. (112) and (113) maybe 
solved for // ;ind All unknowns may thus be comiiletely 
determined. 

Illustrative Problem. —Determine the fiber stresses in steel and 
concrete for the section shown in Fig. 22 for M = 000,000 in.-lb. 
and N = 00,000 lb. Assume n = 1.",. 

For the conditions shown in Fig. 22, t = 2.5 in., h =-■ 12 in.. A' = 2 sq. in., 4, = S sq. in., 
d' = 2.5 in., and d = 22.5 in. From oq. (110) 

00,000 - ;^‘(3,750/i= + 1,8751: - 1,087.5) 



Fig. 22. 


and from oq. (117) 

000,000 = -31,2501:» + 40,8751“ - 3,7501 + 0,375) 


On equating these equations and reducing, wo have the cubic equation 
- 0.30/c* 4- 0.7‘Jk - 0.65 = 0 

Solving this equation by the method explained on p. 537, wo hove k = 0.C7. Substituting • 
this value of k and t *= 25, in eq. (116) in the form given above, we have 

00,000 = (o:07^”(25)^''”^° + “ 1.087.5) 

/• » 546 ib. per sq. in. 


from which 
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From eqs. (112) and (113) 

- (15) (546) 1^1 - (0 07^^(26)] “ 

and 

/. = (15)(546) [■(() - 1 j “ 2,780 Ib. per Bq. in. 

Reinforcement Symmetrical.—Yi^c 23 shows a beam section with equal steel 
areas embedded at the same distances from the surfaces of the section. For 



Beem Section Verietion in Fiber Stress 

M (b) 

Flu. 23.— Stress distribution—Case II— symmetrical reinfori:emcnt. 


symmetrical sections, oqs. (112) and (113) remain unchanged, but all other equa¬ 
tions become much simpler. With distances as shown on Fig. 23, eqs. (IIG) anti 
(117) become 

JV' = - »l»o ^ 

M=/,W=[7(;y+j^^(3-2ft)] 

To determine the Villue of k, solve eqs. (118) and (119) for/, and equate the 
resulting expressions. Noting that M = Ne, we have the cubic equation 

" ^(2 “ D ^ 01 


(118) 

(119) 


The solution of this cubic equation for the value of is given in textbooks on higher 
algebra. A solution by cut and try methods is given in the illustrative problems 
at the end of this article. 

When k has been determined from eq. (120), the value of/, may be determined 
from either eq. (118) or (119). Generally, eq. (119) is preferable, from which 



( 121 ) 



Fio. 24. 


The fiber .stresses in steel are given by eqs. (112) and (113), 
with values of k and /, as given by eqs. (120) and (121). 

niostrative Problem.—Determine the BtrcsseB in steel and con- 
Crete for the section shown in Fig. 24 for M => 600,000 in.->lb. and 
N “ 60,000 lb. Assume n 16. 

For the conditions shown in Fig.-24, f « 25 in.; b ^ 12 in., A' 
=a “ 2 sq. in., D' = 2.6 in., d = 22.5 in., and “ 10 in. There¬ 
fore 


r ^ 10 
i * 26 


0.4, « 


600,000 

w,dbo' 


X0m.,| 


10 

26 


0.4, pc “ 


4 

m 


0.0133 
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Substituting values in eq. (120), we have the cubic equation 
- 0.30AJ* 4- 0.48ft - 0.432 - 0 

This cubic equation may be Solved by the method given below. 

Cubic equations resulting from substitution in eq. (120) will generally be found to 
contain one real root whose value lies between 0 and 1, and two imaginary roots. An exact 
solution for these roots is generally difficult and beyond the reach of the ordinary engineer. 
Since we are concerned only with the value of the real root, which from the conditions of 
the problem, must lie between 0 and 1, the following cut and try solution may be used. 
This solution is based on the fact that the substitution in an equation of one of its roots 
gives that equation a zero value. Hence by assuming values of ft, it is pc^ible finally to 
find that value of ft which will give the above cubic equation a zero value. 

Assume first that ft =» 0.5. For ft = 0.6 the value of the above equation is found to be 
—0.142. Since a negative value was obtained by this substittition, it is evident that the 
assumed value of ft was too small, for the positive quantity produced by the first three 
terms was not groat enough to neutralize the negative quantity indicated by the l^t term 
of the equation. Therefore, the desired root must lie between 0.5 and 1. On trying 
ft « 0.7, the value of the equation was found to be +0.10. Hence the desired root is 
between 0.5 and 0.7. By this process it was found that ft 0.629 gave a zero value and 
was therefore the desired root. 

A simple method of evaluating equations is given in textbooks on maf hematics. The 
8ul>8titutionB for ft <= 0.5 and ft ().(>29 arc given below: 



ft 

Ausdlutk 

TKHM , 


-0 30 

+0.48 

-0.432 

+0.5 

+ 0.50 

+0.J0 

+0.290 


+ 0.20 

+ .058 

-0.142 


-0 300 

+ 0.4S0 

-0,432 

+0.029 


+0 029 

4 0.207 

+0.432 

+ 0.329 

+ 0.087 

0 


The process is as follows: Write out the coefficients of the several terms in order. Under 
the coefficient of ft* place the assumed value of ft. Add the terms algebraically. Multiply 
this sum by the assumed value of ft (thus 0.329 X 0.029 « 0.207) and place the product 
under the coefficient of ft. Repeat the operation as shown above. 1'he sum which appears 
under the absolute term is the value of the equation for the assumed ft. Thus for ft «= 0.5, 
the value is —0.142, and for ft » 0.629, the value is zero. With a little practice cubic 
equations of this type may bo solved rapidly and accurately. Generally two places in 
the result arc suificiont. 

This method may be applied to any cubic o(iuation for the solution of the real roots. 
The explanation given above applies for the determination of the real positive root which 
lies between 0 and 1. Cubic equations resulting from substitution in oq. (120) or in eqs. 
(116) and (117) are of this form. 

r 

Substituting k = 0.629 and - = 0.4 in eq. (121) we have 


from which 


600,000 

,,oCior .^,I <15)(0.0133)(0.4)‘ , 3(07629) -*(0.629) 
(12) (2o) ^ - y + "12 " 


■'] 


600,000 

(12)(2C)H0.142) 


/, = 560 lb. per sq. in. 
r^rom eqs. (112) and (113) 

= (16)(560) j^l - 

and 

/. - (16)(660)j^^y-g||j^gj - ij - 3,620 Ib. per sq.in. 
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The solution of problems in bending and oompr®sion for symmet¬ 
rical sections under Case 11 is greatly expedited by the use of diagrams based on 
eqs. (120) and (121). In eq. (120), if certain values be assumed for n and for 
the steel embedment, there results an equation for k in terms of the steel ratio 

po and the eccentric ratio From this equation, curves may be plotted giving 

values of k for various values of po and ^. Diagrams 24 to 30 inclusive give 
values of k forn = 12 and 15; d'/i - 0.5, 0.10, and 0.15; and for various values 
of Po and^ 

Equation (121) for/c may be placed in the form 


/c = (122) 

where 

Diagrams 27 and 31 give values of L for various values of the terms involved. 
The method or procedure in solving problems under Case II by means of the 
diagrams is as follows: (1) Determine k from the prof>er diagram; (2) find L from 
Diagram 27; (3) solve eq. (122) for/c; (4) find unit stresses in steel from eqs. (112) 
and (113). The illustrative problem which follows gives the cahailations in detail. 

Illustrative Problem.—Determine the stresses in steel and concrete for the section shown 
in Fig. 24 for M = GOOjOOO in.-lb. and N — 60,000 Ib. Assume n = 15 and solve the 
problem by means of diagrams. 


As before, 


and 


Po 


4 

300 


0 . 013 :^, 


e 

t 


10 

25 


» 0.4 


000,000 

00,000 


10 in. 


From Diagram 29 {d’ 
we find 


0.10 with Po = 0.0133 and * 0.4 

k = 0.029 


From Diagram 31 with k =* 0.629 and p<j = 0.()l.'13, 
we find 


Then from eq. (122) 


L - 0.142 


600,000 

(12)(25)*(0.142) 


— 580 lb. per sq. in. 


Since the 'steel stresses are determined by the same formulas as in the preceding 
problem, the substitutions will not be given here. 


70c. Case HI. Tension over Part of Section—Reinforcement on 
Tension Face Only.*—Figure 25 shows the assumed conditions. This case may 
be analyzed by methods similar to those used for Case II. Formulas for fiber 
stres-ses in steel and concrete and for value of k may be determined from those of 
Case II by modifying the conditions to fit Case III. Thus from eqs. (107) and 
♦ d 

(117) with f = d, e -b 2 = «', = 0, and A, = pbd, we have 

> Diagrams and derivation of formulas by Gboros A. Hoon and W. 8. KxiriaB. 
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«- f-K’ - »^(i -»] 

and 

M = ATc = [- J ^ np(l - fc)] 

From eqs. (124) and (125) wo have 

P + 3A;® — 1 ^ — finp(l ~ k)^ = 0 



M (b) 

Fifj. 25.—Slresa distrUiution iiudor bciicIiciK :itul diroft. stress • ('ase III- 


I'Voiu Fig. 25, 


u - 


Values of k may be? dolermim'd from fi<i. (12<i). 

^ 3 

The stress in the concrete is 

2Ne' 

kj 

This expression is obtained from eejs, (124) and (125), noting that 

, d 

c <• - ^ 

The stress in the steel, in terms of the concrete stress, is 

«/,(! - /■•) 
k 


f. 


lUastrative Problem.—Determine the Btresses in 
Steel and concrete on section a~h of the rctoininK wall 
of Fig. 2(i. Assume n = l.'i. 

7'he normal force, A, on the section is the weight of 
the vertical wall. With concrete at ISO lb. per cu. ft., 
N — (12) (150) = 1,8001b. Assuming N as applied at 
the center of the vertical wall and taking moments 
about the steel, we have . 

M = (2,400)(4,(12)(1,800)(4.J5) - 123,100 in.-Ib. 
Hence 

, M 123,100 . , p' m.a 

‘ * AT “ 1^800 - 68-5 m. and ^ 

For tho reinforcement shrtwn in Fig. 26, the steel ratio is 
(2) (0,442) 


foi - 




TI! 


6 5.‘{ 




in roan^. 

pttr ^3Qt 




Fio. 26. 


p = - 


0.00702 


(12) (10.5) 

Substituting these values in eq. (126) we have the following cubic equation for k: 
k* + 16.69ifc» + 4.13jk - 4.13 * 0 


539 

(124) 

(125) 

(126) 


(127) 

(3) 

f ropfs 
oftvnU 
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Solving this equation by the method given on p. 537, we find 


k 

and from eq. (127), 

/. 


= 0.385 / = 1 - —~ ■= 0.872 


(2) (1,800) (6.53)_ 

(0.380) (0.872) (12) (lO.O)« 


530 lb. per sq. in. 


From eq. (3) the stress in the steel is 

/. = (15) (530) = 12,7001b. persq. in. 


Diagrams .— Problems under Case III may be solved by means of Diagrams 
32 and 33. These diagrams were found to be more convenient than the form 
used in the preceding cases. Values of K, which appear on the lower right hand 
margin of the diagrams, are derived from eq. (127), which may be written 


K 


1 ... Ne' M 

2 ~ bd^ ~ bd^ 


(128) 


Diagrams 32 and 33 may be used for investigating existing designs to deter¬ 
mine fiber stresses, or they may be used for the design of beams to fit ccrfiiin 
given conditions. The use of the diagrams will be explained by means of the 
illustrative problems which follow. 


Illustrative Problem.—Deiermino tlie stresses in steel and concrete on section a-b of 
the retaining wall of Fig. 26. Assume n = 15 and use diagrams. 

From the preceding problem, wo have 

p = 0.00702; j = 6.53; and M = 123,100 in.-lb. ' 

O 

From eq. (128) 


K 


M 


123,100 

(i2)(10.v5)* 


= 93.2 


Entering Diagram 33 with a value p = 0.00702 on the lower right hand margin and tracing 
vertically to a value of =« 0,5.3, then horizontally to the left to a point vertically over K =» 


93.2 wo find 


» 12,700 lb. per sq. In. and fe * 530 lb. per sq. in. 

Illustrative Problem.—Design the vortical wall of the retaining wall of Fig. 26 for work¬ 
ing stresses of /* 16,000 lb. per sq. in. and /c ** 600 lb. iMir 8<i. in. Assume n — 15. 

Since the size of the wall is not known, assume its weight to ho 1,800 lb. applied 4H in- 
in front of the steel. Then M « (2,400)(4)(12) -f (1,800)(4.5) « 123,100 in.-lb. For 
the given working stresses the left hand part of Diagram 33 gives K » 87.5. Then from 
eq. (128) 


, M _ 123,100 
® (12) (87.5) 


10.8 in. 


The assumed weight of wall and position of its center should now be checked against the 
actual conditions. If the actual |knd assumed values do not check, repeat the above opera¬ 
tion until a check is reached. As the above value is so close to the conditions shown in 
Fig. 26, it wUI be accepted. 

The eccentric ratio is 


6.33 


. M « „ 123,100 

d “ Nd ( 1 ,^ 6 ) ( 10 . 8 ) 

Following across Diagram 33 to the right from the intersection of the given/, and ft curves 
/ 

to a valu^ o! ^ = 6.33, and then following vertically downward to the lower right-hand 


margin, we find p 0.0060. The steel area required per foot of wall ie then 


A. “ (0.0060) (12) (10.8) - 0.778 aq. in. 
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71. Bending and Direct Compression—Circular Sections. *— Two general cases 
of bending and direct compression on circular sections will be considered. These 
are: Case I—Compression over the entire section; and Case 11—Tension on part 
of the section. 

71a.' Case. I. Compression over Entire Section. —The extreme fiber 
stresses in concrete and steel may be determined by a method similar to that used 
for Case I of rectangular sections, modified to meet the conditions for circular 
sections. Figure 27 shows the section under consideration. It will be a.ssumed, 
in deriving the formulas for fiber 
stress, that the steel reinforcement 
forms a continuous sheet which is 
equivalent in area to the given 
reinforcement. If .do = total steel 
area and po = steel ratio, wc have 

do 

Vo = ZTi 



Fio. 27.- 


StrosB distribution in eccentrically loaded 
circular cored column—^Caso 1. 


where r = radius of section to 
center of steel. The area of con¬ 
crete outside the steel reinforce¬ 
ment will be neglected. 

A general expression for extreme fiber stress in concrete derived by the methods 
Used for eq. (103) modified to fit the conditions for the circular section of Fig. 27, 
is 

(129) 


In oq. (129) 


and 


At = area of section’ = 7rr’[l + (» — l)po] 


It = moment of inertia of section = 


+ (a 


1)7. = ” + ?'o(0' 


1) 


{0.2.5 + 0.5(« - 1)po]7rr« 


Placing these values in eq. (129) wo have 


and 


/. = 




N 

rrr’ 

Trr’ 


1 

+ (a - 
1 


l)Po ^ r 


4- (a - l)po 

The steel stresses in terms of the concrete stressed arc 

= a/. 


1 

0.2,5’4- t).5(a - Dp, 
0.25. + 0.5<n‘~ !),».] 


.] 


and 


h = a/.' 


(130) 


(13D 


(132) 


niustrative Problem. —A round column with a 20-in. core reinforced with ten 1-in. 
square rods sustains a load of 200,000 lb. applied 2 in. off center. Doternune the maximum 
unit stress in the concrete. Assume n » 15. 

> Based on a solution devised by Mb. C. >. WaiTNsy, Structural Engineer, Milmbukec, Wis. 

* Note that the more exact cxpreBsion for equivalent concrete area is used in the following discussion 
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For the given conditions 
N ■■ 

From eq. (130) 


N = 200,000; Pe = ■= 0.0318, r =■ 10 in., and * ^ 


10 


0.20 


200,000 

(;j.i42)(ib)> 


[r 


+“(15 - DO.OSiS ■*" 0.25 + 0.6(15 - 1)0.0318 


from which 

/c = 710 Jb. per sq. in. 

Diagrams .—Equation (130) may be written in the form 




where 


1 


+ 


(133) 


(134) 


+ (n — l)/;u T 0.25 + 0.5(n — l)po,l 
Diagram 34 gives values of (bo right-hand member of eq. (134) for various values of the 
several terms. 

To determine /,, note from Fig. 27 that 


.>.+//) 


from whi<!h 


At 


N 


(13.5) 


where At *= Jrr*fl 4* (n — l)pol and jV is piven by the conditions of Iho problem. Kqiuitioris 
(132) give values of U and /«. 

Illustrative Problem.—A round column with a 20-iu. core, reinforced with 10 sq. in. of 
steel, sustains a load of 200,000 Ib. applied 2 in. off center. Determine the maximum unit 
stress in the concrete. Assume n = 15 and use diagrams. 

For the given conditions, 

10 


From Diagram 34 
Tlierefore 

A = 


0.0318, r = 10 in., and = ~ 0.20 

^ r 10 




= 1.12 


1.12A’ 


N 

( 1 . 12 ) ( 200 , 000 ) 


= 712 lb. per s(i. in. 


irr* 314.10 

716. Case II. Tension over Part of Section.—Figure 28 show's the 
section under consideration and the assumed variation in fiber stress across the 



Fig. 28. — Stresja distribution in ecueutrically loaded circular corod column—Case II. 

section. When the eocontricity of loading is so great that there is tension on a 
part of the section, a direct solution by formulas cannot readily be made because 
the expression for Ne (the resultant of the compression in the concrete) and x 
(the distance from iV. to the neutral axis) cannot be expressed by simple formulas. 
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However, the problem may be solved by carrying the derivation of the formu¬ 
las ns far as the statement of the general condition equations. Then, instead of 
completing the .solution of these equations in the usual manner, values of certain 
of the variables may be assumed and the value of the remaining variables deter¬ 
mined. By this process, repeated for various values of the variables, data may be 
obtained from which curves may be plotted giving the de.sirod relations between 
all of the variables. This will now be done for the case under consideration. 

Since the resultant of forces acting on the section must be zero, we have from 
Fig, 28 

N = + N. 


where Nc = total compression in concrete and N, = resultant of steel stresses. 
From the fiber stress diagram, it can bo seen that the average stress in the steel 
is n times the stress in the concrete at the center of the section—that is, it is 

equal to n/« ^1 — ^ Hence 

A', = poirr’-n/. (l - 2^.) 


Then 


N = N 


+ - 2 ^) 


which m,ay be written 

N = \II;, + nj>o (l - ] (136) 

The term Nn in eq. (136) represents the volume of tla; concrete fiber stress wedge 
of Fig. 28. It can readily be shown that 


Nc = fcTrr‘‘Ki 


where A'l is an abstract ratio which may be expres.sed as a function of k. Hence 


Values of Ki are given in Diagram 35. The e.xpression for A'l is very complex; 
it will not be given here. 

Since the section is in equilibrium under the forces shown in Fig. 28, moments 
about the center line of the section must be zero. We then have 


M = Ne ~ NcX -b M, 

where M, = moment of steel stre.sses about the center of section, Nc = total 
compression in concrete, and x = distance from line of action of Nc to center of 
section. To determine the value of M„ let // be the extreme unit fiber stress in 
the steel due to bending only. From Fig. 28 it can be .seen that is equal to n 
times the difference between/, and the stress in4he concrete at the center of the 
section, or 

r / _ 

2k 

Also, from the usual formula for flexure in beams, we have 

., _ M.r 
" I. 

ITT* 

where I, = moment of inertia of steel — Po 2 
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Equating this value of to the one given above, we have 
Placing this value of M, in the above equation for M, there results 


which may be written 


M = Ne = 




The term NcX is the moment of the resultant concrete stress about the center of 
the section. It can readily be shown that 

NcX = ievr^Ki 

where Ki is an abstract ratio and a function of k. Values of Ki are given in 
Diagram 35. 

Ne 

Letting ^ = ifi, we have from eq. (137) 

= + (138) 

ic »r“/. X/.irr’ 4fc / ' ' 

From eqs. (136) and (137) we may write 


[/Jr* + "P“ 0 - 2k)] 


e Ne ,wPo] ' 

4fcJ 

and from eqs. (138) and (139) we may derive the expression 

(,) <■«> 

It will not be advisable to carry the direct solution of the equations beyond 
this point. Curves may be plotted from eqs. (139) and (140) by means of which 

the concrete stress may be determined for any given value of To calculate 

values from which these curves may be plotted, assume n as a constant and give 

Po any given value. Assume some value of k and insert this value in eq. (139), 

N,x r 

together with values of obtained from Diagram 35. Substitute - 

and k in eq. (140) to obtain Plot values of *" and for the given value of 

/c ^ Jt 

Po. The curves given on the right-hand side of Diagrams 36 and 37 were obtained 
by this process. These curves will give the extreme fiber stress in the concrete 
for any value of ejeentricity which produces tension on the section. 

The maximum tensile stress in the steel, /,, is shown on Fig. 28 to be 

/. = n/„(i-l) 


(3) 




Sec. S-72] 


RBmfORCBD CONCRETE MEMBERS 


545 


Solving eq. (3) for /, and equating the resulting expression to 
obtained from eq. (138) we have 

R\ NeC /NcX , npo\ 

VcvJ'* ■^4*7 


From eqs. (141) and (139) we may write 


h 

Ri 




the value of /, 


<14l) 


(142) 


By a process similar to the one described above, ecis. (139) and (142) were used to 
plot the curves.given on the left-hand side of Diagrams 36 and 37. Stresses in 
the steel on the tension face may be determined from these curves for any value of 
eccentricity which will produce tension on the section. The stress in the steel 
on the compression side is = n/c- 


lUustratiTe Problem.—A round column with a 20-in. core reinforced with 10 eq. in. of 
stool, Bustains a load of 200,000 lb. applied 4 in. off center. Determine the maximum unit 
stresses in steel and concrete. Assume n = 15. 

For the given conditions, 

, r 10 „ „ 

r = 10 in.; po and « *= 2.50 

314.2 e 4 

From Diagram 37, 

= 0.270 and = 5.5 
/k /• 

Now 


Rt 


TV. ^(200,0(M))(2) ^ 
vr* (3.1416)(10')» 


Hence 


/o 


^ 254 
0.270 6.270 


042 lb. per sg. in. 


/. » 6.6 


and 


Ri *« (5.5) (254) ** 13,950 lb. per sq. in. 

= n/fl =* (15) (942) — 14,100 lb. per Sfj. in. 


72. Desigtdng for Bending and Direct Compression.—Most of the iliustra- 
tive problems given in this section have been reviews of designs where the construc¬ 
tion was known and the stresses to be determined. The more common problem 
of design starts with known stresses and seeks to establish economical dimensions 
of the concrete and the reinforcement. The design of members for bending and 
direct compression is liable to be an extensive cut-and-try process for beginners, 
but experience soon enables a designer to make the two (or, at most, three) assump¬ 
tions very accurately. Formulas have been given in this section under Cases I 
and II of re<!tangular sections for the particular condition of symmetrically 
placed reinforcement and also for the general condition without such limitations. 
Diagrams are available for these two cases, for symmetrically placed reinforce- 
. ment only. The designer is therefore in a position where he must make a some¬ 
what difficult decision between the easier but limited solution by the aid of 
diagrams and the more difficult solution by formulas which permit of much more 
economical use of the materials. It is obvious that the use of symmetrically placed 
reinforcement will not lead to economical design under the average conditions. 
In cases where the eccentric moment may act in any of several directions, the use 

35 
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of symmetrically placed reinforcement is the proper solution. Under Case Ur 
of rectangular sections the diagrams are general and should always be used to 

save iabor. * j • . 

For circular sections under bending and direct compression, design diagrams 
have been developed only for symmetrical reinforcement, beoaiw of the fact that 
such conditions commonly occur with interior columns of buildings where the 
eccentric load may be applied in different directions at various times. For 
the more exceptional case where the eccentric moment acts in a fixed plane, the 
designer is probably justified in using symmetrical reinforcement with some waste. 
If the condition is repeated, as with long rows of round columns csrrjring crane 
brackets, the labor of accurate design by cut-and-try metliods is justified. If a 
design with symmetrical reinforcement is made first, the number of trials can be 
reduced to one or two, and the work is not excessive. 

73. Steps to be Taken in Design.—For all cases of rectangular and circular 
sections under bending and direct compression the first step in design is to make 
an assumption as to the weight of the member. This weight will act either to 
produce an added moment or to add to the direct load. This assumed weight 
must therefore be combined with the given applied forces and moments and the 
magnitude, direction and point of application of the resultant force on the principal 
design sections determined. From this the magnitude of the component, N, 
parallel to the axis of the member is found and the distance, c, from its point of 
application to the gravity axis is then determined. The final step in each case is 
to check this initial assumption of weight and to repeat the design operation with 
a revised weight if necessary. The intermediate design steps for the various 
cases follow; 

Rectangular Sections—Case I, symmetrical reinjorcemerd, using diagrams: 

(a) Assume values of po, d'll, and Z and with these values enter Diagrams 
18, 19, 20, 21, 22 or 23 (to conform with values of n and d'/t), and deter¬ 
mine the value of e/l. 

(5) From this value of c/t and the known value of e determine the depth of 
the member, (. 

(c) Fromeq. (109), in which/,, N, Z and t are now known, determine 6. 

The dimensions and proportions of the beam will indicate whether further 
trials are needed to secure a satisfactory design. 

Rectangular Sectimis—Case I, non-symmetrical reinjorccmenl, tising formulas: 
(a) Work out design with symmetrical reinforcement. 

(6) Determine /," by Formula (89). If /," is not greatly different from /,, 
accept the design with symmetrical reinforcement. 

(c) If /„" is small compared with /„ assume a new section of member with a 
minimum (say J4 of 1 i)6r cent) amount of reinforcement on the /," side 
and the same or somewhat greater reinforcement on the /, side, as was 
found with symmetrical reinforcement. 

(d) Compute values of Ai, I,, and Ci for this section and solve for/, by eq. (89). 

If /. is too high or much too low new assumptions are necessary. Compare the 

final design with that having symmetrical reinforcement, for economy. 

Rectangular Sections—Case II, symmetrical reinforcement, using diagrams: 

(a) Assume values of po, d'/t and L and with these values enter Diagrams 
24,25,26,28,29or 30 (to conform to values of n and d'/t) , and determine fc. 
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(6) With these values of k and po enter Diagram 27, or 31, and determine e/t. 

(c) Prom this value of e/t and the known value of e, determine L 

Id) From eq. (122), in which/,, M, and L are now known, determine b. 

The dimensions and proportions of the member will indicate whether further 
trials are necessary to secure a satisfactory design. 

Recian-gular Sections—Case II, non-symmetrial reinforcement, using formulas: 

(а) Work out design for symmetrical reinforcement. 

(б) From this design assume a new trial section and reinforcement. In 
general, economy will result from reducing the compressive steel area and 
substituting concrete. 

(c) Compute values of k by eqs. (116) and (117). 

(d) Compute/, from cq. (117). 

(e) Compute/, from eq. (113). 

Rectangular Sections, Case III: 

{a) As.suirie d which will also fix e' and the value of e'/d. 

(6) Enter Diagram 32 or 33 with the values of/,,/, and e'/d, and determine 
Kt and p. 

(c) From eq. (12S), in which A'l, M, and d are now known, determine 6. 
Circular Sections, Case I: 

(а) Assume core radius, r, which determines value of e/r. 

m'Hc 

(б) Compute the value, of ^‘j and with this value enter Diagram 34, and 

determine the value of p. 

Circular Sections, Case II: 

(a) Assume core radius, r, wliich determines values of r/e. 




, /. 


(fc) Enter Diagram 36 or 37 and determine the value of p. 

In using tlie various diagrams and, in particular, in using Diagrams 27 and 31, 
care must be taken to u.se the value of n consistently throughout. 

74. Tying of the Steel to Prevent Buckling.—The use of high percentages of 
compressive reinforcement in members subject to bending and direct compre.ssion 
involves special consideration of the tying of the steel to prevent buckhng. 
The ordinary column ties, Ji-in. round rod.s at 8-in. centers, are not sufficient for 
all conditions. For rectangular .sections, in which ties are usual, a good rule to 
follow is to provide a sectional area of ties in a length of 1 ft. equal to 10 per cent 
of the area of the compressive reinforcement at the section of maximum stress. 
Ties should be sp.aced not over 8 in. on centers at this section and the spacing may 
be increased as the stress decreases in beams. In columns a spacing of Sin. should 
not be exceeded and adjustments for decreased stress may be made by decreasing 
the size of bar until the miaimum size of H-in. round is reached. For circular 
sectioas under bending and direct compression, a spiral will commonly be present 
which will amply provide against buckhng. In the exceptional case where no' 
spiral is used in the column design one should be provided when bending is 
involved. A spiral for this purpose may have a spacing of 6 to S in. as a maximum. 
Tlie percentage of spiral should not be less than of the percentage of vertical steel. 
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Bending and Direct Stress—Case I. 

Symmetrical reinforcement, d* ~ O.lOi, n — 12. 

Sending and Direct Stness- Compression Over Whole Section 


Sw. 6 ^ 7*1 
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Bending and Direct Stress—Case I. 

Symmetrical reinforcement, d" « 0.15f, n « 12. 

Bending and Direct Stress-Compression Over Whole Section 

-0 <5f _ Based on n*lZ and _ Vofues ofZ m fonnulp 

' Vo l ues of 
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Diagram 22. 

Bkni>xno and Dirrct Stress—Case 
Symmetrical reinforcement, d* = O.lOf, n 

Bending and Direct Stress-Compression Ovi 

d’*<MOt Based on n*IS arid A'* A« 
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Di voRAM 2d. 

Bendixo ANT) Direct Stress—Case II. 
Symmetrical reinforcemont, d' = O.lOf, n = 12. 
Note. —To be used in connection with Diagram 27. 
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Diagram 28. 

Bsnding Aisn> Dirrct Stbssb—Cabb II. 
S:fininetncal reiiiforcement, d* >= 0.05l» n » 15. 
Notb.—T o be used in connection with Diagram 31 


m 
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Bending and Direct Stress—Case II. 
Symmetrical reinforcement, = 0.15^, n = 15. 
OTE. —To be used in connection with Diagram 31. 
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Symmctriral reinforcement, d' ~ 0.10^. n ~ 15. 

= 0.05/, )Mi by 0.700 before entering diagram. 

= 0.15/, divide ;»<} by 1.300 bebire entering diagram. 
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DiAanAM 31). 

Benmko and DinEfT Sthesr— Roirvi) Coi.umns—Case II. 




AND Direct Stress—Rottsd Columns—-Cj^e II. 

R'ound Columns - Bending and Direct Stress - Tension in Section 






























Eccentricil 
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FOOTINGS 

Balanced cantilever slabs are most commonly used in foundation work to 
distribute the load from a wall or column to the soil. When used as a wall footing, 
the cantilever projects in two balancing directions and such members are figured 
in the same manner as slabs by taking beam strips 12 in. wide as a design unit. 
Owing to the very heavy loading and short cantilever overhang the condition 
as to shear and bond is unusually severe in such members. Many designers 
provide hooked ends for all footing bars, to reduce the danger of failure through 
slipping to a minimum, and they keep the bar sizes small. The other common 
tyfK! of cantilever foundation .slab projects in all directions from the column it 
supports. The design of such a footing considered .as a structural member is the 
particular design problem discussed in the following articles. Almost all other 
types of spread found.ations are designed as beam-members. 

76. Notation.—The symbols used in the formuhis for the design of square 
column footings are as follows: 

a = width of pier or column supported. If column is round, a is taken as 
the .side of a scpiare of ecjual area. 

A, = effective steel area in one direction. * 
b = dimension of base of footing. 
c = distance from face of i)i('r to oilg(! of footing. 
d = depth from top of footing to c.g. of steel. 
c = dimension of tiat top of footing. 

M = mf)n)ent. in one direction. 
t = total thickness of footing. 
fi = thickness of prismatic portion of footing. 
v> = column load divided by f/-. 

Figure 21) illustrates the. symbols given above. 


76. Formulas.—The formulas for the design of square column footings follow: 
For footing and pier monolithic 


M = ”'(a -H 1.2c)c» 

(143) 

For footing and pier of separate con.struction 


M = (6 - a) 

(144) 

A - 
, - fjd 

(146) 

2M 
~ kjed^ 

(146) 

%d[IA - (a -k 2d)i] 

" “ 3..')(« -f‘2(/)d, 

(147) 

At edge of pier, Formula (17), p. 433, becomes 


w’(c'' -p ac) 

" ~ Sojd 

(148) 
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The basis of Formula (143) was first advanced by Prof. Talbot in discussion of 
footing tests made under his direction. It may be derived from Fig. 29 by writing 
moments about mn of the load on the area himn and of tlic load on the two areas 
ghm and ijn, considering that the load on the two triangles acts at %o of the 
distance hm instead of at their centers of gravity. The basis for taking this lever 
arm and for writing inoinents about mn instead of about the center line of the 
footing lies in the test data. For members in which the column is not monolithic 



Footing Design 

20." • Design of colimin fitoiing. 


with the footings (a steel or cast iron cohimn, for (!xam])le) moments should be 
written about the center lino and the moment •of the e.olumn load deducted. 
For this case Formula (144) applies. 

77. Steps to be Taken in Design.—The steps in the design of a square column 
footing are as foDows: 

(a) From the column load and the allowable pressure on the soil determine, 
the dimension 6 of the footing. For this computation an estimated weight of the 
footing per square foot must be deducted from the soil pressure. The weight of 
the footing does not enter into the computations otherwise, as its weight passes 
directly to the soil without affecting the moment or shear measurably. 




670 STRUCTURAL MEMBERS AND CONNECTIONS [Sec. fr-78 

(6) Compute w (= column load divided by t*). Compute M by eq. (143) 
or (144). 

(c) Assume a value of d and compute the shearing unit stress by eq. (147). 
Revise the assumption of d until an allowable shear on plain concrete is obtained 
(or design stirrups if depth of footing is limited). 

(d) Compute A, by eq. (145) and determine the size and number of bars 
making up the effective steel area. In the remaining width of footing provide the 
same size bars at the same spacing. 

(c) Compute the bond by eq. (148), taking So as the sum of the perimeters of 
all bars making up the effective steel area A,. 

(f) Compute the width e by eq. (140). Make the flat top of the footing not 
less than e, and not less than (a + 8 in.) in width. 

78. Effective Width.—The steel close to the edge of footings takes le.ss stress 
than that directly under the pier. In the tests referred to above it wa.s found that 
a total tension equivalent to the actual total of the varying tensions in all bars 
was found by considering all the steel within a certain effective width to be stressfid 
ns higldy as the bars directly under the pier. This effective width was found to be: 
The width of the. pier plus the de]>th of the footing on eitlier si<lc plus l-i of 
the remaining width of the fooling. The 1921 .1. C. rej)ort jicrmits the steel 
outside the effective width to bt; spaced at twice the interval found within the 
effective width, but this was not Prof. Talbot’s r(>(;ommendati<m. In his tests the 
bars were spaced uniformly across the entire width of the fooling. 

79. Shape of Footings.—Isolated column footings may have flat tops, sloping 
tops (as in Fig. 29) or stepped tops. The limiting contour for slo])ing footings is 
governed by the shear. Stepped footings should be so proportioned as to com¬ 
pletely envelop the minimum sloped footing. The vertical dei)th at the edge of 
sloped footings, t\, is commonly made 12 in. For the practical o])eration of iiouring 
sloping footings without forms a comparatively dry concrete is us(>d, and Ihe slop! 
may be .as steep .as 3:5 without causing any difliculty in the field. Stepped 
footings and flat topped footings re(iuirc forms. 

80. Punching Shear in Footings.—No attention has been paid thus far to 
punching shear, on which a limit is placed by many specifications. The best 
practice is to consider that the resistance to punching shear is .so great that such 
stress is always far less critical than shear as governing diagonal tension. For the 
latter. Prof. Talbot’s tests indicate that the critical section may properly be taken 
at a distance from the face of the column or pier equal to the depth, d, to the steel. 
This section is shown by a heavy line on Fig. 29. The load causing shear on this 
section is the load from the section to the edge of the footing. Formula (147) 
is derived on this basis. 

81. Use of Web Reinforcement.—Web reinforcement is not generally used in 
isolated column footings as it is not economical. Occasionally a condition occurs 
where the foundation conditions re<iuire a shallow footing and web reinforcement 
in a few footings becomes desirable. In such cases a section cut by a s(]uare prism 
centered on the column center is taken and the shearing stresses and web rein¬ 
forcement computed on the four planes of this section as for a beam section. 
Successive sections of varying size completely determine the shear design. 

82. Diagram for Determining Depth of Footing.—For fixed proportions of a 
to ^ and for any given column load the depth to the steel, d, remains practically 
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constant for all soil pressures in common use. Figure 30 is based on the assump¬ 
tion that the column of whatever size will rest upon a pier whose side is at least 
^ of the side of the base of the tooting. From this figure the value of d 
for design may be selected with the assurance that the shearing stress as govern¬ 
ing diagonal tension on the section shown in Fig. 29 will not exceed 40 or 60 lb. 
per sq. in. as noted on the diagram. For any other assumption as to the shear 
section a similar diagram may be prepared. 



rotml column lopiiH in Ihousmels of pountls 


Fm. 30. —Approximate deptbu of square eolumii fo<»ting». 

Illustrative Problem*—To design an isolated column fooling resting on soil good for a 
design loml of 3,500 11». per sq. ft. and supporting a 24-in. square tjolunin, loaded to 400,000 
Ib. Uhc /r »» 700, 10,000, n ^ 15 and Ve =■ 40 for plain eonoreto with straight bars, 

or 60 for plain concrete with hooked bars. 

The solution of thia problem is given on Design Sheet 18. The following notes apply 
to that aliect: (a) In Formula (147) note that the value of (a -}- 2(i) in the numerator is 
umfd in foot l>ocauHo the load, ir, is in lb. per ati, ft. In the denominator (a -f 2d) is taken 
in inches as the atroKs v,- in desired in i>ouuds per square inch; (b) a design using a smaller d 
and increasing Vc to 60 lb. i>er sq. in. would be economical as it would save excavation 
a.s well as concrete. The bond unit stress, however, would tend to be very much higher 
and very small bars would be necessary; (c) the effective width is 109 in. and the total 
width of footing 134 in. The total stacl area in the entire width of footing is therefore 
^'^^109 times 7.20 sq. in. 
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DESIGN SHEET 18 

Load on noil (total) = 3,500' 

Approximate weight of footing = 270 


Available for eol. load — 3,230 

“ 124^ b = 11.18. Make footing ll'-2" square 


3,230 

.400,000 .if/IV 

(ll.lO)' ’ 


11.10 


Assume d =• 30" a = 2.0' - 24" c =.- 4.58' = 55" (, = 12" / 

4 = 34" / - f, =• 22" (a -f 2d) = 24 -|- 00 =■ 84" = 7.0' d, =8 4- (22") 

,(a) _ 3,2001(1 1.10)-' - (7.0)4 


By Formula (147) 


(;i.r))(H8)(is.S) 
= 41..5#/°' 



This is O.K. with hooked rod.s ^^’1 
By 0 ( 1 . (143) 


'1 '>00 g 

M = ■ 13 + (!.2)(4..5S)1(4..58): = 2.52,000'# -- 3,020,000"*^ 


By oq. (14.5) 


" { 1 oJtok“)I 30 ) '■ lb-“r"(#--Ht7H"o.c. 


Effeetivc width = 7.0' + '■'* = 0.08' = O'-l" = 100" 

For total width of footing stc'eJ in each direction =- 20 —hooked onds^'*^ 
By Formula (14H) 

3,20(ii(4.oS)« - n.ir»] 


“ “ (10)(2.35f.)(Ji)(30) ' 


O.K. with hooked ends 


By Formula (14(1) 

Make flat top of footing 24" -f- - 32" □ 


(2) (3,020,01)0) _ . 

’’ " (700) (0.390) (0.808) (30) ~ ' 


= 30-1- 
= 18.H" 
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GENERAL NOTATION^ 


For all materials except reinforced ctonrroto: 

/ unit fiI)or strefks. 

V ~ unit shearing stress (horizontal or vertical). 

V « total shear. 

c s* distance from neutral axis to extreme fiber. 
b — breadth of rectangular section. 
d ^ depth of flC(?tion. 

A »■ area of section. 

/ = mf)rnent of inertia. 
r =- radius of gyration. 

S = sectiim modulus. 

^f = bending inonumt or rosi.sling momciit. 

I = spun or IciigUi. 

L - span or length. 

ForP — coiicentratod load or total .stress in a inenibor. 
w» — uniformly dist.rihutcd load iw.r unit of length. 

W -• tf)tal uniformly dialributed lo.ad. 

H ■- reactions al supports or resultant of forr'es. 

E - modulus of elasticity. 
y — dellectiou at any point in a beam 
A — total deformation or deflection at any |>oint in a Iwum. 
h - unit deformation. 
e — eccentricity. 

For reinforced <'(jncrete: 

(a) Rectangular Reains and Slabs 

A >- tensile unit stress in atoel. 

/r = compressive unit stress in extreme filler of (*oncrete. 
fc — ultimate <*ompres.sive strength cd concrete at agt? of 2S days, based 
on tests of b- X 12-in. or K- X 10-in. cylinders made in accordance with 
A.S.T.M. specificationH. 

Eb = moilulus of elasticity of stwl. 

Eu = modulus of elasticity of coruTote. 


n 


E, 

k: 


For values of A in fliixure not over 900 lb. i)cr fl(j. in., a is com¬ 


monly taken as 15. 

M — moment of resistance, or I»cnding moment in general. 

At ~ steel area. 

6 = breadth of lioarn (generally taken as 12 in. in case of slabs). 
d =“ depth (>( beam to center of .steel. 
k ratio of depth of neutral axis to ddpth, d. 

s = depth from compreasivo face to rc.suHant of coTnprCvSsive stresses. 
j » ratio of lever arm of resisting couple to depth, d. 
jd = d ^ i = arm of resisting couple. 

. 4 , 

p =■ sttfMjl ratio 

f or L — span length of beam or slab. 

(6) T-beams 


6 - width of flange. 
b' ~ wideh of stem. 
t = thickness of flsinge. 

2 Notation not found in this appendix appears in text where used. 
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(c) Beams Reinforced for Compression 

A' = area of compressive steel. 

p' <» steel ratio for compressive steel. 

ft* « compressive unit stress in steel. 

C « total compressive stress in concrete. 

C' ■“ totid compressive stress in steel, 
ss depth of center of compressive steel. 
z depth to resultant of C and 

(d) Shear, Bond and Web Reinforcement 

V “ total shear at any section. 

V* — total shear at any section carried by the web reinforcement. 

V » maximum shearing unit stress at any section. 
u » bond stress per unit area of bar. 

0 « circumference or perimeter of bar. 

2o sum of the perimeters of all tension bars at any section. 

8 = spacing of web members measured at the neutral axis and In the direc¬ 
tion of the longitudinal axis of the beam, 
a ~ spacing of web reinforcement bars measured perpendicular to their 
direction. 

Ap = total cross-sGctional area of web reinforcement within a distance of 
"a,” or total area of all bars bent up in any one plane. 
fv = tensile unit stress in web rcinff>rccment. 
a angle between web bars and longitudinal bars. 

Ve = allowable shearing stress on plain concrete, 

Nt “=■ number of stirrups at one end of member. 

(e) Flat Slal:^ 

b ** side of square drop. 

c base diameter of the largest right cone or pyrnmid which lies 
entire within the column and the column capital, whose vortex angle 
is 90®, and whose base is in. I>olow the bottom of the slab or the 
bottom of tin; <irop, if a drop is present. 

Tj » side of square panel. 

h » that side of any panel, which is at right angles to the section for which 
moments are desired. 

Zi » that side of any panel which is parallel to the section for which 
moments are desired. 

Mo total moment in one direction on critical sections of one column strip 
and one middle strip. 

a= arithmetical sum of — A/,., and — Mw in one direction. 

•4-Aff “ positive moment at center of column strip. 

—Me — negative moment across panel and capital edge on column strip. 
—Mm “= negative moment across panel edge on middle strip. 

+Afw » positive moment at center of middle strip. 

q * distance from <^enter of column to center of gravity of semi-periphery 
of column capital, divided by c. For round column capitals q ^ 
for square capitals q *= Hi for octagonal capitals a * 
ti >= thickness of slab. 

U » thickness of slab and drop combined. 

te — thickness of i^ah at center, with panelled ceiling. 

w « load per square foot of panel including weight of slab. 

W = total load in one panel including weight of slab. 

(/) Columns 

A » cross-sectional area of member, exclusive of any portion used scdely 
for protective cover. 

At »> area of longitudinal steel. 



Ae A (1 — p) *» net area of concrete. 

P « total safe axial load (including weight of column). 
h » unsupported height of column. 
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QENERAL PROPERTIES OF SECTIONS 

1. Area of a Section.—The area of standard rolled sections may I* determined from 
the roliina mill handbooks. For the section shown in Fig. la, the area is readily deter¬ 
mined by dividing the Bgure into simple figures, in this ease the rectangles A, li and C and 
the four triangles JJ. In the case of the built-up section of Fig. 16, the total area is readily 
found by summing up the areas of the plates and angles. These aieas may be taken from 
any rolling mill handbook. 

S. Statical Moment of an Area.—I.ot Fig. 2 represent any area. The statical moment 
of this area about an.y axis, as OX, is the moment of each element of this area aixiut the 
given axis. Assume the area to be divided into strips parollol to the given axis. Such a 
strip is represented by 1-2 of Fig. 2. Let 6 = length of this strip, dy — width of strip per¬ 
pendicular to the given axis, y <= perpendicular distance from center of strip to the given 
axis, and Q = statical moment of entire area about the given axis. 

The area of the strip 1-2 is hdy and its statical moment about the axis OX is liydy. 
For the entire area, Q — sum of nil such values as hydy, that is 

(1) 

'I'o appfv e<j. (I) to a given area, the width of section must be expressed as a function of 
y and the resulting equation integrated between the given limits. 



Flu. 1. Flu. 2. Fiu. a. Fiu. 4. 


Consider the rectangle of Fig. 3. Required the statical moment of the figure about an 
axis OX at a distance a Iieloa' the bottom of the ligure. From cq. (1), noting that the width 
of section is constant, we may write 

Q = 6 ^ ydy = (d* -f 2ad) = hd ( « -f ^ 

But hd = A ■= area of section. Hence 

«=a(«4'^) (2) 

That is, the statical moment about the given axis is equal to the area of the section multi¬ 
plied by the distance from the axis to a point half way across the section. 

For the triangle of F’ig. 4, 

X h • 

hy ydy 

when by - width of section at any point = (6 - y) 

Hence 

- rhb ,, , . 6A« 

But Y “ triangle. Thence 

Q — Area times of height of triangle above axis 
The statical moment of an area is sometimes called the fiul moment of the area. 
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8. Center of Gravity of an Area.—The oonlcr of gravity of anaroaistbopointat whioh 
tho entire area must ho concentrated in order that tho product of the area tinios the distanoo 
from this point to a given axi» may he equal to the statical moment of the area about tho 
given axis. 

Let A represent the area of tho section shown in I'^ig. 5, and let j/g represent the distance 
from an axis OX to the center of gravity of the section, assumed 
as located at the point c.g. From the above definition 

Ay, = bmlii 



Fici. h. In tho sumo manner for an axis OV 



To 


/: 


(Lrdx 

(hix 


(5; 


Equation.*! (4) and (5) give the coordiiiaies of the contor of gravity of the section of Fig. r» 
with rcsiieot to an origin at 0. 

In these (Mjualions the dcnominalor.s each represent the artui of the secti<m. I'lic limits 
of inlt^gration indicate the extreme values of a* and y for the st'ction. 

From oqs. (4) or (/>), it can he seen that the .statical moincjit of any area about an axis 
through its center of gravity is etiual to zero, for uinior tlic as-suirnsd conditi(jna Xg or yg must 
l>e zero. Sinco th(; denominatorR of (‘(is. (4) and (.5) reprcjaent tho area 
of the so(ition, which cannot he zero for a real area, ygorxg can Ixjzero 
only when the mmiorators of the.«c equations arc equal to zero. But 
the.se numerators nqn'csi'nt the statical moment about the axis in 
question. Therefore, the Ktalicul moment of an area is zero for an 
axis through its center of gravity. This relation is of value in the work 
to f(jllow'. 

To apply G(i8. (4) and (o) to any given flgurt', tho dimension.-! of 
the section must ho expressed as functions of x and y end the in¬ 
tegrations performed, as indicated. For tho rectangle of Fig. G, 
assume a set of axes OX and OY through the side.s OC and OA. l.,ct r.g. represent tho 
r(!<iuiiod center of grai ity. I’he distanc*? from tlic OA' axis to c.g. as given by e<i. (4), is 

f"/ 7 

J -> ,1 

ra . 

In the same way, the distance from tho OY axis to c.g. as giv(5n by <ki. (r>) is 

J* dxdx j 



hd J 




dx 


The point represented V>y those coordinates is the center of the Hc<*tion. Hence, tho center 
of gravity of a rectangle is at the center of tho section. 

For tho right angle triangle of Fig. 7a, the axes are taken along tho right angle sides. 
From eq. (4), the distance from the OA' axis to c.g. 


V0 


/:> 


Xv — d)ydy 


■ d)dy 


distance from the OY axis to c.o. is found to lie 


a* 


Therefore for a right triangle, 
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tho center of gravity is located at a distance from the bases equal to of the altitude 
of the triangle. Note that if tho bases of the triangle are bisected and lines are drawn to 
the opposite vortices of the triangle^ tho intersection of these linos coincides with tho c.g. 
of the triangle. Figure 7h shows the coordinates of tho c.q. for oblique triangles. 

When tho section is very complicated or tho outline very irregular, the above method 
cannot readily be applied. In such cases approximate methods of integration may be 
used to advantage. Thus in Fig. 8, the irregular area may bo divided into small strips 



(«» (b 

J'KJ. 7. 


l<r -->1 



Fio. 9. 


repre^nting rectangles, triangles or other simple areas. At the center of gravity of each 
of these small areas apply a force which is proportional to the area of the strip. Scale or 
calculate the distance.s from these centers of gravity to any axes, as OX and OY. If A 
ropreseut the area of any strip and xa and yA the distance from the center of gravity of the 
area A to tho given axis, then 


and ^AyA 


87 
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Figure Q shows the location of the centers of gravity of a few simple figures. A con¬ 
venient graphical method for locating the center of gravity of a trapezoid is shown on Pig. 
9a. The construction is zis follows: Produce the top of the figure AB to a point C such 
that BC = DB = width of base. In the opposite direction produce the base DE to a 
point F such that FF « AB «= width of top. Connect C and F. Bisect the upper and 
lower faces, locating points O and R. Connect O and R. The intersection of lines CF 
and GR coincides with the center of gravity of the section. 

4 . Moment of Inertia.—The moment of inertia of an area with respect to any axis is 
the sum of the products formed by multiplying oac;h element of the area by the square of 
its distance from the given axis. Lot Fig. 10 represent any area, and let it be required to 
determine a general oxpreeston for tho moment of inertia of this area with respect to any 
axis, as OX. Divide the area into strips, 1-2, parallel to the axis OX. If dp » width of 
each strip, the area of a strip is bdif. Let 1 represent the moment of inertia of tho given 
area. Then, from the above definition, tho moment of the entire area is 

I = (B) 

J ss 

To apply cq. (0) to a given area, tho width h must he expressed as a ftmetion of y and tho 
integration performed as indicated. 



Fio. 10, Flo. 11. 


The moment of inertia of an area as given by eep (0), is a quantity of the ditnonsions 
distance to the fourth power, for hdy represcnta an area which has the dimensions distance 
to tho second power, and is also distance to the second power. 

S. Moments of Inertia for Parallel Axes {Parallel Axes Theorem ).—A very useful and 
simple relation may be obtained between the moment of inertia of an area for an axis 
through its center of gravity and any other parallel axis at a distance a from the gravity 
axis. In Fig. 11 let OX represent an axis through the center of gravity of the section 
(sometimes called a gravity axis) and lei OA bo any axis yva^'aHol to OX and at a distance 
efrom OX. Ijetyj the distance from any element of area 1-2, to an axis, l>e referred to OX. 
Then from tho above definition, the moment of inertia about axis OA, which will bo denoted 
by Ja is 

IA - ^ ^ + V)'^dy 

Expanding this expression, noting that a is a constant, wc have 






IA = a‘ I hdy + 2o I bydy 4- I hyVly 

,/ J/j V *'3 

/ V| 

hdy « A *= area of section; I hydy =» Q »* statical moment of area 
about att axis through its center of gravity, which is equal to zero; and J ^ hy'^y ^ Ix = 

moment of inertia of area about OX, tho gravity axis of the section. Therefore, tho above 
equation may be written 

Ia =* + Aa* (7) 

Equation (7) is very useful when an area may be divided into smaller areas for which the 
properties are known. Also, eq. (7) shows that the moment of inertia of a section for an 
axis through its center of gravity is less than the value for any other axis, for moving tlie 


axis away from tho center of gravity increases tho moment of inertia, os indicated by the 
positive value for Aa*. 
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6. Moments of Inertiie for Inclined Axes (Inclined Axes Theorem ).—^Xn Fig. 12, let OX 
and OY be any pair of rectangular axes through the i)oint 0, and let OU and OV be another 
pair of rectangular axes through 0 but at an angle a from the first axis. Let dA represent 
any element of area, whose coordinates with respect to the OX, OF axes are x and y, and 
u and e with respect to the Of7, OV axes. 

The moment of inertia of the area about the OU axis, which will 
be denoted by is 

/« == fv^A 

and about the OV axis for which /« denotes the moment of inertia, 
we have 

7t. = fuHA 

In those equations the limits of integration must cover the entire 
section. 

From Fig. 12 it can be soon that in txirms of x and y, the values J'ju. 12. 

of u and v are 

u — X cos or + y sin a ] 

and i (S) 

V ^ y cos a — a- sin a | 

Substituting these values of u and t in the above equations, and expanding the terms, wo 
have 

I a — S COS* ay^dA — 'Zj* sin a cos or xydA + y'sin® ax'^A (9) 

and 

Iv — y* cos* a + 2 y* sin a COS otiyd^ + ysin* o:l/*dA (10) 

In eqs. (9) and (10), fx^A and fyHA represent respectively, and /,, the moments 
of inertia f)f the section altout the OY an<l OX axes. The term jTxydA is known as the 
■product of inertia of the section. It i.s the sum of all the products obtained by multiplying 
each element of area by the product of its distances from the OX and OY axes. The 
product of inertia will l)c denoted by Jx», the subscripts indicating the axes for which the 
product of inertia is taken. Note that Jxu is also a term whose dimensions are distance 
to the fourth power. 

JOquations (9) and (10) may then !>e written 

7u * h cos* ct — 2Jxy sin <x cos a Ar ly sin* a (11) 

and 

— lu cos* a + ZJxy sin a cos a A- Ix sin* a (12) 

By means of eqs. (11) and ( 12) it is po.ssiblc to find the moments of inertia for axes OU and 

OV when the moments of inertia and product of inertia 




Fig. 13. 


for the axes OX and OY are known. 

A useful relation between the moments of inertia 
for the two pairs of axes may be obtained by adding 
cgs. (11) and (12). Noting that cos* a + sin* a =» 1, we 
have 

lu + -/.+/„ (13) 

The term ./j„, the product of inertia, which appears 
in eqs. (11) and (12), may have positive, negative or 
sero values, depending upon the location of the coordi¬ 
nate axes. In this respect it differs from the moment of 
inert.ia, which has anly a positive value due to the fact 
that the distance to each area is squared. 

Figure 13 shows the effect of the position of the 
coordinate axes on the sign of Figure 13a shows 
a rectangle with the X axis along the base and the F 
a.xis throqgh the center of the figure. For every area 


dA I on thi) right of the F axis there is a corresponding 


area dA-i on the left. If positive diroctiouH with resp<«ct to an origin at O are taken as 
upward and to the right, it is evident that the product of inertia, Jry - XxydA — O. In 
Fig. 136, both x and y are positive, and Jxy »> a positive quantity. For the conditions 
shown in Fig. 13c, the x-distances are positive while the y-distancos are negative, and 






580 


Sl'RVCTURAL MEMBERS AND CONNECTIONS 


Ji, ’= 8 negative quantity. In general, if one of a pair of axes is an axis of symmetry for 
a section, the product of inertia is zero for that pair of axes. 

7. Products of Inertia for Parallel Axes.—Lot it be required to find the relation between 
the products of inertia for the figure of Fig. 14 with respect to the pains of axes OX, OY and 
OU, OV. For the conditions shown, the product of inertia with respect to the OV, OV 
axes is 

J'u, = y (6 + X)(a + y)dA 

= SabdA + SbydA + S axdA + XxydA 


In tins expression, XdA =« yl = area of section, XxydA *= J^u product of inertia with 
respect to the OX, OY axes, and J'ydA and XdxA arc re.spcctively, the statical momenta 
of the ,arca for the X and Y axes. If the OX, OY axes are assumed 
1 ^ as passing through the center of gravity of the figure, the above 

I' /"I statical moments arc zero. The above equation then becomes 

Jut Jxt, + .lafi (14) 

That is, the product of inertia for any pair of axes Of/, OV, with 
respect to a pair of parallel axes through the center of gravity of the 
1/ figure iH equal to product of inertia for the gravity axes plus the 
area of the figure times the i>roduct of the coordinates of the center 
of gravity of the figure witli respect to the Of/, OV axes. Due 
attention must bo paid to signs in calculating the several quantities. 
8. Principal Axes and Principal Moments of Inertia.—From oq. (11) or (12), it can 
be seen that the moment of Inertia of a section varies with the angle a. To determine the 



y 




\ 

\ 0 


/ ‘ 



__i. 

Fig. 

14. 


maximum value of the moment of inertia, as given byeq. (11), equal to zero and 


solve for the value of a. If or., is the value of this angle, we have 

tan 2 q;o == . 

J H — J r 

There arc two angles which an.swor the conditions imposed by this equation, one in the 
first and the other in the second (piadrant, and furthermore, these angles differ in value 
by DO deg. On substituting values of ao as given by eq. (If)) in eip (11), two valuc.s of 
will 1*0 derived. By the methods of the calciiJus, it can be shown that one of these is the 
maximum value of lu and the other is the minimum value. Those moments of inertia are 
known as the princijtal rnoments of inertia for the section and the axes for which they oectur 
are known as the vrincipal axes of the section. A similar operation performed on oq. (12) 
will give results in wiiich the values are the reverse of the above. Note that the maximum 
and minimum values of moment of inertia occur for axes w}«ich arc 90 dog. apart. 

The product of inertia of an urea for a principal axis can readily be shown to be e<iual 
to zero. Thus for the axis OU of Fig. 12, we have 

Juv “ S 


On substituting values of u and v iis given by eq. (8), we have 

Juv Jxu cos 2ni -f J 2 2a(/x — ly) 


When 017 is a prineix>al axis, the angle ct has the value given by eq. 
values of this angle in the above equation it will be found that Juv is 
equal to zero as stated above. 

Let OX and OY of Fig. 15 l>e the principal axes of a section, and 
let Ix and ly 1x5 the prin<*ipal moments of inertia. Let OA repre¬ 
sent any other axis at an angle ot from OX. Remembering that 
the product of inertia for principal axes is zero, wo may write from 
eq. (11) 

1 a — lx cos* a -\r ly sin* a (10) 


(1.5). Substituting 
Y 



Fig. 1.5. 


Kquation (16) is a general equation for moment of inertia al>out any axis in terms of the 
moments of inertia for the principal axes. 

9 . Radius of Gyration.—The ra<iiuB of gyration of an area is the distani5e from a given 
axis to a point at which the entire area of the section must be applied in order that the 
product of the area times the square of this distance to the given axis may be equal to the 
moment of inertia of the section about the given axis. If r » radius of gyration of 
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the section as defined above, A = area of section, and / = moment of inertia about the 
given axis, wo have 

1 = 


For a rectangle of width h and depth d, I — and A — bd. From oq, (17) 

^ -J f>d» = a-Jl ^ o.2S9d 
^12 

If TAf Tx and Ty represent the radii of gyration for the corresponding axes of Fig. 15, 
eq. (16) may be written in the form 

=ri*co82tt +rp*Bin®a (18) / Y /A 

By analytical geometry, it can be shown that oq. (18) represents an f 

ellipse with semi-major and minor axes of Ty and r» respectively, as /\ o 

shown in Fig. 16. The ellipse of Fig. 16 is known as the inertia ellipse yf qJ \ '• 
for the area of Fig. 15. '"f 7 

If n~n is a tangent to the e)Iip.se parallel to any axis OA through tlio \ / j 
center of the ellipse, it can be shown that the perpendicular distance V ‘ 
from the axis OA to the tangent n-n is equal to the radius of gyration 
of the 80 <*tion of Fig. 15. The conslruction shown in Fig. 10 offers a Fk}. 10. 

convenient method for dotermiiiation of moment of inertiu. 

10. Section Modulus.—In the general formula for resisting moment of beams appears 

the term S' — { = moment of inertia of soeiion about the neutral axis divided by the dis¬ 


tance from the neutral axis to an extreme liber of the section. This (luantity is known as 
the section modulus for the beam cro.ss-.scction. It is a quantity of dimenstons distance 
to tlie third power. 

Fora rectangle of width h and dcx>ih d, wo have 

hd^ 

12 _ hd-^ 

d “ 0 


Values of M(‘ct!on modulus for rolled .shape.s urv given in rolling mill handbooks. 
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Elastic Curve Method 

1, Genertl Equ«tion of Elastic Curve for Bending—Let OABL of Fig. la show 
(greatly exaggerated) the bent position of the neutral axis of a beam which, before the applb 
cation of the loads, was represented by the straight lino OL. This deformation of the beam 
is due to positive bending moment. 

If points A and B of Fig. lo represent two adjacent points on the neutral axis of the 
bent beam, the normals at these sections wili meet in a point F, which is the center of 
curvature for these points. To locate points on the beam with respect to a given point, 
let 0, a point at one end of the beam, be taken as an origin. Any convenient point will 

do as well. Let x and y respec¬ 
tively be the horiaontal and ver¬ 
tical distances from the origin 0 to 
the center of any clement A B, and 
ns.sumu that x and y are positive 
when measured to the right and 
downward respectively, as shown 
by the arrows in Fig. 1. It is 
evident that the angle between the 
tangents to the curve at A and B is 
eciual to the angle between the 
radii at these points, as shown in 
Fig. la. 

In Fig. lb let AB and BC show 
two adjacent elements of the neutral 
axis, and assume that their projec¬ 
tions on a horizontal axis are each 
equal to dx. Lot the vortical pro¬ 
jections of these elcinenfs be rep¬ 
resented by dy,i/) and dyne- From 
Fig. lb, it is evident that the 
differenitc between dyAn and dyne 
is a measure of the change in de¬ 
flection across the two elements A/I 
and BC. Let denotf; the change 
in vertical projection of the two elo- 
, ments. If the deflection is small 

compared to the dimensions of the beam section, which is the usual case, we may consider 
AB •= BC = dx and /.BCD = 90 deg. Hence, since d(j> is a very small angle, 

d^y = ~dx.d<t> 

The minus sign is used in this equation because, as shown in Fig. 16 the angle between 
element BC and a horizontal axis is less than the corresponding angle for element AB. To 
conform to the direction notation given above, increasing values of x and y result in increas¬ 
ing angles between supcessive elements. Since a decreasing angle exists for the conditions 
shown in Fig.* 16, a minus sign must be used in the above equation. 

From Figs, la or b, d<t> = dx/R, where R * radius of curve for any small element of the 
aenitral axis. 
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Hence 

or 


i‘y = —dx*/R 

d>v 1 
dx' “ B 


( 1 ) 


The expression d*y/dx* of eq. (1) is known as the second differential ooefflelent of y, the 
deflection of the beam, with respect to x, the distance from the origin to the point at which 
the deflection is desired. It is a measure of the rate of change of the slope of the neutral 
axis. 

In Fig. Ic, an element of the beam is enlarged to show the effect of bending deformation. 
The deformed element is shown by 3-4-5~(l. In the undoformed element, the faces 
3-B-4 and 5-A-6 are parallel lines. If a line l'-A-2 be drawn parallel to 3-14-4, the de¬ 
formation of the element is represented by 1-5. If the deformation is small, 1 — 3 = 

AB = dx, and we may write i = ^ dx, where / = fiber stress due to a moment Af. From 


eq. (6), p. 23, / 


and hence 


Me 

El 


dx 


When the deformaiion.s arc .small, FAB and A-1-5 may be considered as similar triangles, 
aiid wc have c ~ H ' ^ equating the rosulting expression to tho value of 

6 given above, we have finally = M/El. Substituting this value of ^ in oq. (1), wo 
derive 


dV_ M 

<ix^ El 


(ti) 


Kquation (2) is the general expression for the differential 
equation of (ho elasti(^ curve of a beam subjected to bend¬ 
ing duo to a clockwise or positive moment. To determine 
the equation of the claslic curve by means of eq. (2), tho 
tnoraent M must lie expressoil as a function of x, and the 
resulting expression int-egrated twice. 

2. Application of General Equation of Elastic Curve to 
Solution of Problems in Deflection of Beams.—In tho 
artifjlcH which follow, the equation of the elastic curve will 
Ik* derived and (he inuximuni dofloedion will be determined 
for a few typical cases. 

Simple Beam with ftni/nrm Load .—For the conditions shown in Fig. 2, tho general 



expression for moment at any point on the beam is M 
value of M in etj. (2) wc have 

d^y tf*j- 

dj-2 “ ogj 

Inti'grating, 

dy _ V' 
dx ^ ~ 2EI 


X (/ — x). Substituting this 


(/ - J-) 




iil 


+ Cl 


(a) 


( 6 ) 


In this equation, dy/dx is tho dope of the clastic curve at any point, and Ci is a constant of 
iutogratiou which depends for its value upon tho conditions of the problem. To determine 
Cl, note that tho load on the beam is symmetrical with respect to the beam center. It is 
therefore evident that the elastic curve will be symmetrical about tho beam center, and 
that the tangent to the elastic curve at the beam center is horizontal. Since slope of a 
horizontal line is zero, we have a£ a condition for tho determination of Ci in eq. (6), that 
I 

dy/dx 0 when ^ ^ 2 * Substituting those values in eq. (h) and solving for Ci, we have 
wl* 

Cl *= ^eV becomes 

S - fiix- H- 1 >) 


(3) 



584 


STRUCTUnAL MEMBERS AND CONNECTIONS 


Integrating oq. (3) wo have 

y = -f (x* - 2lx* + l>x) + Ci 

To detcrmino Ct the constant of integration, note from Fig. 26 that « 0 when x 
Hence from the above equation Cj s= 0 and we have finally 


y 


wx 

I’) 


(4) 


which is the genera! equation of the elastic curve for a simple beam carrying a uniform load. 

The maximum deficction of the beam of Fig. 2 evidently occurs at the point whore the 
tangent to the elastic curve is horisontal. As stated above, the tangent is horizontal when 
I 

^ -2' 


Substituting this value of x in c<].(4) we liavo 

.*> wl* 
384 El 


(4o) 


Illustrative Problem.-^A simple beam 16 ft. long supports u uniform load of 600 lb. per ft. Deter¬ 
mine the maxiinuni deflection of this beam in iiichoH. Assumr timt the moment of inertia of the beam is 
100 in^., and that the material is steel for which H = 30,000,000 lb. per «<i in. 

The maximum deflection is given by oq. (4a). In substituting in c(t. (la) attention must be paid to 
the unite in whicii the several terms arc expresscHl. Since the deflection in inches is desired, all values 
must be expressed in inch units. Thus w » a li>. Pt*r in-, and 1 » l(i X 12 in. Values of H and / 
are given directly in inch units. Substituting these values in eq. (4a) we have 
(.'5)(600)(16)4(12)» 884,736,000 . 

~ 'iME'l - ” 

Compare this result with the problem of p. .*>2. .Substituting values of A' ami J, 

884,736,000 
“ (ao.lWIXX^CKK)) 

Illustrative Problem.—Determine the deflection of the above beani in fe<‘t, using foot units. 

KM) 

Here w «* 600, I 16, , 

Hence 


• 0.29.“) in. 


(30,000,000) (144) lb. i>er 8(|. ft. and 1 *= (i2)* 


= 0.0246 ft. 


(r>)(000)(16)*(l2)* 

’ (384)(l44)(30,0(KM>00)(ioin * 

Illustrative Probleffl.-~r>(‘termine the deflection at a point H ft. from the left end of the beam of tlie 
above problems. Use inch units. 

Here u» = **9(8 » •V) lb. per in.; r * 6 ft. •=" 60 in.; I «= 16 ft. — 192 in. Values of E and / are 
tts given above. Substituting in eq. (4) we have 

" “ (24)C3i“H,'™..)C...O) - «102)(0O). + 

y * 0.246 in. 

Simple Beam wifh a Single Concentrated Load .—For the 
conditions shown in lug. 3, the law of variation of moments 
on section AC diffora from that on section CB. Hence two 
substitutions must be made in oq. (2). After integrating 
each equation twice, four constants of in(4)gratiou will ap¬ 
pear which must 1 k< determined subject to conditions shown 
in Fig. 3. The detail work is a.s follows: 

For the portion of the l>eam from A to C, Mx « Rix = 
— k)Xr Then from oq. (2) 

W , 



dx* 


El 


(1 — k)x 


Integrating twice, we have 


and 


dy 

dx 


■i/'i -"> 2 


+ C. 




*-)g‘ + Cix + C, 


For the portion of thel)cam from C to B, Mi = Riil — x) = Wk(l—x). 


(o) 

(h) 

Then from eq. (2) 


d^u 

dx>° 


W 


El 


Ml - X) 
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Integrating twioe, we have 


dy Wkt 

dx"" Bl ' 

f 

^ lx 


(e) 

Wk/tx* 


i -f- Ctx “f" C4 


” El\2~ 

g) 

(d) 


Equations (b) and (d) are general expressions for the equations of the elastic curves 
for the portions of the beam on eiiiicr side of the load If'. However, these equations can¬ 
not be used until the values of the constants of integration Ci, C 2 , Cs, and C4 arc known. 
Since there are four unknown terms, an equal numl)er of independent equations must be 
set ut) before the unknowns can be determined. The required independent equations 
may l)e derived from the necessary relations which must exist l>etwoen the elastic curves 
on the two sides of the load W in order that the two clastic curves may be joined to form 
a single continuous curve. 

The four independent equations from which the values of the constants of integration 
may be determined are derived from conditions shown in Fig. 86. From this figure it is 
evident that y in oq. (6) is zero only when x — 0. Also, y in e<j. (d) is zero only when x ~ 1. 
At point C, where the elastic curves to the right and loft of the apj>lied load are joined, it 

is evident that values of the slope given by e<i8. (o) and (c) must l)e etjual, and also that 

values of y given by eqs. (6) and (d) must bo equal. Hence we have the four conditions 
that 

(1) y — 0 when x — 0 in oq. (6). 

(2) y 0 when x = if in eep (d). 

(8) from c*<i. (a) -- ^y from cq. (r) when x =• kl in these e<iuationa. 

(IX (lx 


(4) y from (jq. (6) — y from (‘<1. (d) when x = kl in these equations. 

Performing tlie ojieralions indi<tated and reducing the resulting expressions to their simplest 
form, wo derive the following condition equations: 


( 1 ) 

(li) 

(H) 

<4) 


0 »=■- C 2 
0 ^ - 


Wk1» 

‘MCI 


+ Cil + Ca 


Cx - (\ 


WkH"^ 

2EI 


(r. - Cz)ki 


K’As/s 

8AV 


+ <74 


Solving these fou*" equations simultaneously, the values of the constants of Integration are 
found to Iw 


11/2 

Cl - {2k + - 3A-2) 


C, - 0 


Ca 


WkC 

iiKI 


(2 + ki) 


Wk^l^ 

MCI 


Substituting these oonstamts in eejs. (6) and (d), the equation of the elastic line is found to 
be as follows; 

From A to C 

U = - k)kp - ( 5 ) 

From C to B 

y = -T) - k^i’] (6) 


The general equations for slope of the tangent to the elastic curve at any point, as given 
by eqs. (a) and (c) with values of Ci and Cs substituted, are as follows 
From 4 to C 


dy 

dx 


fr 

6*7 


(1 - k)\{2 - k)kl-‘ - 


(5a) . 


From C to B 




(60) 
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On substituting values of x in the proper equation, the deflection at any,point may be deter¬ 
mined. At iioint C, where the load is located, the deflection may be determined from eqs. 
(fi) or (6) by substituting x ^ U, and we have 

W'Wfc», 


V‘ ■' 


•iBI 




(7) 


:yttiiptrffijnlfanj 


h)kl^ - 3x=l 


The maximum deflection for the beam under consideration can be seen from Fig. 4 to 
bo at the point where the curve becomes horizontal—that is, 
where dy/dx = 0. To locate this point, note from Fig. 3 that 
the tangent is horizontal on the portion of the curve between 
points A and C. From eq. (6a) we have 

Solving this expression for x, we find that the defiootion is a 
maximum when 

X = /[| (2 - k)]^‘ (8) 

Substituting this value of a; in eq. (5); the maximum deflecUon is 
found to be 

[*(2 (0) 

Kquations (S) and (9) give the position and the amount of the 
maximum deflection when the load W is located at a distanrtt kl 
from the left end of the beam. 

From oq. (9) it can be seen that the maximum deflection 
depends upon the position of the load W. Hvidcntly there 
is some ix>sition of the load for which the deflection will be 
greater than for any other point in the beam. To determine the position of the loa<l for 

dymas 

greatest deflection,place from eq. (9) equal to zero and solve for A:, from which it 
will be found that k or the load should be placed at the l>eam center. Substituting 

k ^ in eq. (9) and denoting the resulting dofloction by si, wc have 

1 Wl» 

'48 ~EI 

Equation (10) gives the deflection at the l>cam center for a load W placed at that point. 
This is the greatest deflection for the beam under consideration. 

Illustrative Problem.—A 2~ X 1-in. piece of wood laid flatwise spans a 2‘1-in. opeiuuK. Tl«e beam 
carries a CO-Ib. load at a distance of 1$ in. from the left end of the beam. Deteriniue tlie deflection 
under the load and the maximum deflection of the beam. Assume E ^ 1,500,U00 lb. per stj. in. 

The deflection under the load is given by eq. (7) with TF «» 60 Ib., f «= 24 in., A * * ^-14 » 0.75, E »* 
1.500,000 lb per sq. in., and I « M* 5d» -(HsX-’XD’ " H 

(00)(24)»(0.75)»(1 -0.75)» « mcq 

Thus »- (3)(i;566^)60)rHr~ 

The maximum deflection for the given loading is found front cq. (9) with values as above, from which 

,r0.75,„ 



a » 


( 10 ) 


Vmas 


(00)^24)»(1 “0.75)[-^- (2-0.75)]^* 


• 0.0484 in. 


» (0.658)(24) = 13.42 in. 


(3)(1.500.000)(M) 

The point at which this deflection occurs is found from eti. (8) to be 
* (2 -tl.7.5)]^24. 

from the left end of the beam. 

Compare these results with tlu^ given on p. 40. 

Illustrative Pmbldm.—Determine the angle between the horizontal and the tangent to the elastic, 
ourve at the left end of the beam and at the load point for the beam given in the preceding problem. 
The slope of the tangent at the left end of the beam is given by eq. (5a) with x * 0 from which 

Slop - a - i)u - *)«« 

For the values given in the above problem, 

60(1 - 0.75)12 - 0.75)(0.7r>)(24)« 

i6)(i,sbb;cH)bT(Hr 


fflope •> - 


* 0.0054 radians 
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In circular measure, a radian is 57® 18'. lienee the required slope is (0.0054)(57.S) =■ 0.3()D® *= 1S..55'. 
This angle is mcasure<l in a clockwise direction about point 0 of Fig. 1 with Oh as a horizontal axis. 

The slope of the tangent at the load point is given by eq. (5a) and eq. (6o) with a; -■» kl » 18 in. 
With values of the several tenna as above, we have from o(|. (6a). 
ftf) 

Slope « (oFaGOOOOOUH) ~ - 0.75*)(24)*K0.75) « 0.00432 radians » 

* ’ —0.242 deg. * — 14.52 min. 

The slope of this tangent is in the direction shown for similar conditions in Fig. 3. 


Caniilever Beams. —Assuming the origin of coordinates to be located at point O of the 
cantilever beam of Fig. 4a, the moment at any point distance x from the origin is 

Ms “ ^ Substituting this value of Af in eq. ( 2 ), we have 

1 CX* 

dr* ” 2El 


Integrating 


dx 


. «‘T» 

+ (ii,7 




To deformine Ci, note from Fig. 4a that the tangent is horizontal when x =» f. Hence 


substituting 


dy 

dx 


■■ 0 when x = fin the above equation, we find C\ 

l^) 

u: / X* 


wl^ 

i\KI 


and 


dy 

dx 




( 11 ) 


■ ft 


IntcgraliiiB again 

^ +oK/(r - 

wZ* wl* 

'J’o determine C 2 , note from Fig. 4a that y = 0 when x — f. Therefore ^4 — ' 

0 , from which Ca = and we have 


" “ + 24A7 


•If^x + 3Z<) 


( 12 ) 


which is the general equation of the elastic curve fur the beam of Fig. 4a. The positive 
value indicates that y is measured upward from 0. From Fig. 4a it can be soon that the 
maximum value of y occurs when x = 0. Placing x = 0 in eq. (12), we have 


ymat ~ 


SBI 


(13) 


Figure 4b shows a cantilever beam with a .single conr^ontratod load at a distance a from the 
free end. Sinc^e the law of variation of moments differs for the two portions of th(5 beam 
shown by AC and Cli of Fig. 4b two su>)stitutions must be made in eq. ( 2 ). For an origin 
at the deflected position of the free end of the beam, the moment at any point in the beam 
ts 

From .4 to C. Af «= 0 

From C to B. A/ =» — TF(x — a) 


Substituting in eq. (2), the integrations are as follows: 


From A to C From C to B 

. -«*)+<?» • • • W 

B/ » =. C,x + ft. (h) El V = -“J’) + Ctf + ft . . (<1) 


The oonetante of integration may be determined from the following conditions: y = 0 
dy dy 

when X =• 0 in eq. (ft); ^ from eq. (a) = from eq. (c) when x = o; yfromeq. (h) = y 
dy 

from eq. (d) when x - o; and » 0 in eq. (c) when i •• f. These conditions are evident 
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from a study of Kig. 46. Performing tho operations indicated, the values of the constants 
of integration are found to bo 

C'l — — ^ — II) ’ Cl 0 


Substituting those values in eqs. (6) and (d), the equation of the elastic curve is found to be 
fi'rom A to C, 

Wx „ 


From C to B 


.3ox> - me 


The sloije of the tangent to tho elastic curve, as given by eqs. (o) and (c), is 
From A to C. 

^ a - a)’‘ 
dx 2EI 

From C to /i, 

~ 2 ax — l(l - 2o)] 


From ©q. (14) it can be seen that the portion OC of tho elastic curve is a straight line. 

lUttstrative Problem.—A 4- X S-iii. wooflon inciiihcr, phiccil witli llic S-in. Jiido vertical, ftfrniK a 
cantilever beam « ft. long. At a point 2 ft. from flic free end, a load is placf d. Didcriniue 

the deflection in inches at the free end of the beani, aHHumiiig E ^ I,r>()d,(KIO in,-lb. 

The formula for deflection at the free end ia given by e(i. (1 o) with j- -» I, from which 

W' 


The minus sign in this equation indioatea that the deflection is upward with respect to the free end of 

bd3 (4)ft^)^ 

the beam. The value of I for tho given beam is / ^ jo ^ 170% in<. 

Substituting values as given above, using distances in feet and multiplying by 1,72.S to reducf' to inches, 
we have 


I -X * X >1 „ O/per ft 

__nniiMfiiiiTimiMlEllI 


" rT 


Sktsfic curve 
Km. 5. 


Beam V'ifh an (h>crh.anoing End ,— Figure 5a 
show.s a benuk suppoiic'fl at points B and C and 
with an overhanging end AB. Hotwcon siii>- 
porta the beam carries a uniform load of w 
11). por ft. and at the free end of th(3 over¬ 
hanging unn tho iMmni supports a single con- 
centratod bind of H' lb. I'he complelo equation 
of the elastic curve will he determined for the 
given (conditions. 

The rea<dion8 and monients are us follow's: 


-rr) 


-Wia — S’) 




whore Mab and Mbc denote respectively, the monteiit at any point on AB or BC. Tho 
value of X is positive when measured as shown in Fig. 5a. 

Substituting in eq. (2) wc have 

From A to B 
= +»•(“ - -) 

El - + ]F(oa: - *’) + C’l (a) 

Ely ^ + Fr(“- - I’) + C,x + C, 


(b) 
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From li to C 


p, dy Wal, xn w llx' *A 

®^rfx= + 7 i'*-2)-2V2-3) +^* W 

VI,. ■ W'o/lx* xA w/ix> x*\ , „ , _ 

^ + I V 2 ~ 6 ) " 2 Vo ~ 12 ) + ^ 

The eonatants of integration are to be determined subject to the following conditions (see 
Fig. 5W: 

!/ = 0 in (li) when x — 0; j/ = 0 in (d) when x = 0; 

(I71 dtu 

y s= 0 in (rf) when x = l\ and . in (c) — — , in (a) when x * 0. 

ax ax 

The minus sign in this hvst condilion is necessary ixM^auso of iho change in positive direc¬ 
tions at point B. Kubject to the above conditions, the constants of integration are found 
to have the following values: 


24 


Wal , ipb 
“ .-i + 24 


(\ - 0 C* = 0 

Substituting those values in the above equations, the general equations for the elastic curve 
and slope of the tangent at any point are found to bo: 

!• rom A to IS 


y ^ 

K,{ 

/o , 1 •> ». V'Px-, 

(i d- d«T - T-) - ] 

(18 

dy 

dx ■■ 

lil\ 

1 (2al + (if/.r — .'U*) — 

(19) 



Worn li to C 


V -= 

I 

KI 

[ - (2/ - X) + '"'^(P + lx - x») ](i - X) 

(20) 

d// 
d.r " 

l;\ 

f - ’J." a>P - (ilj- -t- 3X*) -1- "^(P - (l/x= + 4x»)] 

(21) 


Figuro r>h shows the form of the elastio <furv« plotted from those e<j[iiations. 

The maximum deflection in the cantilever arm occurs at the free end, point A of Fig. 6. 
Placing :r -• a in eq. (IS), we have 

it rll'u ,, , . u’/^l 

" ' “ in I :i “ 24 I 

The maximum deflect,imi in the span ISC occurs where the tangent to the elastic 
ourv'c is horizontal. 'I'his point, may !)e locabal by placing from cq. (21) equal to zero 

and solving for x. I^et Id be tins value of x, where k is the fractional part of the span 
Ifctweeij t iu* h*fl, support .‘iml tiu* point of inaximum deflection. Performing the operation 
indicated, the valiK* of k is given Iiy the cubic ecpiation 

,, /'A , rUf a\ ... , Giro, , /J 2l4''a\ _ 

( 2 + ,« p) + v;P '‘ + ( 4 - wP ) “ “ (23) 

To determine the maximum dcfle<*(.ion in any given beam, solve oq. (23) for K by the 
methods given in Art. 70/j, p, .'iJiT, and calculate the corresponding value of x. Substitute 
this value <d x in e<i. (20). This procedure is advisable in this case because a genera'i 
expression for maximum deflection is too complicated and cumbersome. 

Illustrative Problem.— A tO-m 25.4-111. steel l-be«iii is umhI to form a heaiu of iht! type shown in 
fig. 5. Calculate the dcflpctton at the free end of the cantilever arm and the maximum deflection in the 
span BC. Lei W ■= 0,0(M) lb., w = 1,2<K) Ib. per ft., a .5 ft., and I = 15 ft. The moment of inertia 
of the given I-beam scotion is J22.1 in*, and B *■ 30,000,000 lb. per sq. in. 

The deflection at the free end of the cantilever arm is given by eq. (22). Rubstituting values given 
above in this equation, wc have, using Inch units 

*4 “ (30.000,0W)(i22.1) [(3) («.000K60)(180 + 60) - 

from which 

y. ~ 0.0738 in. 
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Tbe point in span BC at which the maximum deflection occurs, is found from eq. (23). Substituting 
the given values in this equation we derive the following cubic equation for k, 

- 1.833Jfc* + O.OflOifc + 0.0278 - 0 

Sdiving this equation by the method given in Art. 70h, p. 537, wo find k •» 0.565. Hence the dwtance 
from point B, Fig. 5, to the point of maximum deflection is 

X " ifci - (0.565)(16) « 8.47 ft. “ 102 in. 


Substituting x 
to be 


102 in., and other values as given above, in eq. (20), the maximum defleeUon is found 


1 


(30,000,0<H))(122.l) 

from which 


{- 


(6,000)(60)(102) 


(6)(180) 


(360 - 102) + 


( 1 . 200 ) ( 102 ) 
(12)'(24r' 


l(180)> + (180)(102) - (102)^] J (ISO - 102) 

0.180 in. 


Unit Load Method 

3. Derivation of General Formula.—Tho dofloction of a beam due to any given loading 
may be determined by placing the external work done by this loading during the deflection 
of the beam equal to the internal work done on the fiberu of tho beam, for it is evident that 
a body can be at rest and in a state of clastic equilibrium only when tho work of applied 
loads is balanced by work done within the body. In Art. 87, p. 9, it has been shown 
that the internal work, or elastic resilience of a body, is given by the expression 

l/» 


Klasti<^ resilience = K ^ 


2 K 


(Volume of body) 


where/ = fil>er stress <luo to applied loading and E “ modulus of elasticity of tho material. 
Lot the s'likplc beam of Fig. 6a 1 k> act4>d upon by a 1 lb. or unit load placed at point 

C, a distance a from tho loft end of tho 
l>eam. At any j-ross-soction of tho beam 
at a distance x from any convenient origin, 
lot the moment due to tho unit load bem 
and lot the stress on any lil>er at a distiince 
c from the neutral axis, Fig. 66, l>e denoted 
by /. If tho length of any fiber paraUcI to 
the licam axis is dx, and the area of that 
clement is dA, as shown in Fig. 66, the 
volume of that element is dA{dx), and we 
have 

UK 



I 

Am loading 

(cfj 

Fig. 6. 


section vTbeen 


1 


K = 


2 


From eq. 6, p. 23, f — j and for the entire cross-sectioTi of Fig. 66. 


But 


£ 


■u: 


/» 


dA dx 


cMA - I 


moment of inertia of the section. 

1 ma 


Therefore 


K 


2E J 


dx 


r dx 


( 1 ) 


For all such 8e<.tion8 over the entire beam from A to 

K »= Total average internal work =» i I « 

ii J B EJ 

the deflecition of the l>eam at point C whore tho unit load is applied be denoted by d 
and assume that the load is gradually applied to the beam so that the deflection varies from 
sero to its maximtim value. The average external work done by the unit load is one-half 
the deflection times the loiid causing that deflection, or 

d 


Average external work 
From eqs. (1) and (2) we derive 


i; 


B El ^ 


( 2 ) 


( 8 ) 
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Equation (3) gives the deflection of point C, Fig. 6a, due to a 1-lb. load placed at that point. 
The defliection will be in the direction of the 1-lb. load. 

It is sometimes desired to determine the angular rotation of any plane of a beam—as, 
for example, the plane n-n of Fig. 6c. This may l>e done by applying a unit couple at 
the plane in question and calculating the external work due to the rotation. On equating 
this expression to the internal work, as given by eq. (1), the angular rotation may be 
determined. 

It can bo shown that the work done by a couple is equal to the moment of the couple 
times the angular rotation. I^et oci denote the angular rotation of plane n-n of Fig. 6a. 
The average work done by a unit couple during a rotation cci is then 

Average external work =» on (4) 

Hence from eqs. (1) and (4) 

/ A <^1 

Equation (5) gives the angular rotation in Tadiana. of any plane due to a unit couple applied 
to that plane. 

The deflection of any point C, Fig. 6d, or the angular rotation of a plane at that point 
due to any set of applied loads, such as those shown in Fig. 6d, may bo determined by 
proportion from the corresponding values given by eqs. (3) or (5). In Art. 07, p. 82, it is 
shown that the deflection is directly proportional to the fil>or stress. Since fiber stresses 
ure proportional to moment, it is evident that the deflection, or rotation, duo to any set of 
applied loads is to the corresponding value due to unit loading us the moment due to the 
applicMi loads is to the moment due to the unit loading, ll y ^ deflection due to applied 
loads, and M ^ moment due to applied loads, we have the proportion 

y:d:: .\f:m 
or 



Sul>8tituting the value of d from eq. (3) we hav'e 


V 


■/: 


A Mm 
B &7 


dx 


( 6 ) 


If a = angular rotation due to applied loads, a similar proportion gives 


a 


f: 


Mm 
B El 


dx 


(7) 


In these equations, y = deflection of any dosirwl point; ot « angular rotation in radians 
of a plane at any desired point: M = moment due to applied loads; E »= modulus of elas¬ 
ticity of material composing the beam; 7 = moment of inertia of licam section; and m 
a quantity of tinoar dimensions which is equal to the moment at any section due to a unit 
load, or unit couple, applied at the point whoso deflection, or angular rotation, is 
desired and in the direction of the desired deflection, or rotation. 

In solving problems in deflection and angular rotation by the method given above, it is 
not necessary that the direction of the deflection or rotation bo known beforehand. Proper 
attention paid to the algebraic sign of the product Mm will show whether the correct 
direction has been assumed for the unit loading. If M and m are alike in character (both 
positive or negative moments) it is evident from the above discussion that they cause 
deflections or rotations in the same direction, while if»thcy are unlike in character they 
cause deflections or rotations in opposite directions. Denoting positive moments by plus 
and negative moments by minus, the product of like moments carries a plus sign and the 
product of unlike moments carries a minus sign. Therefore, assume any convenient 
direction for the unit load or couple and pay caireful attention to the sign of the product Mm, 
If the final result is positive, the deflection or rotation is in the direction assumed for the 
unit loading. If the final result has a negative sign, the deflection or rotation is in a direc¬ 
tion opposite to that assumed for the unit loading. 

4 . Application of Unit Load Method to Problems in Deflection and Angie of Rotation-» 
Beam with Uniform Load {Moment of Inertia Constant ).—To find the general equation for 
the vertical deflection of point C at a distance x from the left end of the beam of Fig. 7a 
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due to a uniform load, apply a l-)b. load at point C. Evidently the deflection is down¬ 
ward so the 1-lb. load is to be applied as shown in Fig. 7c. 

The moment diagram for the uniform loading is shown in Fig. ft and the moment diagram 
for the 1-lb. load is shown in Fig. c. Moment equations, exprosfHid in terms of z, the dis¬ 
tance from any point to the left end of the l»am, are given on the diagrams. From those 
diagrams it can be seen that values of M for the entire.(warn are given by a single equation 
while values of m are given by two equations, for the law of variation of m changes at the 
point of application of the unit load. Therefore in substituting in oq. (6), the general 
expression must be made up for the portions of the l)Oain where the law of variation of 
moments changes. 

Substituting in eq. (G), wo have 

«- riiT" -'> 11 "-.'’•i"--.ill" T-’d.!. 

The first integral is for the jwrtion of the beam from A to C and the second integral is for 

the porti.)!) from C to B. Performing the 




uribperff 




-rtt'trnrnTmTT^^ 

L.».J Moment d/agivm for 
, uni form loixf 
Y (b) 


oiK'rutions imlicnted, nothin that x is a con¬ 
stant and that z is variable, wo Inivo 

1/'X 


V 


, (/3 - -f X3) 


(8) 


m. 


Unif loadiiy 

/ 






% 


2 AKI' 

Note that cq. (.S) is exactly the same as eq. 
(4), p. .'>b4. Hence e<i. (.S) give.s the e<iua- 
tion of (he el!t..itie curve for the gi\'ee Ijcam. 

The angular rotation of a vertical plane 
through point. C will now' l)e determined, 
using eq. (7). Since the tangent to tin 
ela.stic tajrvo at iiny inant is iierpendicular 




k £ H Moment diagram fOr 
uniNoading ^^ 

- HInifeoDpIt 


//b\ 


r"'"' 

"T? 


lt> pert 





Moment diagram 
fyr unit couple 

(d) 


Ye 


|r ;r diagram 
nill'H_I_ 


Fio. 7. 


m d/agram 
8 . 


to any normal Bcction of a lK»am, substitution in eq. (7) will give the slope of the tangent 
to the elastic curve at any j><»int. A]>i>lyiijg a luiil couplf.* at point C', as.‘<uniing a positive 
or clockwise rotation, the resulting moment diagram is shfiwn in I'ig. 7d. Substituting 
in eq. (7), we have 

■ - 2 - X‘«. ir»-«!(-;) "■+1?»- 'll [ -I" T 

Integrating and reducing, we have finally, 

This expression is the same as given by eq. (3) p. 583. 

To det.ermino the deflection at the center of a beam uniformly loaded, place the 1-lb. 
load as shown in Kig. 8. Substituting in cq. (0) values of M and m jus shown on Fig. 8, we 
have 

I 

\l - XT 
2 


' L'm I? » - *>1 i-*f, i) IT » - "11' '1 


Integrating 


V “ 


6 wf 
3SiEI 


( 10 ) 
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Since the m diagram U Bymmctrical about the l)eam center, as shown in Fig. 8, and since M 
for the entire beam is given by the same equation, the substitution in eq. (6) might have 
been written 

On integrating this expression the result will l>c the same as given above. 

Illustrative Problem.—-A siinjtlo beam 10 ft. long supports a uiiiforro load of 000 lb. per ft. Deter- 
Tuinc tho inaxiiiiutii dciloction of llii.s hoatn in inches. Assume that the moment of inertia of the beam 
is HK) in.^, and tiiat tlie niutoriul in Kte.el for which K =“ 30,000,0011 lb. per stp in. 

From conditions of symmetry, it i» evideni that the maximum deflection occurs at the center of the 
beam. Tin' ]oa<bag conditions are as shown in Fig. 8. Substituting given values in the formulas for M 
and m, using foot units, wc have 

M -- SOOxdfi — x) ft.-il)., and m = ^ ft.-Il>. 

The equation for vi hohls for tlu* left side of the beam. Noting from Fig. 8 that the M and m diagrams 
arc symineti'ical about the etmter of tlie bi'ain, we i»avc 

" = w/c “ (:)o,ouoi^f)?io(.) f l '2 

The nmttiTdier 1,728 in tlie rlght-iiand member of tite above equation ia made necessary by the fact that 
the niornent equatious are expressed in foot-potiiid units wliile the deflection is desired in inch unita. 
Now. as staled in Arl. 3, p. Afll, M is expressed in linear-force units, m is expressed in linear units, and 
i/x is also 111 linear units. 'J'lie qimii|ily./'.1/wdx therefore has tiie dimensions of force times linear units 
to tlie third powiT Ib'iiee to reduce J*Mmtlx. to inch units when tlie moments are expressed in feet 
unitN, we must multiply by dl')* -- 1,7l‘K. 

I’erforiiiiim the ojieratioiis imUi-uted by the above equation, we have 

// — 0.21)5 in. 


Betim with t^m'/orm Load {^fnmruf of IruTfia Not Constant ).—AsRumo that the beam 
is a built-up girder, suidi as a plate girder with eovor plates, an shown in Fig. 9. I.<etthe 
nuuiiont of inertia of the end-quarters ho /i and the moment of inertia of the middle 
half ho Ji. Heimireil the defloethm of the center point. The M and m diagrams are the 
same as given in l-'ig. S. 

Since the moment of inertia is not constant for the entire girder, substitution in eq. (6) 
mu.«t 1)0 made for the section.s for which the moment of inertia differs as well as for the see- 
tions for which the law' of variation of M and m change. 

Substitution in (?q. {(>) gives 


y « 






Integrating and reducing, we have finally 

_ r •'* I Tt 
" E 1384/!“'' (i,144yi;iJ 


( 11 ) 


When the moment of inertia is constant, or when Ii * Ji, this expression reduces to 

“l V'l* • 

;/ » pp as on p. 584. 

The above Rohition for deflection of a girder with varying moment of inertia w very 
convenient when there are a limited number of changes of moment of inertia and when the 
loading is <‘omi)aratively simple. However, since a substitution must be made in eq. (6) 
for each change in moment of inertia and for each (diango in the law of variation of M and 
m, the determination of the deflection of a long plate girder duo to a sot of concentrated 
loads becomes a long and tedious proce.H8. For such cases the Area Moment Method or 
the Elastic Weight Method are more convenient. 

In some oases, the moment of inertia varies from section to section. When the moment 
of inertia can be expressed as a function of x, it may be placed in the geueral equation and 
38 
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the integration performed. Such integrations are generally very complicated. The above 
case represents the problem in the form usually encountered in practice. 


Illustrative Problem.—Asautite tli« fullowiuK data for the bnam of Fig. 0 and calculate the deflection 
ill inches at the center of the beam, w “ 1,200 lb. per ft., 1—10 ft., h 36 in*., Zt • 48 in*., and 
E « 30,000,000 lb. i>er eq. in. 

X 

For the conditions shown, M — 000 * (10 — ft.-lb., and w ^ ft.-lb. Noting that values of M 
and m arc symmetrical about the beam center, and the deflection in inohem is required, wo have from 
eg. (6) 


/2)(1 

‘ 30,000, 


728) r 

0.(K)0 L J 9 


OOOxdO - r) X 
" 30 2 


dx + 




OOOxfIO - x) a? 




from whicli 

V •= 0.107 in. 

Direct Kul)StituUon in cq. (11) giv(« tho same 
reeult. 

Simple Beam with Single Concentrated Load 

Illustrative Problem.—A 2- X 1-in. piece of woo<l 
laid flatwise spans a 24'*in. opening. Tho beam 
carries a 60-lb. load at a distance of 18 in. from tho 
left end of the beam. Determine the deflection 
under the load and the maximum deflection of the 
beam in Inches. Assume F— 1,500,0001b. per sq. in. 

Figure lOo shows the given beam and Fig. 105 
shows the Jlf diagram. The moments arc given in 
inch-pound units. 

To determine the <leflecti<)n under tlie load applj' 
a 1-lb. load downward at point C of Fig. lOfi. The 
m diagram is shown in Fig. lOe. 

From e<j. (0) 





“ if -^41 <24 - r)] rfr 

For the given conditions. I -* HaW* >» (H8)(2)(l)> «■ in*, and hence LI ■* 250,000. 

Performing tho integrations indicated above, we have 

Vt “ 0.0380 in. 

The maximum deflection occurs at tlic point where the tangent to the clastic curve is horiaontaL 
Assume this point to be located at a disthneo xo from the left end of tho beam. The value of xo may be 
determined by placing a unit couple at this point, as shown in Fig. lOd, substituting values of M and 
m in eq. (7) and solving for xt subject to the condition that a — slope of tangent to elastic curve — 0. 
Figure lOd shows the values of m in inch-pound unite. Substituting in eq. (7) wo liave 

" " m D * + /j.' + /r.^5<24 - x)(l -|-) dz] - 0 

Integrating and solving for xe. wo have 

- X9 •“ 13.42 in. 

That is, the maximum deflection occurs at a point 13.42 in. from Uie left end of the beam. Figure 10s 
shows the unit load in position at the point of maximum deflection and the resulting m diagram. 
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SuWituliui? in «!•(«>• 

„ V \ f‘’ "u5*H0.44li>«b + f" C15jH0.55fl(24 - 
Mn. .* El V J # J U.41 


from which 


Vmax 


The above reaulte check those eivcn on p. 71. 


0.04B4 in. 


DWi ] + 

J: 


45(24 


x)t0.559(24 


x)]dx 


Cantilever Bcaww.—Figure 11 shows a cantilever beam supporting a uniform load. Let 
it bo required to determine the general formula for deflection of the free end. A^uniing 
the deflection of the free end to be downward, the unit load acta aa shown in Fig. 11. The 
M and m diagrams for the applied and unit loud arc as shown on Fig. 11. Substituting 
in eq. (6), we have 


Vm 


1 ri / wx\. . , in . 

~ El J A '2^ “ i.7 J, “2 


Integrating, 


ynax 


V'l* 

a El 


.’■ur lb. per ff 



m diagram 

Fia. 11. 


lOOOlb. 



m diagram 

Fia. 12. 


Illustrative Problem.—A cantilovcr beam supports a 1,000-lb. load placed as shown in F'jk. 12. 

The beam consists of a 4- X S-in. member with the 8-in. side vertical. Determine the deflection of tlio 
free end in inches. AsHijnie F. for limber as l.-^OO.OOO lb. per sq. in. 

Assume the deflection to he downward. For an origin at. the free entl. the M hikI m diagrams are us 
shown in Fig. 12. The moments are exprcHsed in foot-pounds. Substituting in cq. (0), we have 

y fl I - t,000(T -2)( -1)1 ./x - g, J *1 ,000(1' - 2i) Jx = 


For a 4- X 8-in. rectangular section 


/ 


h./» 

12 


12 


170%s 


Substitutiitg values of £' and I iu the above ctiuation. remembering that the deflection in inches is 
desired, we have ' 


(1.0 00) (37> ti)(1 ,728) 

(l,60(M)6(>)(170jji)' 


0 .2.'i2 in. 


Beam mlh Overhanging End. 

Illustrative Problem. -A 10-in. 2ft.4-1b. st«H>1 l-benm is uset) to form n )H>nm of the type shown in 
Fig. 13. For the dimeusionsand loadings shown on Fig. 13 calculate the deflection at the free end of the 
cantilever arm and the maximum deflection in tlio span Ji('. The motnont of inertia of the given beam 
eectiou is 122.1 in.< and £ » 30,000,0(8)lb. per sq. in. 

The moment diagram for the given loading is shown in Fig. 13a. The values shown on the diagram 
are expressed in foot-pound units. 

To determine the deflection of the free end of the cantilever arm, apply a 1-!b. loatt acting downward 
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at point A, of Fig. I3b. The resulting m diagram, expressed in foot-pound units, is as shown in Fig. 
136. Substituting in eg. (0), wo have 

. -r II -6.000(5 -l))l-(5 + 

(30,000.000X122.1) I-J • 

J”'*!!,000(111 -0.0i> - 30)1(-M(15 -*)!*] 

from whieli finally 

j/ «» + 0.0738 in. downward deflection 

The maxiniuin deflection in the span BC occurs at the point where t!«o slope of the tangent to ifie 
clastic curve is horiaontal. AssuniG this point to be locatetl at a distance IHA* ft. from the left sniiport, 
where it is a fraction which is less than unity. Apply at this point a unit couple, as shown In Fig. 13c. 
The m diagram for this couple is shown on Fig. 13c. 


eooo/if 




I r t ^\^ w^/eo O/b.perft 

. . \8400lb. 

^M ^IOOO(//^-SO-0.6x^J 




Substituting in imj. (7) we iiuvo 

o J^j''“ll,000(nx - 0.(ii» - 30))[- J*] dx +J'‘^ [1,000(1 lx - r).(ix« - 30) (l - ['.)] -/x 

Integrating this exprcHsion, placing the result exjual to zero, and solving for A;, we have the cubic expiation 
*3 ~ r.833fc* + O.fKHifc + 0.0278 ^ f) 

Solving this equation by the method given in Art. 706, p. 537, we find k =■ Hence the <li8liiric(; 

from the left support to the point of maximum deflection is (15)(0..')(j5) * 8.47 ft. 'Po determine the 
maximum ilefleetion, apply a 1-lb. load aa shown in Fig. 13d and determine the eorrcspondirig m values. 
Substituting in eq. (0), we have, noting that the deflection in inches is desired, 

_ 1^28 

»«.. - i^Vooo.lKlOX 122.1 


from which 

These values check the rsttults given on p. 58V 


1) t Si " - 0 <'*’ - 30)1(0.1.36x)<)x + 

Sl\, [1.000(1 lx - 0.0x« - 3(1)1(0.605(15 - xllJx] 
0.180 in. »-» ,11 
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Unit Btrnsses are for green timber and are to be used without increasing the live load stresses for impact. Values noted. * arc for partially air cltV 
In the formulas given for columns. I = length of column, and d - least side or diameter, in inches. 
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A 

Alternating stress failure, 9 
American Bridge Co., formula for steel 
columns, 306 

for working loads on columns, 136 
gas pipe separators, 226 
American Ry. Eng. Assoc., bending 
stress on pins, 352 
deflection of wooden beams, 358 
estimating shear in a column, 311 
experiments on impact, 8 
formula for compressive rraistance of 
webs, 204, 206 
for steel columns, 305 
for wooden columns, 388, .392 
for working loads for columns, 135 
proportions of heads, 292 
re<luction formula for bridge work, 195 
rule for proportioning web stiffeners, 
278 

for thickness of web plate, 2.53 
spacing of int('rmediate web stiffeners, 
277 

S|)licing plate girder flanges, 351 
strength values of structural timber, 357 
unit stresses for tension members, 330 
web buckling formula, 208 
working unit stresses for structural 
timber, 597 

American Society for Testing Materials, 
gage length for tensile tests, 6 
Anchorage for column biises, 318 
Anchors, for beams and girders, 285 
Angles, gages for, 324 
Apparent elastic limit, 5 
Area of a section, 575 
See also Sections, general properties of. 
Area-moment method of analysis of 
continuous beams, 111-121 
of analysis of restrained beams, 100- 
105 

of computing deflection, 44-62 
theorem of three moments, 118-121 


Axes, parallel, moments of inertia for, 2 
principal, definition, 2 
See also Inclined axis; Parallel axes. 
Axial stresses, 7 
Axis, neutral, see Neutral axis. 

B 

Bases for beams and girders, 282-286 
for caat.-iron columns, .303 
for columns, 314-319 
for wooden columns, 394 
Batho, Prof. 0., 288, 294, 295 
Beams and slabs reinforced for compres¬ 
sion, 461-481 
design sheet, 465 
designing details, 464 
formuliis, 461 
steps in design, 463 
tables and di.agrams, 466-481 
Beams, hearing plates and bases for, 
282 286 

bending and dirert stress, 136-149 
definition, 1 

deflection of, 43—98, 582-596 

under unsymmetrical bending, 169- 
171 

fiber stress coefficients, tables, 166 
investigation of, 164 
partiidly continuous, 128-130 
plain concrete, 36 
rcinforoed-concretc, 36-43 

See also Reinforced concrete beams, 
simple and cantilever, sec Simple and 
cantilever beams. 

standard gages and dimensions, table, 
322 

steel, properties, 173 
See also Steel beams, 
unsymmetrical bending, 149-171, 222 
variations in fiber stress, 167 
wooden, 356-375 

Bearing plates and bases for beams and 
girders, 282-286 
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INDEX 


Bearing plates and bases for beams and 
girders, anchors, 285 
bolsters, design of, 284 
expansion bearings, design of, 285 
ribbed bases, design of, 284 
simple bearing plates, design of, 283 
types and uses, 282 
Bending and direct stress, 136-149 
deformations due to, 137-146 
fiber stresses, determination of, 137- 
149 

kern of a section, 147-149 
members subjected to unsymraetrical 
bending, 146 

nature of the problem, 136 
Bending, in concrete construction, 526 
moment, of beams, 15, 174 
of beams, unsymmetrical, 149-171, 222 
See also Simple and cantilever 
beams, 
stress, 7 

Berger, W., 511-513, 515 
Bethlehem beams and girders, method of 
shaping, 172 

H-soction of steel column, 174, 307 
I-beams, flexural efficiencies, 188 
properties, 173 

ae<‘tion modulus, 181 
steel beams, economic section for 
flexure, 177 
Birnbaum, 405 
Blooming rolls, 172 

Bolsters, design of, for beams and girders, 
284 

used in wooden construction, 427-429 
Bolted fish plate .splice, 417, 422 
Bolts for wooden construction, 390 
lateral resistan<;e, 405-410 
resistance to withdrawal, 410 
Bond stress, 7 

in a reinforced-eoncrete beam, 42 
Boston building code, cast-iron lintels, 
231 

formula for cast-iron columns, 5oi 
for steel columns, 305 
Box girders, 232-246 
advantages and disadvantages, 234 
diaphragms, 238 
flange riveting, 238 
length of flange plates, 236 
net section'modulus, table, 236 
proportioning for moment, 234 
stiffeners, 238 


Box girders, types and uses, 232 
Bracket chnnections, 339 
of cast-iron columns, 303 
Brackets for T-boams in concrete work, 
453 

Brass, value of Poisson’s ratio for, 4 
Bridges, long span phitc girders in, 247 
Built-in beam, definition, 1 
Built-up bases, design of, 317 
separators, for multiple beam girders, 
227 

Burr, W. II., formulas for wooden 
columns, 392 
Butt joints, 327 

C 

Caissons, design of, 500 
Camber in concrete forms, 444 
Cambria formula for comj)rcssion flange, 
195 

method of proportioning beams for 
buckling of web, 204 
Steel Uandbook formula for Citst-iron 
column, 301 

table,s for box girders, 234 
of deflection of beams, 214 
of proportions of heads, 292 
Canada, Dept, of Itailw'ays Jiiid Canals, 
stiffeners of girders, 278 
Canadian Engineering .Standar<ls Asso¬ 
ciation, formula for briilg(^ work, 
195, 196 

spacing for web stiffeners, 277 
Cantilever beam, definition, 1 

See also, ,Simple! .and eaintilcvxr beams, 
foundation slabs, .568 
Caps of cast-iron columns, 303 
Carnegie formula for compression flange, 
195 

for stress due to diagonal buckling, 
204, 206 

for vertical buckling of w(4), 207, 208 
I-beams, economic section for flexure, 
176 

section modulus, 181 
Pocket Companion, tables for beam 
girders, 234 

Steel Co., H-sections rolled by, 174 
supplementary beams, 177 
tables of proportions of heads, 292 
Cast-iron columns, 299-305 
bracket connections, 303 
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Cast-iron c<)Iumns, caps and bases, 303 
dcsiKn of, 302 
formulas, 301 
inspection of, 301 
manufacture of, 300 
properties, 300 
tests of, 301 
use of, 299 
Cast-iron lintels, 231 
properties of, 300 

separators for multiple beam girders, 226 
shrinkage of, 7 

stress-deformation diagram for, 5 
Center of gravity of an area, 2, 576 
Channels, gages and dimensions, table, 
325 

See also Steel beams. 

Chicago Building Law, formula lor 
<!!ist-iron columns, 301 
Clearance of rivets, 324-320 
Coeffici(Uit of cxpansioti, (ielinition, 8 
CoelficicTits, deflection, 77-81 
Column bases, 314-319 
anchorage, 318 
built-up b.ases, design of, 317 
plain liases, design of, 315 
ribbi'd cast bases, design of, 316 
types and uses, 314 
Column, definition, 1 
Coluiims, 130-136 

American Bridge C'ompany formula, 
130 

American Ilailway Engineering Assoc. 

formula for working loads, 135 
cjist-iron, 299-305 
definition, 130 

Euler's formula for long columns, 131, 

132 

forms of, 130 

ideal column, eccentrically loaded, 132 
in concrete eonstruetion, see Members 
subject to direct axial compretssion. 
.lolinson straight-line formula, 134 
parabolic formula, 135 
practical length columns, formulas for, 

133 

radius of g 5 Tation, 130 
Kankine formula for, 134 
slenderness ratio, 130 
steel, 305, 314 
properties, 174 
unit stress, 130 
wooden, 387-395 


Columns, wooden, 387-395 
connections with girders, 427-430 
Combined stresses, 7 
Components of a force, definition, 11 
Composition of forces, definition, 11 
examples, 12, 13 
Compression, 4 
flange, buckling of, 194 
in concrete construction, sec Members 
subject to direct axial compression 
and Members subject to bending 
and direct compression, 
members, splices in, 332 
splices, 423 

tests, information obtained from, 6 
Compressive reinforcement in concrete 
work, 461 

Computing deflection of beams, 43-77 
Concrete beams, plain, 36 
. See also Hcinforccd-concrcte beams, 
bond stress, 7 
coefficient of expansion, 8 
piers, design of, ,500 
reinforced, see Reinforced concrete 
members, 
reliability, 9 
shrinkage, 7 

stress-deformation diagram for, 5 
value of I’oisson’s ratio for, 4 
Concurrent forces, definition, 11 
See also Forces. 

Conjugate beam, definition, 62 
Connection angles, 332 
Connections for steel members, 320-365 
See also iSplices and connections. 
Continuous beams, definition, 1 
Site also Restrained and continuous 
beams. 

Copper, value of Poisson’s ratio for, 4 
Coiiiilc, of forces, definition, 11 
(Voss bending of tension members, 298 

I) 

Dead load, 10 
definition, 2 

Definitions of terms, 1-2 
Deflection of beams, 43-98, ,582-596 
approximate method for determina¬ 
tion, 84-86 

area-moment methods of computing,- 
44-62 

comparative values of bending and 
shearing deflection, 92-94 
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Deflection of beams, deflection coeffi¬ 
cients, 77-81 

deflection coefiicionta, in terms of fiber 
stress, 81-82 

elastic curve method, 582-590 
application to problems, 583 
general equation, 582 
elastic weight method of computing, 
fi2-73 

Euler’s method of computing, 44 
grapliical methods of determining, 
73-77 

h'miting deflection, 82 
methods of computing, 43-77 
proportioning for, 212 
reciprocal displacements, Maxwell’s 
theorem of, 83 

reinforced-concrete beams, deflection 
of, 94-98 

shearing stresses, deflection due to, 86- 
92 

Turncaure and Maurer’s method of 
determining, 97 

under unsymmetrical bending, 169-171 
unit load method, 590-596 
application to problems, 591 
derivation of formula, 590 
wooden beams, 357 
Deformation, definition, 3 
Design of reinforced concrete members, 
431-572 

Seii also Reinforcetl concrete members. 
Design of steel and cast-iron mcmf)et», 
172-319 

beams, steel, 174-224 
bearing plates and bases for beams 
and girders, 282 -286 
box girders, 232-246 
cast-iron columns, 299-305 
column liases, 314-319 
metallic lintels, 230-232 
multiple beam girders, ‘224-230 
plate girders, 246-282 
properties of sections, 172-174 * 
steel columns, 305-314 
ste.el shapes, 172-174 
tension members, steel, 280-299 
Design of wooden members, 356-395 
beams, 356-375 
columns, 387-395. 
girders, 378-387 

Dewell, H. D., on Design of wooden 
members, 356-395 


Dew'cll, II. D., on Splices andioon^ections 
for wooden members, 306-430 
Diaphragms for bo* girders, 238 
for multiple steel girders, 237 
Direct stress, see Bending and direct 
stress. 

Double integration, method of computing 
deflection, 44 
Drift bolts, see Bolts. 

E 

Eccentric connections for steel members, 
336 

force, definition, 7 
Edge distance of rivets, 324 
Efficiencies of I-boanis and channels, 177 
Elastic curve method of determining 
deflec:tion of beams, 44, .582-590 
curve of a beam, 11 
limit, 3, 5 

weight method of analysis of continu¬ 
ous beams, 125 

of analysis of re-strained beams, 
105-111 

of computing deflection of beams, 
62-73 

Elasticity, modulus of, 3, 5 
Ellis, C. A., on Deflection of beams, 43 
on Restrained and continuous beams, 
98-130 

Elongation, percentage of, 6 
Emperger column, 600 
Equilibrium of forces, 11 
of non-eoncurrent forces, 13 
Euler’s formula for long columns, 131, 132 
method of computing deflection of 
beams, 44 

Expansion bearings, design of, 285 
External forces, definition, 2 
Eye bar nmmbcrs, 286 
proportioning of, 292 

F 

Factor of safety, 9 
Fatigue, 9 

Fiber stress, coefficient for beams, 166 
deflection in terms of, 81 
formulas, for unsymmetrical bending, 
149-152 

in a beam, 22-24 
in beams, table, 196 , 





Fiber *teesS,iOf oolm^ns, proWems in, 
137-149 

variations in, 167 
Fish plate splices, 417-420, 422 
Fixed beam, definition, 1 
Flange buckling, proportioning beams 
for, 194 

holes in beams, 177-189 
riveting for plate girders, 270-274 
of box girders, 240 
Flanges, of plate girders, 247 
See abso Plate girders. 

Flat dab floor panels, 483-498 

assumption as to tensile stress in 
concrete, 486 

comparison of specifications, 484 
compression reinforcement in place of 
drop, 493 
description, 483 
design sliects, 494-498 
details of design, 492 
di.araetcr of column capital, 492 
floor loads coming on lintel beams, 491 
interior beams, 491 
rectangular panels, 493 
size of droj), 492 

slab thickness in panel construction, 
492 

without drop, 492 
slabs supported on walls, 494 
steps in design, 487 
tables, 48.';, 486, 488, 489 
tile fillers, 492 
use of wire mesh, 493 
Flats, definition, 172 
Fleming, R., 195 

quoted on deflections resulting from 
flexure and sliear, 216 
on flexural stress for beams, 195, 196 
on kinds of rivets, 321 
on rivets and bolts in direct tension, 
328 

tables of fiber stress, 166 
Flexural efficiencies of I-beams, 188 
modulus, 152 

Flexure formulas for reinforced-concrete 
beams, 37-40 
theory of, for beams, 21 
Flitch-platc girders, 382 
floors, fiat slab, see Flat slab floor 
panels. 

Footings, in reinforced concrete work, 
668-572 


6t)@ 

Footing in reinforced concrete work, 
design sheet, 672 

diagram for destenninin^ depth, 670 
effective width, 670 
formulas, 668 
notation in formulas, 668 
punching shear, 670 
shape, 570 
steps in design, 569 
use of web reinforcement, 670 
Force, definition, 2 

Forces, composition of concurrent, 12 
composition of non-concurrent, 13 
definitions, 11 

equilibrium of non-coneurront, 13 
resolution into components, 12 
shear, 14 

Formwork for concrete, 444 
Fowler, C. E., 305 
P'raenkcl, Prof., 44 

G 

Gage lines of rivets, 324 
Gardner and Lindberg, 511-513, 515 
Gas pipe st-parators for multiple beam 
girders, 226 
Girder, dofiuition, 1 

Girders, bearing plates and bases for, 
282-286 
box, 232-246 
multiple beam, 224-230 
plate, 246-282 
wooden, 359, 376-387 
connections with columns, 427-430 
connections with joists, 423-426 
Glass, value of Poisson’s ratio for, 4 
Gordon formula for steel eohunns, 305 
Graphical methods for determining de¬ 
flection of beams, 73-77 
Greene, C. E., area-moment method of 
analysis of continuous beams, 111- 
121 

of analysis of restrained beams, 100-105 
of dbmputing deflection, 44-62 
Greiner, J. E., 296 
Grey column, 307 
Gyration, radius of, definition, 2 

H 

Uaqnchcs for T-beams in concrete work, 
453 

Hooke’s law, 3 
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Hool, G. A., diagrams and formulas, of 
betiding and direct compression, 528 
on Bending and direct stress, 136-149 
on Simple and cantilever beams, 10-43 
Howe, Prof. M. A., investigations of 
allowable pressure on timber, 416 

1 

I-beams, standard, 173 
web crippling of, 205 
See also Steel beams. 

Impact, definition, 8 
formula, 8 

Inclined axes theorem, 579 
Inertia, moments of, definition, 2 
Ingots, definition, 172 
Inner forces, definition, 2 
Intensity of shearing stress in a beam, 
25-30 

of stress, definition, 3 
Internal forces, definition, 2 

J 

Jacoby, Prof., formula for pressure on 
timber, 416 
Johnson, J. B., 301 
on Loads for wooden columns, 392 
Johnson, T. H., straight-line formula, 134 
Joist hangers, 425 
Joists, wooden, 358 

connection with girders, 423-426 

K 

Kerchcr, Henry, 189 
Kern of a section, 147 
Kidwell’.s tests on wooden girders, 378 
Kiniie, W. S., diagrams and formulas of 
bonding and ilirect compression, 527 
on Bending and direct stn-ss, 136 
on Deflection of beams, 43 
on If asymmetrical bending, 149-171 
Kolbirk, 405 

Kommers, J. B., method tor determina¬ 
tion of deflection of beams, 84-86 
on Columns, 130-136 
on Design of cast-iron wdumns, 302 
on Steel columns, 305-314 

L 

<• 

Lag screws, 396 
Lap joints, 327 
lliaternl flexure of girdero, 281 


Lead, value Poisson’s ratio ft*, 4 
Leffler, R. R., 462 

Miigh Valley Railroad, plate girder 
spans, 247 

Lever arm of a force, 11 
Lintels, metallic, 230-232 
Live load, 10 
definition, 2 
Load, dead and live, 10 
definition, 2 
Loading of a beam, 10 
Loads, concentrated, 20 
concentrated moving, 19 
effect on principal stresses in the web 
of a beam, 33-35 

moving, shear and moment duo to, 
19, 20 
uniform, 20 
on columns, 130-136 
Lord, A. U., on Design of reinforced 
concrete members, 431-572 

M 

Machine bolts, 396 

Maney’s method of determining defletv 
tion of concrete beams, 94-96 
Manufacture of stticl shapes, 172 
Maurer's ratsthod of determining deflec¬ 
tion of beams, 97 

Maxwell’s theorem of reciprocid dis¬ 
placements, 83 

McKibben, Prof. F. P., 294, 295 
Member, definition, 1 
Members subject to bending and direct 
compression, 526-567 
circmlar .sections, .541—545 
designing for bending and direct 
compression, 54.5 
diiigrams, 548-567 
notation, 527 

phiin concrete piers for eccentric load¬ 
ing, 527 

rectangular sections, 528-540 
steps in design, 546 
tying of the steel to prevent buckling, 
547 

Members subject to direct axial compres¬ 
sion, 498-525 

exilurans with cast-iron core, 503 
with structural steel core, 503 
design sheets, 607, 508 
diagrams and tables, 509-525 
formulas, 498 
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Members subject to direct axial com¬ 
pression, genera] considerations, SOO 
height or length of member, 499 
. load applied on part of area only, 503 
plain concrete piers, 500 
walls, 504 

reinforcement details, 505 
spiral columns, 502 
tied columns, 501 

Members subject to direct axial tension, 
52G 

Metallic lintels, 230-232 
cast-iron, 231 
steel, 230 

types and uses, 230 
Modulus of elasticity, 3, 5 
of resilience, 9 
of rupture, 7 

Mohr, O., area-moment method of 
computing dcfl(Uti(>n, 44 
Moment, bending, of steel beams, 174 
maximum, 17-20 
of a couple, definition, 11 
of a force, definition, 11 
of forces, <liagrnms, 17 
of inertia, definition, 2 
of an area, 578 

Moments, coetrurients, for continuous 
beams, 125-128 

effect on, of settlement of support of 
beams, 122 

Moore, H. F., study (if llango buckling, 
197 

of web crippling of I-beams, 205 
Morris, C. T., on Forms of croaB-s(!((tion 
of steel colunuis, 305 
Muellcr-Breslau, I’rof., 44 
Multiple beam girders, 224-230 
advantages and disadvantages, 225 
proportioning of, 228 
separators, 226 
types and uses, 224 

N 

Nails for wooden members, 396 
lateral resistance, 404 
resistance to withdrawal, 410 
Necking-down, 6 

Net section of steel tension members, 289 
Neutral axis, 11 
formulas for, 149 
of punched beams, 177-179 
problem, 21 


Neutral line, 11 
surface of a beam, 11 
New Yoric building code, cast-iron 
lintels, 231 

formula for cast-iron columns, 301 
for steel columns, 305 
New Y'ork Dept, of buildings, tests of 
cast-iron columns, 301 
on bracket connections, 305 
Non-concurrent forces, definition, ll 
See alao Forces. 

Norswortby, L. D., on Simple and canti¬ 
lever beams, 10-43 
Notation for formulas, 573 

O 

One way solid slabs, in concrete work, 
432-449 
design of, 440 

Origin of momente, definition, 11 
Osborne system of riveting, 321 
Outer forces, definition, 2 

P 

Parabolic formula for columns, 135 
Parallel axes of an area, moments of 
inertia for, 578 
products of inertia for, 580 
theorem, 578 

Pencoyd rule for rediic.ing flexural stress, 
195 

Percentage of elongation, 0 
nvluetion of area, 0 

Philad<4j)hia formula for steel (ailumns, 
305 

Phoenix Bridge Oo., tests of cast-iron 
columns, 301 
Piers, concrete, 500 
desigii((d for eccentric loading, 527 
Pin connections, 351 
Pit(;h of rivets, 324 
Plate gtrder fiangt's, splicing, 351 
web splices, 345-360 
Plate girders, 246-282 
bearings, 249 
characteristics, 246 
composition, 247 
of flanges, 263 

concentrated load stiffeners, 279 
diagonal tension, proportioning for, 254 
economic depth, 269 
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Plate girders, flange buckling, 266 
flange riveting, 270-274 
flanges, 247 

intermediate web stiffenens, 274 
lateral flexure, 281 
length of flange plates, 266-269 
limiting buckling stresses, 253 
maximum compressive stresses, talde, 
252 

moment of resistance, approximate 
method, 257, 262 
exact method, 255, 262 
of girders with sloping flanges, 26 
moments of inertia, table, 257 
proportioning of stiffeners, 278 
rivet pitch in flange platra, 273 
spacing in sloping flanges, 273 
section moduli, table, 257 
shear, proportioning for, 250 
stiffeners, 248 
stress conditions, 249 
thickness ratio of web, 253 
torsion on, 282 

variation in web compression, 252 
web, 247 

buckling, proportioning for, 250 
Plates, sheared, 172 
steel, definition, 172 
universal mill, 172 
Poisson’s ratio, 4 

Portland Bureau of Buildings, 404 
Post and girder cap connections, 429 
caps, 429 
definition, 1 

Pressure on timber, 415, 416 
Products of inertia for parallel axes, 580 
Properties of steel sections, 173 
Proportioning beams for flange buckling, 
194 

of punched beams, 179 
Punched beams, see Sted beams. 

E 

e 

Radius of gyration of an area, 2, 580 
Railway bridge work, reduction formulas 
for, 195 

Rankinc formula for columns, 134 
for compression flange, 195 
for fixed-ended columns, 204 
Reactions, ll 

coefficients for continuous beams, 125- 
128 


Reactions, definition, 2 
effect on, of settlement of support of 
beams, 122 

in continuous beams, 121-125 
Reciprocal displacements, Maxwell's 
theorem of, 83 

Rectangular beams in concrete work, 
432-449 

anchorage of web reinforcement bars, 
443 

bar spacing and sizes, 441 
bars carried through to support, 442 
beam sizes influenced by formwork, 444 
weight, 436 
camber in forms, 444 
construction loads, 444 
depth of concrete below beam, 440 
design sheets, 446-449 
steps in, 436 
formulas, 432 

minimum spacing of bars, 441 
points where bars may be bent, 442 
selection of working stresses, 435 
shear and moment diagrams, 434 
size of web reinforcement bars, 442 
span length, 434 
stirrup spacing, ruhis, 444 
temperature reinforcement, 444 
web reinforcement, 437—440 
Reduction formulas for railway bridge 
work, 195 

of area, percentage, in tensile tests, 0 
Reinforeed-concretc beams, 36-43 
bond stress, 42 
deflection of, 94-98 
flexure formulas, 37-40 
location, 36 

shearing stresses in, 40-41 
strengthening, methods of, 41 
tensile stress lines, 36 
web reinforcement, 42 
Reinforced-ooncrete members, 431-572 
beams and slabs reinforced for com¬ 
pression, 461-481 
flat slab floor panels, 483-498 
footings, 568-572 
members listed, 431 
subject to bending and direct 
compression, 626-667 
direct axial compression, 498-525 
direct axial tension, 526 
rectangular beams, and one-way solid 
slabs, 432-440 
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BeiBforced-ooncrete members, slabs 
supported upon four edges, 481-483 
T-beama and ribbed one-way slabs, 
449-461 

Reinforcement of teams, compressive, 461 
for bending, 190 

Reinforcing plates, length of, 191 
riveting of, 194 
Repeated stresses, 8 
Resilience, definition, 9 
Resolution of forces, definition, 11 
example, 12 

Restrained and continuous beams, 98-130 
area-moment method of analysis, 100- 
105, 111-121 

coefficients for moments and reactions 
for continuous beams, 125-128 
continuous girders on elastic supports, 
124 

definitions, 1, 98 

effect of settlement of supports, on 
moments and reactions, 122-125 
elastic weights method of analysis, 
105-111,125 

partially continuous beams, 128-130 
properties of rcstnuned beams, 111,112 
reactions in continuous beams, 121-125 
Resultant of forces, definition, 11 
Reverse streas, 9 

Ribbed cast bases for columns, design 
of, 316 

one-way slabs, 4,57 
Rivet holes, 327 

Riveted joints, distribution of stress, .328 
tension members, proportioning of, 292 
Riveting, conventiomd signs for, 321 
flanges for plate gir<lers, 270-274 
of box girders, 238 
of reinforcing plates, 194 
Rivets, definitions, ,324 
kinds of, ,320 
sizes, 321 

spacing of, 324-327 
subjection to direct tension, ,328 
Rod members, 286, 290 
Rogers, H. S., on Cast-iron columns, 299- 
305 

Rolls, blooming, 172 
S 

S-line, 152 
S-polygons, 153-165 
construction, 156 
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S-polygoQS, for a channel, 157 
for a rectangle, 156 
for an angle section, 158 
for I-beam, 157 
for Z-bars and T-bars, 160 
solution of problems by, 162, 165 
Screws, 396 
lateral resistance, 405 
resistance to withdrawal, 410 
Section modulus for a beam cross-section, 
581 

of punched beams, correction of 
approximate, 185 
net, 181 

Settions, general properties of, 173,174, 
575-581 
area, 575 

center of gravity of an area, 576 
inclined axes theorem, 579 
moment of inertia, .578 
parallel axes theorem, 578 
principal axes and moments of inertia, 
580 

products of inertia for parallel axes, 580 
radius of gyration, 580 
section modulus, 581 
statical moment of an area, 575 
Separators, for multiple beam girders, 226 
Sliapes, steel, definition, 172 
See also Steel shapes. 

Shear and moment of rectangular beams 
in concrete, work, 434 
Shear, definition, 6 
diagrams, 17 
maximum, 17-20 
on beams, 14 
pin splice, 421, 422 
tests, 6 

Shearing stresses, defleetion of beams 
due to, 86-92 
in a beam, 24-30 

in reinforced-concrote beams, 40-41 
proportioning beams for, 198-203 
Shrinkage, definition, 7 
Simple and cantilever beams, 10-43 
bending moment,15 
definitions, 1 

effect of a load on a beam, 10 
fiber stress in a beam, 22-24 
flexure formulas for reinforoed-oonorete 
beams, 37-40 
forces, definitions, 11 
limitations of theory of bending, 30 
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Simple and cantilever beams, loading, 10 
maximum shear and moment, 17-20 
moving loads, shear and moment due 
to, 19-20 

neutral axis, position of, 21 
plain concrete beams, 36 
principal stresses in the web of a beam, 
31-35 

principles of statics used in finding 
reactions, 11 
reactions, 11 
shear, 14 

shear and moment diagrams, 15 
shearing stresses in a beam, 24-30 
in reinforced-concrote beams, 40-41 
steel reinforcement in concrete beams, 
36 

strengthening roinforeed-eoncrete 
beams, 41 

tensile stress linos in reinforood- 
concrote beams, 36 

theory of flexure for homogeneous 
beams, 21 

web reinforcement of concrete 
beams, 42 

Simpson, R., tests on bearing values of 
timber, 416 

dlabs sui>portcd upon four edges, 481-483 
beam-strip method of design, 482 
design sheet, 483 

detailing the reinforcing steel, 482 
slab-analysis methods of design, 482 
Slenderness ratio of columns, 130 
Smith, C. S., formula for wooden 
columns, 392 

Southern I’ine Assoc., S-IT, 360 
Span length of rectangular beams in 
concrete work, 434 
Spikes, 396 
lateral resistance, 404 
resistance to withdrawal, 410 
Spiral columns, 502 

Splices and connections for steel 
members, 820-355 • 

bracket connections, 339 
connection angles, 332 
design of connections subjected to 
bonding, direct stress, and shear, 
342 

subjected to torsion, 344 
distribution of stress in riveted joints, 
328 

eccentric connectiems, 336 



kinds of connections, 320 
lap and butt joints, 327 
pin connections, 351 
plate girder flange splices, 351 
web splices, 345-350 
rivet holes, 387 

rivets and conventional signs for 
riveting, 320 

vs. bolts in direct tension, 328 
sizes of rivets, 321 
spacing of rivets, 324-327 
splices in compression members, 332 
in tension members, 329 
stresses induced in pins and pin plates, 
351-355 

Splices and connections for wooden 
members, 396-430 
bolteel fish {date S|)Iico, 417, 418 
bolts, 396 

compression on surfaces imdined to 
direction of fibers, 41(i 
s{ilicea, 423 

eonn<!ction of joist to steel girders, 
426 

eomiections between columns and 
gird(!rs, 427-430 
joists and girders, 423 
joist hangers, 42,5 
joists fraimal into girders, 424 
lateral rcsi.stance of nails, serews, and 
bolts, 404—410 

modified wooden lisli plate splice, 418 
nails, 396 

{fost and girder cup eouti(iction.s, 429 
resistance of timber to {wessurn from 
a inclal {)iii, 415 

to withdrawtd of nails, screws, and 
bidts, 410 
screws, 396 
shear pin splice, 421 
stcel-talded fish plate splice, 420 
tabled wooden fish plate S])lice. 419 
tenon bar splice, 421 
tension splices, 416 
comparison, 422 
washers, 411-416 

St. Venant, theory of bending of beams, 
31 

Statical moment of an area, 2, 575 
Statically indeterminate beams, 98 
Statics, principles used in finding 
reactions, 11 
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Sted beams, 174-224 
combined stresses, 219 
correction of approximate sortion 
modulus, 185 

deflection, proportioning for, 212 
diagonal buckling of web, 203 
economic soetion for flexure, 176 
efficiencies of beams, flexural, 187 
fiber stresses, table, 196 
flange buckling, proportioning for, 194 
limiting longitudinal position of flange 
holes, 189 

moment, proportioning for, 174 
net section modulus, 181 
neutral axis of punclied beams, 177- 
179 

proportioning of punclied beams, 179 
reinforcement of, for bending, 190 
reinforcing plains, lengtli of, 191 
riveting of, 194 

relative efliciencies of beams and 
cliannels, 177 
safe loads, 175 

shear, proportioning for, 198-203 
stress conditions to be met, 174 
torsion, proportioning for, 224 
trussing of beams, 219 
unsymmetrical bending, proporlioniiig 
for, 222 

vertical buckling of web, 207 
Steel, bond stress, 7 

coefficient of expansion, 8 
Stool columns, 30.5-314 
design of cross-section, 307 
details, 310 

eccentrically loaded columns, 308 

forms of cross-section, 305 

formulas, 305 

latticing, design of, 311 

shear in a column, 310 

tie-plates and forked ends, design of, 

313 

Steel lintels, 230 

reinforcement in concrete beams, 36- 
43 

reliability, 9 
Steel shapes, 172-174 
definitions, 172 
manufacture of, 172 
standard I-boams and cliannels, 173 
See also Sections, properties of. 
Steel, stress-deformation diagram for, 4 
tabled fish plate splice, 420, 422 


Steel tension membere, 286-299 
choice of section, 288 
cross bending, 298 

eye bar members, proportioning of, 
292 

forms and uses, 286 
net section, 289 

riveted tension members, proportion¬ 
ing of, 292 

rod members, proportioning of, 290 
theory of design, 287 
Steel, value of Poisson's ratio for, 4 
Stiffeners for box girders, 238 
for plate girders, 248 
intermediate web, 274 
Sec also under Plate girders. 
Stiffness, definition, 7 
Stiri ups, rules for spacing, 444 
used in web reinforcement, 437 
Stone, value of Poisson’s ratio for, 4 
Strain, definition, 3 
Stress and deformation, 3-10 
axial and combined stresses, 7 
bending stress, 7 
bond stress, 7 
compression tests, 6 
deformation defined, 3 
diagrams, 4 
direct stress, 4 
clastic limit, 3 
factor of safety, 9 
impact, 8 
kinds of stress, 4 
modulus of elasticity, 3 
of rupture, 7 
Poisson's ratio, 4 
repeated stresses, 8 
resilience, 9 
sliear and torsion, 6 
tests, 6 

shrinkage of materials, 7 
stiffness, 7 
strain defined, 3 
stress defined, 3 
stress-ileformution diagrams, 4 
temperature stresses, 7 
tension tests, 5 
work of a force, 9 
working stress, 9 
.Stresstsi, axial and combined, 7 
bending and direct, 136-149 
bond, in reinforced-concrete beams, 42 
direct, 4 
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Stresses, fiber, in a ijeam, 22-24 
principal, in the web of a beam, 31 -35 
problems in, 137-149 
See dUto Kber stress, 
repeated, 8 

shearing, in a beam, 24-30 
in reinforced-conorcte beams, 40-41 
Structure, definition, 1 
Strut, definition, 1 
Htnits and ties, jiroperfies, 174 
Supports of beams, effect of settlement 
of, 122 

T 

T-bars, S-polygons for, 100, 163 
T-bcams in concrete work, 449-461 
bond considerations, 456 
brackets and haunches, 453 
critical sections, 457 
design sheets, 459-461 
formulas, 449-453 
general proportions, 457 
lateral spacing of longitudinal bars, 457 
reinforcement for shrinkage stresses, 
458 

steps in design, 453 
stresses, discussion of, 4.54- 4.56 
use of T-beam diagram, 454 
uses, 449 

Tabled wooden fish plate splice, 419, 
422 

Tait, W. S., on Reinforced concrete 
members, 431-572 
Talbot, I>rof., 569, 570 
Temperature stresses, 7, 8 
Tenon bar splice, 421, 422 
Tensile stress in concrete, 486 
in reinforced concrete beams, 36 
Tension, definition, 4 
Tension members in concrete construc¬ 
tion, 526 
splices in, 329 

steel, 286-299 « 

See aleo Steel tension members. 
Tension splices in wooden construction, 
416-422 

tests, facts obtained from, 5 
Tlicorcm of three moments, 118-121 
Tie, definition, 1 < 

Tied columns, design of, 501 
Tieneman tests on deflection of wooden 
beams, 358 


Timber, structural, working unit stresses, 
597 

used for wooden beams, 357 
See also Splices and connections for 
wooden members. 

Torsion, definition, 6 
of steel beams, 224 
Truss, definition, 2 
Trussed girders, 383-387 
Trussing of steel beams, 219 
Turneaure’s method of determining de¬ 
flection of beams, 97 
Tying steel reinforcement to prevent 
buckling, 547 

IT 

Ultimate strength, 5 
Unit deformation, 3 
load method of determiumg deflection 
of beams, 44, 590-596 
stress, definition, 3 

U. S. Dept, of Agriculture, formula for 
wooden columns, 388 
Unsymmetrical bending, 149-171, 222 
construction of S-polygons, 1.56-160 
deflection of beams under, 169-171 
flexural modulus, 1.52 
formulas for fiber stress, 149-152 
iirvcstigation of beams, 164 
plane of bending, changes in position 
of, 167 

position of neutral axis, formulas, 149- 
1.52 

proportioning for, 222 
S-line, 152 
S-polygons, 153-163 
solution of problems, 160 
tables of fiber stress coefficients for 
beams, 166 

variation in fiber stress, 167 

See also under Bending and direct 
stress. 

W 

Walls, concrete, design of, 504 
Washers, in timber construction, 411-415 
Watertown Arsenal tests, formula for 
cast-iron columns, .301 
on wooden columns, 392 
Web of beams, diagonal buckling, 203 
vertical buckling of, 207 
web of plate girders, 247 
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W«b reinforcement for column footinge, 
670 

of concrete beams, 42 
rectangular beams, 437-440 
See oho Rectangular beams in 
reinforced concrete work. 

Web splices for plate girders, 345-350 
Web stiffeners for plate girders, 274 
See aleo under Plato girders. 

West Coast Lumbermen’s Assoc., 357, 
360 

Westergaard, H. M., 63 
Whitney, C. 8., 541 

Willson, C. A., on Splices and connec¬ 
tions for steel members, 320-355 
on Stress and deformation, 3-10 
Wilson, T. R. C.. 404, 405 
Wilson, W. M., 205 

Winslow formula for wooden columns, 
3S8 

Wood screws, 396 
stress-deformation diagram for, 5 
Wooden beams, 356-375 
allow alde unit .strease.s, 356 
bearing at ends of beams, 357 
deflection, 357 
fiietors, in design of, 356 
girders, 3.59 
horizontal shear, 3.57 
joists, 3.5S 
kinds of timber, 3.57 
lateral support for Ixuims, .358 
quality of timber, 357 
sized and surfaced timbers, 3.58 
tables and explanations, 360-375 


Wooden columns, 387-396 
bases for, 394 
built-up columns, 393 
formulas, 388 
ultimate loads, 392 
Wooden girders, 376-387 
built-up, 376 

examples of design, 378-382 
factors in design, 376 
flitch-plate girders, 382 
solid section, 376 
trussed girders, 383-387 
Wooden members, design of, 356-395 
splices and connections for, 396-430 
Work of a force, definition, 9 
Working stress, definition, 9 
stresses in reinforced concrete work, 
435 

unit stresses for structural timber, 697 
Y 

I’ichl point, 5 

Young, C. R., on Bearing plates and 
bases for beams and girder^, 282-286 
Box girders, 232-246 
(lolurnn bases, 314-319 
Metallic lintels, 330-232 
Multiple beam girders, 224-230 
Plato girders, 240-282 
Steel beams, 174-224 
Stetil tension members, 286-299 
Young's modulus, 3 

Z 

Z-bars, S-polygons for, 160, 163 













